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NMPEAJACIHOBHE K YETBEPTOMY H3AAHHIO

YeTpepTOe H3ZAHHE OTAMYACTCH OT BTOPOTO H TPETREIO
JHIIE HCIPABICHACM 3aMEdcHHHIX oncyarok. I[TosroMy oc-
TAHOBHMCA HA OCHOBHBIX H3MCHCHHAX, BHCCCHHEIX BO BTO-
POt MATAHHE, KOTOPOS MO CPABHEHHKIO ¢ NepBHIM G510 cyme-
CTBEHHO mepepaloraHo ¥ HONMONHEHO.

Bo MHOTMX TeXHHMYECCKHX BY33aX Ha OCHOBE 00A3aTeALHOIO
KypCca TEOpHH BEPOSTHOCTCH “HTAIOTCH NMOIYIONOBEIS KYpPChI
MaTeMaTHdecKoif CraTHCTHKE, ABTOp Npeanonarai, 910 “Kype
TEOpUH B2pOATHOCTSH”, ppemunil 8 1978 r., obecneynt, ¢
NpHBIeYeHHEM EONONHUTERLHON NUTEpATYpE, MOTPeOHOCTH
Kypca MareMatudecxoif ctamucTuki. OnmHaxo, KaK BRIICHM-
JOChH M3 OT3HIBOB, MHOTHM THTATCAAM YAOOHEGE MONB30OBATLCH
yueOHHKOM, B KOTOpOM 002 Kypca HIaralorca ¢ eTHHOMR TOMKA
3pPEHHA M ¢ SAMHEIMEA 0003HAYCHUAMH. B CBA3H ¢ 9THM IMaBa
“DeMeHTHl MareMaTHYecKoit CTATHMCTHKKR” HAmucaHa 3aHo-
Bo. Teneph OHA COTEPKUT MITOKEHHE OCHOBHRIX BOSIDOCOB,
BIJTIOYaeMRIX B ITONMYTONOBOI MaTteMaTHJueckoil craric-
THXH JUIA TEXHHICCKNX By30B. OIHAKO HE HATO CUIMTATH, 910
3TA I/IABA MOXET 3aMEeHUTDh CTCIHANLHBIC YICOHHKH MaTeMa~
THYeCKOH CTATMCTHKM, B KOTOPHIX HIIOXKeHUe Bemerca Oonee
NIHMPOKO H MOpoGHO.

Hecxonexko pacimppena mapa “DneMeHTs TEOPUM CAYIAHEIX
mpomeccoB”, B KOTOpPYIO MOGARNCHE] CBEACHHA O MpoLeccax rude~
JM ¥ pAIMHONEHHUS M KX TIDMTOXKCHMS K 338a94M MACCOBOTO 08-

IMNoapoGHee, ueM Mpexae, PacCMARTPHBAETCS MHOTOMED«
HOE HOPMANEHOS Pacrpeie/eHHe, B tnanpy “IlpenensHrte Te-
OpeMB” BKIIIOYEHO 00OCHOBAHHE M3BECTHOTO B MPUMKMAKHALIX
33[a9aX METola JMMHCAPHIALMM.

Bo sropoM uanaHnu Her naparpada, oTHOCHAIIErocs K 060~
CHOBAHMIO NOCTPOCHHA BEPOATHOCTH U1 GECKOHEYHMX MO-
CHCHOBATENLHOCTE He3aBUCHMBIX McenkiTaHui. Ionstua o-
anreGprl ¥ GopefeBCKHX MHOXECTB B OCHOBHOM TeKCTe B fiB-
HOM BHIE NPAKTHYECKH HE HCIIONB3YIOTCH.
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3a039H IHATHTEARHO OOGHOBICHN, nrn nx noabope cyne-
CTBEHHO MCNONL3OBANCHK 3ANATHHK [16].

B CRA3H ¢ MHTEHCHBHEIM Pa3BUTHEM BRYHCINTEILHON TEX-
HHKH M JOCTYNHOCThi0 OOMBUIHX H Mathix DBM qioaswrack
BO3MOXHOCTD CYIIECTBCHIHO MCIIO/I30BaTh B mpouecce oby-
GeHHS 3aHAYH ¢ MONeMNPOBAHNEM TeX WM HHEIX CTyaifHRX
auaennit. Peiman 3t 38439H, YIAIIHECH NTOAYIAIOT BOIMOX-
HOCTh CPABRHMBATh BHIBOXE TCOPHHE ¢ TMCICHHNIMH pe3ynbTa-
TEMU TPOBENEHHOTO MMM MOICIMPOBAHNUSA, YTO CIIOCOOCTBY-
et Gonee rnyGoxomy ycBOCHHIO TCOPRIL

Bo BTOPOM M3JAHHHM YBSJIHICHO SHCIO 32724, CBA3AHHLIX
¢ MonenuposaHueM, ITOHATHE O CAYANHEIX THCTAX BBONUT-
csf cpasy MOCAe KAacCHTICCKOTO ONPENC/CHAsA BEPOATHOCTH.
Dasee pery/mpHO AaioTCH 334298 ¢ MORETHPOBAHNEM, HWTIO-
CTpUpYIOIINe BHOBL BBOAHMBIC IOHATHA.

OTMeTHM B 3aK/009cHHE, IT0 MLl yaeOHAK dax-
THIeCKH oOBeXuHseT B ©C0C YISOHHK 110 HAYANEHOMY KypCY
TEOPHH BEPOATHOCTEH, y9e6HHK NO 9/IeMEHTADHOMY KypCY
MaTeMarndeckol cTaTHCTHKH H 3afadHUK,

GnarosapeH BCCM YHTATE/UM, COOGIMBIINM CBOM
3aMedaHnsd # TMOXeJTaHEA.
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B xHure zaercqa MareMATHYECKOS MAUTOXKEHHE HEKOTODHX
PA3nENOB TCOPHH BCPOATHOCTCH, OCHOBAHHOE HA OOLIYHOM
Kypce MATEMATHYECKONO AHANH3A TeXHHYECKUX By3oB. Teo-
pHA Mephl, nHrerpantt JleGera # CruaTheca He HCTIOABIYIOT-
cf. B CBA3M ¢ ITHM pacCMATPHBAIOTCA BEPOATHOCTHRIE [IpO-
CTPAHCTBA, B KOTOPRIX AMAHKH BePOATHOCTH HCIIONB3Y=-
wTCcq HHTEIpans H HecOGCTBEHHEIC MHTEIDA=
nnl. K TAKHM NPOCTPAHCTBAM OTHOCATCH KOHEYHLIC U ZHC~
KPeTHHIE, 8 TAKKS BEpPOSTHOCTHRIS NPOCTPAHCTEA, B XOTO=
PEIX BEPOATHOCTE COOLITHA OlpeaensieTcs Kax uHrTerpal Pu-
MAaHA oT HexoTopo#t mosoxurenbaolt dpyaxuun. [focnexune
XSl yEoGeTea CCHIIOK HA3BaHK aGCONIOTHO HEMPEPHIBHEI-
MH (TEpMMH H¢ fABAfSETCH OGLIENPUHATHIM). ITHX mpo-
CTPAHCTB JOCTATOMHO AIf M3IYyUCHMA TEM, KOTOpHE O0HIT~
HO BKAIOYAIOTCA B KYpPC TCOPUMH BEPOATHOCTCH: <KnaccH-
YECKHE» M «ICOMETPHYECKHEs BEPOATHOCTH, KOHEYHMIE [TOC~
JIEXOBATEABHOCTH MCONTAHUI (B YacTHOCTH, nenyd Mapko-
Ba, He3aBHCHMEIE HCMHITaHHMA, cxema Beprynnm); caywaii-
HEIE BEJTHINHH K T. X,

OnHAKO B PANG MHTEPECHBIX 34034 Helb3g ofo#THCH yKa-
3AHHLIMH BHILU¢ BEPOATHOCTHEIMM NPOCTPAHCTBAMH. B 3a~
Iade O pasopeHHM HIPOKa, MpH H3YIeHUN BpeMEHH IO nep-
BOIO ycnexa B cxeMe DepHYINH, B paAe 3a/1a4q, CBASAHHEX
¢ npuroxeHUAMH GopMyRE MoaHOR BepoATHOCTH, Tpeby-
eTcl BBecHHEe Ooce CIOXHHX BEPOATHOCTHHX IpO-~
cTpaHcTB. TAKHE 324a9H PACCMATPMBAIOTCA B NPEANONO-~
JKeHHH, YTO NOAXOAALNME BEPOATHOCTHIE NPOCTPAHCTRA CY-
LIECTBYIOT.

Kypc npepsaraeMoro THINZ 4BTOp YHTAN MHOIO JieT. B 3a-
BHUCHMOCTH OT MATEMATHYecKol TOATOTOBKM caymarteneif
MCHSICA TOABKO O0GBEeM HANATaeMOro MaTepHaja H moabop
3anay; aKCHOMATHIECCKOE HUIOXKEHIE COXPRHAIOCh B JuoGoM
caydae.

Jpyroit nomion K cnocoly HANOXEHUT TCOPHH BEPOATHO-
CTeil B TEXHHYSCKHX BY3aX COCTOUT B HCIOML3OBAHNE HHTYH~
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THBHEIX MIPCRCTABNEHIIH O BEPOATHOCTH, HE3ABHCHMOCTH, CNy-
yalino#t BenHYuHe BMeCTO MX TOYHHIX OonpeneNcHHil. JTo
NPHBOOHT K 3aMeHe TeopHM n_;poa-momﬂ pelileHHeM pas-
PO3HEHHBIX 3a8a¥ M3 aHAMN3A. TOYHYIO XapaKTepHCTHKY IO~
XOJIa 'raKoro THna saer @eulep B NPEAKCAOBAN K CBOSH KHH-
re [18]: «Ilpu npenonaBaHHM TEOPHH BEpOATHOCTEl cyme-
CTByeT TeHICHIMR BO3MOXHO GrICTpee CBONMTh BEPOATHO-
CTHBI¢ 3a4a4y K 3afaYaM 9UCTOrO aHaimn3a, m3berad chne-
nudrIeckux ocobeHHOCTEH caMoli TeopHHM BepOSTHOCTCH.
Taxkoe H3NOXeHHEe OCHOBHBAETCA HA IUIOXO ONpeaeNaecMoM
MOHATHH cayyafiHolt BeRHMYHHEI, BRONHUMOM OGHYMHO BHa-
yane. B NpOTHBROMONOKHOCTD TOMY HACTOSIIAS KHUIA CTPO-
HTCA HA NMOHATUM NPOCTPAHCTBA NEMCHTAPHEIX COGHITHH,
6¢3 KoToporo wiydaliHeie BeIHYHHB OCTRIOTCA HCKYCCTBEH~
Hoil BRIIYMKOlie,

Cresyer OTMETHTH, YTO GHANOTHYHLIC BONPOCH B Mpe-
NONABAHHHM MATEMATHYCCKOrOo AHANH3A AABHO DPelLICHEH.
OO0LMHO HE BOHHKAIOT COMHCHHA B TOM, YTO HYXHO JNa-
BaTh TOMHOE ONpeaencHUe mpeneaa Ha A3LIKe ¢ — §», XOoTH
OHO HEe O0YeHDb JIETKO COINAacyeTcs ¢ MHTYHTHMBHBIM Ipex-
CTaBIeHHEM O npenene. Teopua BeposTHOCTeH! Xaxe B KpaT-
KOM M3INOXCHHUH JOAXKHA OCTABATECA MATEMATHYECKOI Kuc-
HHILTHHOMA.

ITo xony uanoxenua «Kypca Teopuu BeposTHoCTeli» na-
eTcs pellieHHe HeKOTOporo KoJyecTsa 3anay. 31o He yerpa-
H%eT HeoOXONMMOCTH B CAMOCTOATEABHOM pCHICHHH 33mad,
KOTODRI¢ NMpHBEACHR B KOHHe raas. Hexoropuie us 3anay sis-
NAOTCA CYIUECTBEHHEIM TOMOMHEeHHEM K HATOXEHHOMY B 0C-
HOBHOM TEKCTe.

Ipu nonbSope 3axad OHAM HCMOAL3OBAHLI MHOTHE 3amav-
HUXH, yyeOHuKXH M MoHorpaduu (B wactHoctH, {4], [7], [],
[11], [18], [19]). IIpusenernriit Habop 3aMaY XeJATENBHO MO~
IIOMIHATD 3afaYaMi, OTPAXAOUMME crenuduxy By3a.

B xaxaoil miase mpHHATA cBOS HyMmepauus ¢opmyn. IHpnr
ccnUike Ra dopMyty M3 Apyroii IaBHM K HOMepy ZobGapnserca
HOMep IAABEL

A nonp3ylock caygaeM, 9rofsl mobraroaapuTs COTPyA-~
HHKOB MaTeMATHIeCKOr0 HHCTUTYTA, C KOTOPEIMH HEeONHO~
KPaTHO 00CYXAANHCH BONPOCH IPENOAABAHUSA TCOPHH Be~
.lpl arHocTelt. OcoGeHHO HHTEHCUBHHMU GhLAK Oecennl ¢

. H. BoasumessM, B. K. 3axaposum, O. B, BucxossM Bo
BpeMs paboTH IO COCTABNEHMIO HOBO HMpOrpaMMH Kypca
TSOPHH BEPOATHOCTEH.
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Mue Guiid oueHbh HOMEIHH KPUTHUECKME 3aMeYaHHd U
coreTst B. A. Cepacrianosa ¥ B. @. Kommuua, caenansnie
HMM NPpH MHOTOMHCIEHHHX OOCYXNCHUAX PasNMIHEX pas-
AeJIOB Kypcea aekuuft mo TeopuH BepoATHocTe, a TAKKS HX
3aMeuaHHs, CBAIAHHHC HEMOCPEACTBCHHO ¢ PyKONMCHIO
JaHHON KHHUIH.



BBEAEHHE

1. Cayuaiinve sesenun. JJo BOIHMKHOBEHUS TCOPHH Bepo-
siTHocTelf oOBLEKTOM HCCHeAOBAHAR HAYKH ObUIM ABNEHUS HWIH
OIKTH, B KOTOPHIX YCIOBHSA NMPAKTHYCCKH ONHOIHAYHO OfIpe~
BeASiOT ucxod, Tax, HanpaMep, ecAl Ha MATEPHATBHYIO TOY-
Ky neilicteyer cuia TSOXecTH M B HEKOTOpRI MOMEHT 33JaHEl
IONOXEeHHe M CKOPOCTh MATEpHATLHON TOUKH, TO ee Hagb-
Helimee ABEDKCHHE ONPeRIITeTCH COOTBETCTRYIONMM AHdde-
PCHOMANGHBIM YPaBHCHHeM OfHO3HauHo. OfHAKO 3Ta Mexa-
HH9ecKad Mofie/lh H¢ BCErfla YROBACTBOPHTEABHO OMUCHIBACT
peasibHBEIe duanveckue apRerud. Ecm, HanpuMep, paccMar-
PHBATL ABIDKCHNE NMYAH, TO €¢ TPACKTOPHA NMPAKTHYECKH YXe
He GyZeT OnpefeATLCA OXHO3HAYHO; HAYANBHAA CKOPOCTh
ITYAK IO MHOTHM IPHMHHAM He OCTAaeTCd IOCTOSHHON NpH
PAITHYHEIX BRICTPEIAX, H CACHOBATENLHO, OKAXET RIMAHUE
HAa HEORHOZHAYHOCTE MCXOJA BCETO OIBITA.

Ecau xoneGaxys 3HaYeHW HAYATEHON CKOPOCTH HEBEAY-
Ku (HanpuMmep, MeHblle OmMGOKY NpH YHCNEHHOM HHTErpu-
pOBaHHN YpABHEHHN), TO MOXHO HCMONB3OBATH HETEPMHHM-
POBAHHYI0 MeXaHHYeCKYIO MOIE/b, B KOTOpolt fBiOKeHHEe OX-
HO3HAYHO ONpeXeadcTed HAYANLHRMH YCIOBUAMH,

HeonHO3HATHOCTD HCXO0Aa MPU COXPAHEHHH OCHOBHBIX YC-
XOBHil onuira Hab/mogaerca MM IEPOKONO Kpyra ARICHHMIL.
ITpu noalpackiBaHKK MOHETH MBI HE MOXEM ¢Ka3aTh He-
XOH: ynageT MoHera repboM BBepX Wi HeT. PeaynsraTht He-
CKONBKHX HAIMepeHHIt onHol W ToH K¢ BeRHIMHH, IOAyYcH=-
HBIX OHMM M TeM Xe NpuOopoM B ONHHMX ¥ TeX Xe YCNOBUAX,
pangHbl. Bmtsnue odeHb GONBIIOro WMEIA pasHoOGpasHEX
‘HpHIHH, KAXTas H3 KOTOPHIX B OTOSNLHOCTH He MOXeT No-
BJMATH HA PE3YALTAT OIT6ITa, IPUBONAT K TOMY, YTO PE3yAsTaT
OlbITA He ONpelenasercd 3apaHee OMHO3HAYHO, NOBODAT, ITO
Pe3YALTAT TAKOro OMNEITA CAYMASH.

PHMEDR! CTydaliHEX ARNCHUNA MOXHO YKA3aTh BO MHOTHX
ofnacTaX HAYKH M TeXHWKH (Hanpumep, B $u3uke, GHono-
ran, geMorpaguu, B MICCOBOM MPOM3BOACTBE, B CHCTEMaX
ABTOMATHIECKOIO YIPARAEHUST M T, K.).

2. Beposmnocmv u uacmoma. B noecegHeBHOH peuM Mbl



12 BBEAEHUE

YACTO MCTIONBIYEM CJIOBA <«BePOATHOCTHS, «Cayvali», «cobni-
Tie». MHTYUTHBHO BEPOATHOCTH HEKOTOPOIO COGHITHA BOC-
NMPHHUMaeTCAd KaK oOReKTHBHAA XAPAKTEPHCTUKA BO3MOXHO-
CTH IO HOABICHHA, DKCIEPHMEHTAIBHO YCTAHOBACHO, YTO C
POCTOM YHCNA ONKTOB N, NPOBOOMMBIX B OXHHAKOBEIX YC-
JIOBUSIX, Wacmoma TIOABNEHUA HEKOTOpPOro cayyadHoro co-
6ot A (OTHOUICHHE YUCRA ONKTOR N ,, B KOTOPHIX COGRI-
TMe A NOABWIOCH, K O0LIEMY SuCAy ONWTOB N) craHOB#TCA
nouTH nocrofgHHoit. TakuM o6pa3oM, MOXKHO MOIMTATECA C
KaXKIBIM CayJaiiHeM co0LiTHeM ¢B3aTh HeKoTopoe uucno P,
K KOTOpOMY nNpubMIDKaeTcd 4YacToTa, ¥ CUMTATH 3TO0 YHCIO
BEPOSTHOCTHIO COOBITHA. O4YeBMUHO, YTO INPHBEACHHBEIE CO-
oOpaxeHUa HelAb3A CUMTATh YIORICTBOPHTSAbHBIM MATEMA-
THYECKNM ollpefieNeHMeM BepostTHOCTH. ITonuTkn suCHpaTs
g0 P 110 pasHbM cepasaM ONNTOB GYIYT NPHBORUTE OG-~
HO K PA3HBIM, XOTA H ONMW3KMM 3HaYeHmwIM P.

B npocreifinx ciyqasx MHTYUTHBHHE NMPEACTABNCHHA ©
BEPOSITHOCTH JACTO MPUBOJAT K OTHO3SHAYHOMY OTBeTy. TaK,
HampHMep, HHKTO He COMHEBaeTcd B TOM, YTO BEpPOATHOCTh
BhIMameHNsl repGa npy noxGpachiBaHUM MoOHeTH pasHa 1/2.
QOpACHeHH OOLMHO NPHBOAATCH AOCTATOYHO YOeRHTEABHELE:

1) Bo3MOXHBI ABA COOHRITHA ~ BHNAN repb, BHOAKA pe-
HIeTKA; HM ONHOMY M3 HHX HeNb3A OTAATh NPeRMOYTEeHH,
TaK KaK MOHETA CHMMETPHYHZ;

2) IpH MHOFOXPATHOM ITOBTOPEHKH OIKITA YacTOTA MOMAB-
neHEa repba Gmmaka x 1/2.

IlepBas wacTb TOr0 OGBACHEHUS ABRACTCH MOMBKITKOM 110~
CTPOMTH MOJENS CAYYANHOTO SRMACHHS, PTOPas Yacth — JKC-
NEPUMEHTAIRHAA MPOBEPKA COOTBETCTBHA MOJACIH PeaibHO~
MY SBACHHKIO,

OnHAKO NpH HE3HAYHTENPHOM YCIOXHEHHH OINLITA <110-
BCCAHEBHAA HMHTYHLIA» WIH «30PABHIA CMBIC» MOCYT HOR-
poauts. IlpencraeumM cebe, uyTo nNpH KaxaoM u3 10 noxbpa-
CHIBAaHKH MoHeTzd Brittan repl. Ilpeanaraerca yragarp, Kakoit
CTOPOHOM YNaneT MOHETa B cleayowuit pas. Josonbsko pac-
NPOCTPAHCHO MHEHME, YTO BRUNAXCHHE pelleTKH Oonee Be-
POATHO. DTOT «BBIBOO» OENACTCK OPUMEPHO CRSAYIOLMM 06~
pasoM: RMTMHHEE CepHH HOZpAN HAYIHHX reploB BCTpedaoT-
C HE MACTO, 4 eC/H MIBSCTHO, YTO WIHHHAA CCPHA HAYMHACT
MOABNATHCA, TO OH8 RO/DKHA OHCTPEe KOHYHTHCA, M, CHAeHo-
BAaTEABHO, MOSABNCHHE pelieTKH Gonee BepodATHO, OTCYTCTRHE
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JJIHHHBIX cepHit repGoB HeTpYEHO 3aMETHTH, JAXE CCIIH He
SAMMCHBATL PE3YARTATH ONHTOB. OAHAKO SKCNepUMeHTANb~
Had OLICHKA BEPOATHOCTH NMOABMEHHA peweTkH nocire 10 rep-
©O0E Tpebyer yxe (HHUKCHPOBAHHS pe3yAbTaTOB onuTa. HyxHo
orofGparh Bee Henmodkd M3 10 repboBp M mocMOTPETh, CKOIBKO
Pa3 caeayiomnM peayasraroM Gyner repb M CKonakKo pas — pe-
weTka. Otser 1/2 B a1oM Goflee CIOXHOM ONBITE CBHLETENE-
crByeT o Gonee pasBuToif MHTYMIUMM,

B kavecrse mpuMepa coBceM HeNpHEMAEMOIO paccyxne-
HHA MOXHO NPUBSCTH caeayomuil: a se snuaio, noliner ce-
ronHA JOXAbL MIK HET, CIeROBATEALHO, €10 BepoATHOCTh 1/2.
BTa «MOAENE» K JOXNIO BPAK JIH HUMEET Kakoe-aubo otHole-
HKre. OTMETHM JUIA CPaBHEHMA, YTO B IpUMepe ¢ MOHeToH
YIUTHIBATACH €€ O0BeKmucHas XapaKmepucmuxa — CHMMeT-
PUMHOCTb.

MHoroofipasie ¥ CI0XHOCTE 33044, BCTPEUAIOINHXCA B
HNPIUIOXEHMSAX, TPpeOYIOT YETKOrO ONMpeac/IeHAs MOHXTHIL, CBA-
3AHHAIX CO CIYIANHEIME SABICHHSIMH,

3. Mamemamuveckan modess. Teopust BeposTHoOCTeH, Tak
XKe KaK M ApYrHe pasmens! MAaTeMarwki, MMeeT Oefio HE ¢
ABNCHUAMH OKPYXAIOUISr0o MHPA HEMOCPEICTBCHHO, 4 C HX
MATeMaTHYCCKHMH Momensmu. B maremaruveckoit Monenu
BOJEXKHE! OHITh NPABWILHO NEepefaHkl CYIUECTBEHHEIE CTOPO-
HBl H3Y9aeMOro ABJIEHMs, 4 HECYIIECTBEHHEE — OTOPOLISHE.
CrMikoM roapoOHOe ONMMCAHHE M3YYaeMOTC SBIECHHUA TIpH-
BOTUT K YyCIOXHEHKIO MATeMaTHIecKoit MONeNH 1 MOXeT 3Ha-
JHTEABHO 3ATPYAHKTS HecaenopaHue, Hanminee ynpouenue
MOIENH MOXeT IIPHBECTH K HeBEPHLIM BHIBOJAM, Hackolnko
VAaYHO BBCACHA MONENB, MOXHO CYIHTh 110 COrIaCOBAHHO-
CTH TEOPETHISCKHX BBHIBOIOB ¢ OITHITOM.

B MatemaruuecKuX Momensax CAyHaifHRIX SRIeHHH Bepo-
ATHOCTh PacCMAaTPHBAETEA KakK GyHKHUA oT chaydaiihoro co-
OmTHa. B xypcax MareMaTHMUeCKOro AHaAM3a Mpexae, JeM
TIPUCTYTINTG K M3ygeHmo GyHKIMM, AOBOALHO MHOINO BHH-
MAHMA YOCNAETCA M3YIeHHMIO ee APTYMEHTAa — HeiiCTBHTeNh-
HOTO YHCAA. APTYMEHTOM BEPOATHOCTH ABIASCTCA ciayyaitHoe
coOnrre. [TosToMy B 1. | Mu npexge Beero 3aliMeMca yTog-
HEHHEM MHTYMTHBHOINO HOHATHS CHYy4aiiHOro coOGLITHI, a
3aTeM BBeeM MOHATHE BePOATHOCTH.

AKCHOMATHICCKHH IMOAXOX TMOCTPOCHHA TEOPHHM BEPOAT-
Hoctelt, mpexnoxennslit A. H. Komvoroposrim B Ktiure «Oc-
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HOBHEIE TIOHATHA TEOPHHK BepOATHOCTEs, Cie1an TeopHIO Be~-
poaTHocTell MaTeMarnyeckoit maykoit. Ee akcHoMEL i Teope-
MBI B abcTpaKkTHO dopMe oTpaxawT 3aKOHOMEPHOCTH, IIPH~
cyllme cayyaiiHRM apaeHuAM. B Hacromluee BpeMs akcHoO-
MATHYIECKII NOAXOX AWIAETCS OGIEenpHHNTHIM.

B mpyrsx pasgesax MATeMATHKM aAKcHOMAaTHIeCKHE mox-
Xof GBI NPHHAT 3HAYMTCAEHO PAHBING, Y¢M B TCOPHH BCpO-
ATHOoCTei.



riiABal
BEPOATHOCTHOE NPOCTPAHCTRO

Jins uabexauns HescHOCTCH IPH OIMMCAHHH COyTaitHEIX
ARNCHUNH, pe3ylbTaTOB ONLITA WIH HaOMOxCHNHE HeobxoauMoO
$OpPManM30BaTh 2TH omucaHua. C 31oi HesIbio BBOAUTCH MHO~
XEeCTBO 2 3NeMeHTAPHKYX HCXOHNOS JKChepuMeHT2 (npo-
CTPBHCTBO SNIeMCHTAPHRX COORITHI); BRIZEASCTCA KNACC CO-
Outiit & (amebpa unn o-anreGpa cobrrTHil), paccMOTpeHH-
€M KOTOPOTO MOXKHO OrpaHHYMTECH B JaHHOMH 3anave; Ha MHO-
secrne coburruif # samaerca ¢pyHkuma P (BeposaTHoOCTE),
YROBJACTBOPAIOIAA HeKOTOphIM ycacsusaM, Tpoiiky (Q, 4, P),
KxoTopas BRoguTCcA NpH dopManm3amuu nwboil BepogTHocT-
HOM 32Ja9M, HA3LIBAIOT GEPORMMOCMHUM RPOCMPAHCIIGOM.
HdagaM tenepph PopMANLHOE ONpeeNeHHEe BEpPOATHOCTHOTO
NMPOCTPAHCTBA M NOKAXeM Ha NMPHMEPaX, Kak IPOBONKTCA
dopManHzaONA peaTsHON 3aMaTH.

§ 1. ITpocTpABCTDO dACMERTAPELIX COTRITait

IpoussombHOe MHOXECTBO 3 HA3OBEM NPOCMPAHCMEOM
aaexMeumapiux cobsmuil. DNeMeHTH @ 3Toro MHoXecrpa £
GyaeM HA3LIBATE EMEHMAPHWME cODLMUANY. DTA IOHSTHA
ABNAIOTCA AEPBOHAYANPHEMU. B pearbHOM OMBITE 3NEMEH-
TRPHHIM COGBITHAM COOTBETCTBYIOT B3aMMOKCKIIONAIOIHE HC-
xonut. Beupgy Gompmioro pasHooGpaInd CAySafHeIX ganeHuit
Heas3s 1aTh Gojiee KOHKPETHOS ONpEIeNcHIE MHOXKECTBA 36~
MeHTApHNX ¢cobbrruii, Jns onucaHus Kaxaoll peancHo# 3a-
hauu MEOXECTBO £l BHOHpaeTca HauGoOdee MOMXONSIIHM
obpazoM. Paccuo'rpm PAX IIPAMEPOB, NOACHSIIOLIMX BRGOP
MHOXeCTBa

1 Honﬁpacnnanue MOHEeTH OZHMH Pas

HCXOIaMH B 3TOM OmImsime OYAYT: BRIIAZEHME
MOHETH repGoM X (MM NpOcTO BEMancHue repba), Bh~
nafeHMe PeIeTKH. Me TOTO, MOHEeTa, BO3MOXHO, BCTa-
HeT Ha pebpo, ykatTeqd Kyaa-HEubyap ¥ T. . Moxio mepe-
YHCAHTS PAf HCKIOOMAIOIMMX APYF Apyra coOmurruit, KoTopme
MOIYT HIpOR30UTH ¢ peancHolt MoHerolf. Ilpyu Maremarnuec-
KOM OIHCAHMH 3TOTO ONKTA €CTECTBEHHO OTRICYBCH OT psina
HECYIIECTBEHHLIX ACXONOB H ONPaHHMUTHCA TONBKO ABYMSA:
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BHMNagecHue repba (MoxHo oSosnaunts 910 cobutue I, o,
MAH «), BunageHue pewerky (P, o, win o). TakiM obpa-
30M, NPH ONMHCAHMHU 3TOro ONLITA Mbl HONATaEM

Q= {T, P}, Q={w, o} nwm Q={e, e).

2. MMoaGpacHPaHue HRFPAaNBbHON KOCTH OOMH
pa3. B 3ToM onmure ecrecTeeHHO BHGpats Q={w, ®,, ©,, O,
o, 0}, rae @, 0003HaTCH HCXOA OMKTA, 3aKMIOYAIIMICH B
BhRINageHun Kk 0Kop, HMeeM 1IecTh HCKMIOTAIOIMX JPYT APYra
HCXOHOB.

JNox6pacuBaHue MOHEeTH 2 paai Kaxnomy
WCXOAY ONBITA €CTECTBEHHO LOCTABUTH B COOTBEICTBHE IO~
CAEAOBATENBHOCTD AMMHEL ## IO CHSAYIOLIEMY IIPABHAY: €CiH
npr k-M NonGpachIBAHMM MOHETH BHIMAN Tepb, To HA k-M
MecTe nocaeaopatTenbHocTH numeMm I', 2 nNpm BRNATeHUR
peutetkd — P. Tax, nocnenoparensiocts ITT...IT o6o3ua-
YaeT MCXOX OMKT2, 3AK/IOYAIONMNCH B TOM, 970 KAXILIHA pa3
suinagan rep6. Ilpu HeOoMpIIMX 3HAYEHMAX # BCE INEMEH-
TapHhle coGpTHA HeTpynHo bummcath. Hampumep, mpu n=3

Q={TTT, ITP, I'PT, PTT, PPT, PTP, TPP, PPP}.

HerpyaHo npoBepHTh, HTO YHUCNO ITEMEHTAPHBIX COORITHMIL
ipu ao6oM n paBHO 27, JlefiCcTBHTENRHO, IO NEPBOMY 3HAKY
TIOCHEROBATEALHOCTH MHOXECTBO £ MOXHO pa3OMTh HA JaBe
TPYNNH enodek BUAA

{r..}, {P..}.

Kaxayio ux atix rpynn, GHKCHpYA BTOpOl aHaK nmociaeaona~
TEABHOCTH, MOXHO CHOBa pa3ouTh HA aBe rpynnsl. [Tonygum
2+2 rpynn:

{IT...}, {TP...}, {PT...}, {PP...).

Puxcupys Tpernit 3HaK, moaydum 2°+2+2 rpynn. Ipogos-
XHB 3TOT npouece o (GHUKCHPOBAHKA M IHAKOB, MH MONy-
YuM 27 FPYNM, KAKAAA HX KOTOPHIX COCTOHT M3 ONHON mocne-
BOBaTeHOCTH.

4.PaGoratenedonnoii cranuuu lpeamonoxmm,
410 MM HaGmonzaeM paGoty renedOHHON CTAHUHU B TeUCHHE
YEeTBEPTH Ya¢a M HAC MHTEPecyeT YMCIO IOCTYITHBILMX BH3O-
BoB. Ecnu TenedorHas CTAHIHA OGCHYXKMBACT HE3HAYNTEND-
HOE KONMHYeCTBO AGOHEHTOB, TO 33 BpeMsA HaGMIOmCHMA MO-
XET He IMOCTYTIMTE HH ONHOTO BH30BA, MOXET NOCTYITATD OIKH
BLI3OB, ABA BLI30BA M T. 4. JloCTaTOYHO ACHO, YTO YHCAC Bhi-
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30B0B Gyger Bceraa koHeano. OAHAKO PAasyMHO YCTAHOBMTD
BEPXHIOK TPAHKIYY YHCAA BRI30BOB JOBONLHO 3aTPYRHHTCAD-
Ho. IIpome He OTPAHHYMBATD BOSMOXHOE IHCAO BHI3OBOB
# CYMTATH BOSMOXHRIMH HexofaMH 0 H Bee HATYpanbHuIES
uncna: 3 ={0, 1, 2, ...}. OTo nNpeanonoxexHue npoine, UeMm
HOBONBHO KCKYCCTBEHHBIH MOAGOp BepxHelt rpaHMIB! YHC~
Ja Be30BoB. [IpeanonoxeHie o BOIMOXHOCTH JIOGoro YHc~
Jla BEI30BOB Kaxetcs abGeypaurM. OXH2KO eCiaH OKaxercd,
9T0 O4YeHb €OARNIOE YHCAO BEI30BOB JIPOHCXOAHT ¢ OYEHB
Manoll BepOATHOCTHIO, TO 3TO OYAeT COBMECTUMO ¢ HAIIHM
NpaxTHISCKUM MOHATHEM HeBo3MoXHocTH, Ifogobrue cu-
TyallMH BO3HWKAIOT AOBOJBHO 9acro. Hampumep, B cTpa-«
XOBOM JeNe NPH PacueTaX e OTPAHAIMBACTCHA MAKCHMAND-
HEHT BO3PACT, MPH MIMEPEHUH JOBOILHO YACTO MpENIona-
raercd, 4T0 BEAHINHA OWMOXH MOXCT NMPMHUMATH JIOOHS
sHaucHuA. EcAH B paccMarpuBaeMoit 3agave ¢ paGoroit re-
RedoOHHON CTaHUUM Hac KHTEpecyer He TONbLKO obiiee amc-
JI0 MOCTYNMUMBINHX BHI20BOB, HO M MOMCHTH MX TIOCTYTUIC~
HHA, TO NMPOCTPAHCTBO JNEMEHTAPHHIX COOMTHH# HYXHO
subGpate Gonee NeTANH3HpPOBaHHWM. MOXHO, Hanpumep,
Hcxon Hamero HaGnIoAeHMA omucaTh cryneHvarolt dyHk-
nuell, MOCTOAHHON MEXIY MOMCHTAMH ITOCTYIJICHHA BHI~
30BOB H HMEIOIIeH CKAUKH B MOMEHTH MOCTYNACHUS BbI-
aono;. B 3ToM caysae £ — MHOXECTBO CTYNeEHUYATHIX yH-
Kum#.

5. Crpennba no naocxol Mumenu. Beezem B
IJIOCKOCTH MMILICHH MPSMOYTONLHYIO CHCTEMY KoopaAnHaTt u0y
H KaXOMy HCXO1y onuTa (nmomaganue p OnpeieNeHHYIo Tog-
KY INOCKOCTH) NOCTABHM B COOTBCTCTBMS KOODAMHATHI 3TOH
ToukH. Torma MHOXeCTBOM £ ABIACTCA BCH IVIOCKOCTL MNH
MHOXECTBO BCeX YNOPANOMEHHHX Map NeHCTBUTeABHEIX HH-
cen. Bror GaKT MBI ANHIIEM CRSIYIOMUM 00pasoM:

Q={(u,y): ~o< y<vo, ~a <y<eo},

e U, v — pelicTeHTeNBHEIe yucaa. B pannpeitureM Mol Gy-
AeM YacTO NMONB30OBATHCA TAKHMH obo3HAYeHHAMH Ind pas-
JHIHEIX MHOXeCTE. Hanpumep, MHOXecTBO TOYCK 3aMKHY-
TOTO €EMHHIHOTO KpYTA ¢ ICHTPOM B HAMAIEC KoopaHHaTr Gy-
AEM 3aNUCHBATE B BHAC

{(e,v): w2 s 1)
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6. BPOYHOBCKOEC¢ ABR X e HNRe B Makpockon
HaGMoAReTCH ABKEKCHES Manolif SacTHIRLI, noapeprawomeiics
GoxboMy THCIY YARPOB €O CTOpOHEI Moaekyx. Halmone-
HHE NpOBORUTCA B NpoMexyrke Bpemenn [0,7]. Hexomou
aToro onkTa GyReT ONpeReNeHHAA TPAGKTODHR ABHKCHHA
uacTHIM. EcaM HHETePECOBATECA HEpCMEINEHHEM TACTHIE
BIOJG 33AAHHOTO HAINPABJICHHA, TO B KAXAN MOMEHT Bpe-
Meun f, ¢  [0,7], nonoxXenHe ¢¢ NMPOCKIMH HA 33[AHHOE

eHne OyZeT onpelenaThea Koopauraroit x(7). B stoMm
cny-me Q={x()} — MHOXECTBO HENPEPHIBHHIX JeHCTBHTEAS

HuX ¢! , ONIPENEJICHHEIX Ha orpeske [0,7].

§ 2, Anrelpa colrrrmik

B peansHOM ONHTe, KPOME B3AMMONCKMIOYAIOMINX HCXO-
JOB, MOXHO YKA33Thb MHOIO NPYTHX caydaliHeX cobummil, B
mpuMepe 2 13 § 1 nNepeTHCACHN SeMEHTAPHBE HCXOIB IR
OXHOTO GPOCAHAA HIPANLHOK KOCTH, B STOM X OIRITe MOX-
HO T'OBOPHTS, HANpUMED, O CiiyqaiiHoM COORITHE, COCTOAIIEM
B TOM, Y10 BHIIANO YETHOS WACAO OYKOB. 910 cOORITHE NpO-
MCXORHT TOJBKO B TOM Clyqse, KOTZa NMPOMCXORHT ONHO M3
TpeX IEMEHTAPHHIX COOLITHIA: o, 0, HIH @, BHnazeHH0
HEYSTHOI'O YKCNRA OYKOB COOTBETCIBYIOT 3/eMEHTApHHE CO-
OLTHA ©,, ©,, 0. TIPEACTARIICTCA CCTECTBCHHEIM KAXKAOC
peaabroe e A’ B MaTeMaTHUeCKOl MORENM PacCcMaT-
PHBaTh KAK HEKOTOPOE NOAMHOXECTBO A MHOXecTRa £, BKIIO-
9HB B 4 T¢ H TOJBKO T¢ 3/IEMEHTAPHEIC COOHTHA, TPH KOTO-
PRIX npoucxopur A.

Coyaiinum cofvimuem WIK NpocTo cobvimuem GyaeM Ha-
3BIBATH IOG0C MOAMHOXRECTBO MHOXECTEA 0, eyt £ KO-
HEYHO WIH CYETHO:

Q={w,, Wy .., Oy} WK Q={0,, O, .., 03, ...}).

B cayuae mponapoabHoro £ cofnrrmamm GyaeM HA3EIBATH
TOJHKO ITOAMHOXECTBA K3 HeKOTOporo Kiacca o iomdHO-
¥ecTs L), KoTophili Gymer onpesencH mocle BBeASHHA ONe«
paumit Hax COOLITHAMY, COBIANAIOIIMMH ¢ ONCPALUAMA HAN
MHOXCCTBAMH.

Cymmoii gByX cobrmiit A B B HasopeM coGurrie A+B (nnu
A U B), cocTosilee M3 BCEX IMEMEHTapHMX colniThil, nNpu-
Hamexaumx no xpaiinelt Mepe onHoMy M3 coBurmiii A mnn
B. Moxio cKasars, STO B PEaNbHOM OIBITE COOHTHE, COOT-
Bercreyiouuee A+B, COCTOUT B TOM, YTO MPOM3OULIO MO Kpad-
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omuo 3 coburrnii A wri B IlTycts B nupumepe 5 ua

NYHSIMH A ¥ B ApIA1I0TCA NONajaHua COOTBETCTREHHO

n Gonmoﬂ H Manuit xpyr (puc. 1). Toraa codwrnem A+B
SBAAETCA JAMITPHXOBAHHAN oOnacTp Ha puc. 1, a

Mmﬂ(mdﬁﬂmmmcoﬁme,co-

CTOALIEE U3 IICMEHTAPHLIX COOLTHH, MPHHAIVICXANHX W A

u B. CoburHe AB MPOUCXOOMT TOTNA B TOJMBKO TOTAA, KOTAA

apoucxoaut H A ® B. [Uma npumepa 5 coburrie AB n3obpaxe-

HO 3ammpuxoBaHHof durypoit Ha puc. 1, 6.

a) 6)

Pauc. 1.

Pazrnocmvio A\B Haspsaerca cobnirne, COCTORILES HI 316~
MEHTOB MHOXeCTBA A, He npuHaAnexamux B (cum. puc. 1, ¢).
Coburne A\B cocront B TOM, 110 A mpou3ouwto, a B He
TPOH3OILNO.

Cobormue £) HA30BEM JOoCMOSepHuM; IIYCTOR unoxec-mo
@& wasoneM wesoamowcnum cobumeM. Cobuitie A=Q
SEIBAETCS MPOMUGONOL0IHbM cOBHTHIO A (cM. puc. 1, 2). Co-
Guvie A 03HAYAeT, YTO A He NPOM3OULIO.

Cobutna A n B necoemecmnu, ecnu AB=0. Tor daxr,
qT0 A ABAACTCA NOXMHOXecTBOM B, GyaeMm 3anuchiBaTh
T7aK: A < B (wim B << A). Dro 3HAYUT, YTO K3 Ha-
crynneHans coberms A crenyer Hue B. B npuMepe 5,
ecan A < B, o nonananne B acTh A, comepXanlyio-
ca B B, o3Havyaer Takxe nonananme B B. Ipunamnex-
HOCTh DNIeMEHTa MHOXECTBY 0003HaAYAETCH CEMBONOM € .
Hanpuamep, o € 4.

OHATAS NPOWMSBENCHAA M CYyMME! COORTHt nepenocarcq
HA OecKOHETHRC NOCASHOBATENHHOCTH cobrrmnt. Coburue

AFA+ FAE = GA,

=l
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COCTOMT M3 SVIEMEHTAPHLIX COGHITHI, MPHHALTEXAIUX XoTA OBt

ONHOMY U3 coburmvit A, n=1, 2, ... Cobutre ﬂ A.- AA, ..

vesddy «. COCTOMT H3 3NIEMEHTAPHEIX CoBHITHIE, npnna.n,nexa-
ILMX KaxpoMy coburmaio 4, n=1, 2, ...

JIAS (POM3BONEHLIX COOBITUH HENOCPEICTBEHHO U3 ONpe~
IejleHHA JIerKo NPOBEPKTh, YTO

AA=A, A+A=A, AA=D.
YacTo OKA3LIBAIOTCA MONC3HHIMM CHEAYIONLHE PABCHCTBA:
A+B =48,

(A+B)C=AC+BC.

JoxaxeM, HanpuMep, Topoe. HyxHo yGeanTECH, YT0 MHO-
XCCTBa, CTOAIDME B OOCHX YACTAX PABCHCTBA, COCTOAT U3 O~
HUX M TexX Xe aeMenTos. IlycTh nponssoiistoe 0 € (A+B5)C.
Torrao€ AtBuoe€ C Uian € A+B creayer, 110 ©
ApAHANNEKHUT XoTA OGN ofHOMY caaraemoMy. Ilycts, HampH-
Mep, 0 E A HiaoE Aun€ Ccene O ONpeaeneHuIo
Npou3BeAcHUR coGuITHiL, 4TO @ &€ AC, H CIEeIOBATENBHO,
@€ AC+BC Takum obpazoM, mioboil 31eMeHT MHOXE-
crea (A+B) C apanerca snemenToM MuoXecTea AC+BC, r.e.
(A+B)C C AC+BC. Ipernonoxus, uto @ € AC+BC, mu,
MCIIONL3YA PACCYKACHNA, AHAOTHTHEIE NIPHBEIXCHHEIM BhIlle,
moxaxeM, 4ro moboli sneMment AC+BC aangerca MeMEHTOM
(A+B)C. Orcroaa caegyer ToKasbiBaeMoe PABECHCTBO, TAK KAK
MHOXECTBA er0 NeBoit W upapoil JacTelt COCTOAT M3 OOHUX K
Tex xe 3neMeHToB. o BEJEHUS JOKA3ATENLCTBA PABEHCTB
nmoxe3Ho, ceuTaa A4, B, C MHOXeCTBAMHM H2 IUTOCKOCTH, CIe~
JATh PUCYHKHM MHOXECTE, CTOSIINX B JIEBOI M NpaBoil JacTsX
JOKA3LIBAEMBIX PaBeHCTB.

TlepeiineMm Teneph K ONpefe/IeHHI0 HEKOTOPHIX KIaccob
NOIMHOXECTB MHoXecTBa £, B Hataxe rnasrl 66110 OTMede-
HO, YTO BEPOATHOCTH GyAeT PAcCMATPHBATHCA KAK PYHKUMA
oT cobhITiaA. Jina moGrIX MOAMHOXeCTB MHOXecTBa {2 Bepo-
ATHOCTH He BCerfa yaaercs onpelennrs. B Tex caywaax, xor-
HJa Knacc HNOAMHOXECTB IMPHUXOAKTCA OTPAHMMHMBATH, MBI Gy-
BAeM TpeGOBaTh OT HEro 3aMKHYTOCTH OTHOCHTENBHO BBEBCH~
HEIX BEILJe onepanuit Hax coOBITHAMH.

Ilycts 2 ~— NPOKIBONBHOE MPOCTPAHCTBO FMEMEHTAPHEIX €O~
Gpimuit, a B — HEKOTODRI KTACC NOIMHOXKECTS MHOXeCTEa 2.
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Knace nomvioxects %W HazptpaeTest areelpoii coboumui, ecy
NE BuecmABE A, A+Be€ U, AAB€ ¥ npn mobrx A
€ %, Be U Orciona creayet, yro 2=0\Q € %. Hau-
meHbmeil cucTeMolt nomoxecTs, ARIAIONMelicA anrebpoit,
ogeBHAHO ABNseTcA cucrema W={J, Q). Herpyaro npose-
PHTD creaylouree yrsepxaenue. Ecan % — cucreMa Bcex nox-
MHOXECTB MHOXecTBA 2, To % — anre6pa. Ecau ©Q — KoHey-
HO® MHOXECTBO, TO CHCTEMa BCeX MOAMHOXECTB OyaeT Tak-
e KoHeYHbIM MHoxectBoM, Jlna  u3 npumepa 2 § 1 MoxHo
BHITHCATE Bee coObiTiA anrebpnl M, cocTomulelt U3 Beex nog-
MHOXecTB 0

&; {0)‘]', {mz}s p {0)‘};
{0, 0}, {0, O}, ..., {00, 0,3; {00, By, B}, ..

{0, a, o, o, o), o)=L

B atoM nmprmMepe anreSpa ¥ cocrodr U3 26=64 coObrTiil.
Ecm MHOXecTBO £} cocTOMT #3 N 3JIEMEHTOB, TO YHCAO BCeX
HOAMHOXECTB paBHO 2N, JeftcTBUTENBHO, YNCHO TIOCHENOBA~
Teaprocrelt M3 0 u 1 auHuM N paBro 2%, a MeXAY TakUMH
NOCAEIOBATEIBHOCTAMY H NOAMHOXECTBAMH £ MOXHO yC-
TAHOBMTH B3aMMHO OJHO3HAYHOE COOTBETCTBME MO Cleay-
IOUIEMY NPaBHY: 3MEMEHT ¢ HoMepoM [ H3 MHOXecTBa 2
BKJIIOY3eTCA B MOAMHOXECTEO, COOTBETCTBYIOLlee MaHHOMN
TIOCNAEAOBATEALHOCTH, ¢CNH Ha i-M MeCTe IOCHCAOBATENb-
HOCTH crouT 1.

HpuBexaeM eme oguH nmpumep anreSpu coburuit. [Mycts
Q={(u, v): 0< u <1, 0< v <1} — exyHH9IHHIl KBaApaT B
MIOCKOCTH. B Kypce aHann3a JOKA3aHO, YTO OOBEAUHEHHE,
nepecedeHue M pPasHOCTh KBaApUpyeMHX GUTYp ARIAIOTCA
xBagpupyeMmMu durypamu, CnegosarensHo, cucreMa U
KBaApHpYEeMBIX MOXMHOXECTB KBajpara 2 ofpasyer anreo-
Py cobbiThit.

Anrefipa courniit ¥ Rasueaetca o-arelpolt wm Gopenesckoti anrefpoit,
¢/ 13 TorO, Yo A, € W, n=1, 2, .., caenyeT

Ude ¥ N4 %
n=1 n=1

PaccmoTtpuM caeayomuit npemep. Mycre 3 = (i — o <y o0 }
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YHCNOBAR MpAMas. OMpeAemg cRCTeMY Muoxects $Y,, cocrosmyo B3 xo-
HeqdHBIX K GecKoHegHAIX OTPEIROB, HHTCPEARO0S H TIONYHHTSPEATOB:

[u, =l u, s us u), (u, u} = {uw u< usu},
(4, w)={u: u, < u <w}, (4, )= (i u< u <uw)},

e ,, &, - AcficTRHTENLHENE Wneaa (i, S ) M, KPOMe T0ro, B CIpOruX
HCPADCHCTBAX &, 4, MOXHO JAMCHATL HA — oo , oo , D12 CHCTCMA X8, He
spnsercH anreGpoli; HanpHMep, cyMMa MHoxecTs {~ oo ,—1} U (1, oo ) re
sxoznt B ¥, xoms xaxzoe caaraemoe npusamiesut W, Tonomv ¥, sce-
MU KOHEUHKME cyMMaMu MHoxecTs B3 W, Hoast, Gonee mmpokas crcrema
sioxects W apnaéron anreGpoit.

Hasopem o-anreSpy H® sunumassnoli o-arzefpod, nopoxnennoi W, ecm
Aroban apyran c-anrebpa, conepxanas MEoxecrsa na H, conxepxur Taxxe
Bee MHoxecTa M3 W*, MuoxecTna M3 MUHIMaZLHON 0-anTebpH PACCMAT-
PHBAEMONO NpHMEpa HasuBalTeq Sopeaeecxiimiy. B qacrioct, SopereBCKAM

MHOMECTEOM ANTISTCA KaXAaA TOYKA IHCA0ROR npaMolt (appaxierHii oT-
pezok {u,}=lu, 4,]). Tox Kak MHEOXeCTRO paijioHamLMEX yMcen R ciero, 10

o>
HX MOXHO nepeHymeposars: R={r, r,, .., 7, ...}. Torza R;k_)l{r,l, H cAeaopa-

Tenmto, R asnseres GopenepekaM MHoxecToom. Mz 0 & H'uRE W

GIERYET, YTO MHOXCCTBO MPPALMOHAABHIIX uKcen Q\R < %, 1. e TOXES

RANAETCR GOPENCBLKMM. AHUTIOTHYHO olpele/silores Dopenesckan anrebpa i
GopeeBcKHE MHOXECTEA Ha IIOCKOCTH H B IPOCTPAHCTBE,
B mansHeitiieM Mz oOEMHO OyIeM paccMaTPHPATD T 334a4H, B KOTOPHX

MOXHO OTPAHMMHTECH anrebpoit cobuiThil.

§ 3. BeposTHOCTH

Teneps MBI MOXeM BBECTH IIOHATHE BEpOATHOCTH COObHI~
THS.
Qucaoean yrxuus P, onpedesennas na xaacce cobomuii W,
HA3WEAEMCR GEPOSMBOCHIBIO, €CAU EWHOANENN Credyiole Yeao-
eus;

Al, W sersemes anzebpoil cobumuil.

A2, P(A) 2 0 021 moboz0 A € M.

Al. P(2) =1.

A4 (arxcuoma xoneunoi addumuenocmu). Ecau A u B necog-
Mecmust, mo

P(A+B)=P(4) + P(B).

Jns pelreHus 33039, CBA3AHHRIX ¢ GeCKOHEYHBIMH ITOCe-
JoBaTeIEHOCTAMMU COOLITHI, TpeOyeTca JOIMOMHNTD IIPHBEACH-
Hbleé AKCHOMEI CeAyoulelf AKCHOMOH HEeNMpephBHOCTH:
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AS, Jasn moboii yOusarowell nocsedosamessnocmu

ADAD .. DAD.. G.1)
cobumuil us W maroi, umo
N4 =0, (.2)
n=1
HuMeem mMecmo pascHemeo
tim P (4,)=0. G3)
o0

Tpoiiky (Q, ¥, P), B xoropoii P ynornersopsier A2--AS, a
MHoXecTBo ¥ He Tonpko sABNAeTcq anrebpoit coburuit, Ho
elle H 3aMKHYTO OTHOCHTEJILHO CHETHHIX CYMM K TIPON3Beae-
Huit (r. e. W gpAeTCR G-IeOpoit), HAKIBAIOT FEPOAMKOCHE=
HWM NPOCMPAHCMEOM.

B nmamnuelinieM MH NOTTH He OyZeM HCIIONB30BATEH AS M
ROTIONHMTEARHOS NPEATIONOXEHNE O 3AMKHYTOCTH ¥ OTHO-
CHTEILHO OTEpanMil B CUCTHOM WHCAE.

Ecmy BSpOATHOCTS P;nonmwpnnAl—Muamnﬁpa!manc-
anrebpoit, To dyuximo P Moo goolipesents Hi MAOXECTBAX MY M-
mmoﬁc-aureﬁpu ,noptmclmoﬂﬂ TIpusenem Ge3 HOXASATENRCTBA

Teopeua o nponoaxeann peportTHOCTH dyvcme
cepoxmnmsl’y@ommcmem Al—AS g 8% — MunuMmassRGE G-aazelipa,

nopoxcdennos M. Toeda cywmecmsyem, u npumom eduncmaennan, Gyncyus
P*(A), romopos onpedesena na W*, ydossemaoprem A2—AS u coenadoem ¢
P, xosia A N

Taxuwm ofpazoM, MOXHO CPady CIHTATD, uTO B Al cHeTeMa § ABaACTCR

C-anrepoit,

ToxsTie BEPOATHOCTHOIO IPOCTPAHCTBA CONEPXUT JIMIIL
caMeie o01He TpeCOBAHNA, MPETRABAACMBIE K MATEMATHICC
Kol Moleny cnydaitHoro ABRICHUA, U HE ONpeAeAaeT BEPOAT-
HOCTb OfHo3HauHO. JanpHelmias KOHKPETH3AUMA ONpeRee-
HUA NPOBOIUTCA NMPUMEHHTENBHO K paccMarpuBacMoil pe-
atbHOM 3amaye.

PaccMOTpHM ZBa NPOCTHIX NpPHMEpR, KOTOPHE AAIOT He-

KOTOpoe NpelicTapNeHHe 0 BMGope BepOATHOCTHOU Moaenn
HAa OCHOBE NOAATHSA BEPOATHOCTHOIO NMPOCTPAaHCTRA.

IIycrs GpolmeHa oMuE pa3 MIPaAbHAR XOocTh. JUIA 9T0TO
onuita B npumepe 2 §1 Oslto BuiSpano R={w, o, .., ©J.
Anrebpa coburail ¥ B AaHHOM Cydae COCTOMT H3 BeeX OOX-
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MHOXeCTB A={m,, O, 2 O J &R k=1, .., 6 | <h<..<i,
i=1, 2, ..., 6) u nycroro MHoxectea &. ITyers p, 20, i =], ..., 6, —

niobpie 4HCAa, A1A KOTOPHIX = p=1. Ionoxum

P(A)y=p, +p, .. 4p, . (34
Orciona, B YaCTHOCTH, MOAyYaeM
P({o, })=p,, #=1, 2, ..., 6. (3.5)

HeTpyaso nposeputh, Ym0 $yHKuMA P(A), onpenenessan
dopmynoii (3.4), yrosnetsopaeT akcuoMaM AZ—Ad4. Ilpu pa3z-
JUIHEIX uucen (P, 2 ., P} MH OyaeM monyyark
pazHuie onpeleNeHus BepoATHOCTH. OdYeBHAHO, YTO NMocped-
CTBOM MATeMaTHMeCKMX PACCYXKNCHHA H3 3T0I0 MHOXKECTEA
o eleHHt BHIGpaTh HYyXHOE MK He CMOXEM.

KOCTb CHMMETPUNHA, TO IPEACTaRIACTCA ECTECTBEH
HBIM JOMOMHMTENHHOS MPEIIiONOXCHHE O PABHOBEPOATHOC-
TH BHIMageHHA padTMIHKX rpavedf. Torma M3 dopmyn (3.5)
3aKMOYaEM, 9T p=p,=...=p,=1/6, U ciaenoBaremsHO, BEPO-
artHocTh P(A) onpeaensaerca omHO3HauYHO. OKOHUaTeNbHOE
3AKIIOUCHAS O KaYecTBe BRHOparHHol Momeay MoxeT OHTh cle-
JIAHO TIOCHE SKCNEpHMEHTANLHON NPOBePKH.

KOCTh HeCHMMETDHYHA, TO B fioaxopdanieli Moaeny
HEKOTOpEie WIH Bee P, ROJDKHH OHITH OTAHMIHH ot 1/6. Ilycrs,
HanpuMep, KYOUK MIpaNnbHO KOCTH CKIeeH U3 mnoTHol Oy-
Mar¥ M K » IPOTHBOMIONOXHOM IpaHu ¢ «6s, MpUKpeN~
nenrpgs. 3TOM Clyuae Gylder BHIIanaTs Beeraa «6». B dop-
myne (3.4) HyXHO NOROXMTL p=1, p,}=p,= ... p~0.

PaccMOTpHM eilie KBe MATEMATHISCKHE MOJEHH OITLITA, 3aK=
Jioyaroieroca B noASpackBAHUM ABYX OJHHAKOBLIX MOHET.

Modeas 1. NlonoxmM Q={w,, ®, ©,}, TAe 3rcMEeHTApHOS
COOBITHE @, O3HATAET, YTO obe MOHETH BHINANH repOamu
BBEDX, ©, — 00¢ MOHETH BHIIAIH PEIICTKAMH BREpX, ©; —
MOHETH! BHINANH pasHLIMM cTopoHaMM. Ecau cuutars 3ne-
MEHTApHLIEe COOMTHA PABHOBEPOATHHIMM, TO BEPOATHOCTH
coGriTa A={w,, ©,}, COCTOAIETO B TOM, YTO MOHETH BRI~
J1 ONMHAKOBBIMM CTOPOHAMM, l%m{a P,ISA{=2/3.

Modessv 2. Hycrs Q={IT, IP, PT, PP}, rine 3Hak I’ Ha
negnom KM BTOPOM MeCTé B O0O3HAYEHMH 3ACMEHTAPHOIO
COOBITHA O3HAYAET, YTO HA MEepBOl MAHM HA BTOpoil MOHeTe
BEimIan repf; P aHanTorM4yHO CRA33HO ¢ BHMIIajeHHEM pellreT-
KH. aMeMeHTAPHEE COOEITHA onelpomuml, s
cobermita A= {[T, PP} nonyanM P,(A‘§'2/4= /2.
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Hony ng s pasHne BEPOSTHOCTH ONHOIO M TOro Xe
cobnmia. DReNepAMEHTANLHELN BHGOD moaxommueit Molenu
Moxer OuTh nposeneH chenyomuM opazoM. IloxGpocum N
pa3 (N — goctaroyno Goislioe) napy moHer; mycts N, pas
nponsouuto codurrue A, Ecom vwacrora N, /N = 2/3, To caura-
eM nonxozamelt momens 1; ecmt N, /N =« 1/2, T0 BHOHpaeM
Moneas 2. Srasauaunuﬁopammuonmﬁ (wm gByx
nmo'xe]:;zm ABNACTCH o%.moﬁ n3 63};1:&'1 umuamecmog gramg-
THKH. ee noapobHo ona Oymer paccMOTpeHa B 1. 9,

B 3amavax, MOXOOHMX 3a849¢ © MOEOPACKRIBAHMEM HBYX MO~
HET, MPaKTHIECKH BCEIAA MPABMNBHEM BEIOOP MOXeT ORITE cle-

3UYCCKH PaVMIHBIC MOHETH, NMOITOMY CCTECTBEHHO CIUTATh
MHOXECTEO {2 COCTOAIIMM H3 HSEThIpeX SIICMCHYAPHEIX COOHI+
THii, KOTOPHM €CTECTBCHHO NPUITHCATh ONHHAKOBEE BEDOST-
HocTH, Mozesb 1 kaszanack Out Gonee ecrectseHHOM, ecni Onl
MOXHO GRUIO cefe NMpeacTaBiTh MOHETH (GDH3IMYecKy Hepavm-
yuMBIMH, OMIT OKA3LIBACT, YTO B ACHCTBHTELHOCTH MOHETH
Benyr cefn Kak paamrguMste. OZHAKO 3TOT OOCTATOUHO Oue-
BUEHEIL $akT AN MOHET OKA3bIBACTCH HEBEPHEIM JUIR HEKOTO-
PhIX THIIOB 9acTHIl, Bose | DiiHmmeiin moxasmt, YTo HEKOTO-
PhHIE THIEI YaCTHI BERYyT cels Xax

PaccMOTpeHHEIE npUMED MOKA3kLIBAET, YTO HeBAA CAUL-
KOM ITOJIATATECA HA HHTVHIAK; IOAXOAMEH MONeABI0 MO~
XeT OKA3ATHCA COBEPIISHHO HEOXMIAHHAA.

YKaxeM HECKOALKO NPOCTHIX CBOMCTB BEPOSTHOCTH, KO-
TOpHle HENOCPSACTBEHHO CHEAYIOT M3 akcHoM A2-—-A4, U3
akcuoM A3, A4 u paseticrsa A+4d =e caeayer, IT0

P(A)=1-5(4). (3.6)

Honaraa 3necs A = £, noayaM P(2)=0. JAng mobrix co-
6urruit A 1 B umeer MecTo dopMyna

P(A+B)y=P(A)+P(B)—P(AB). G.D

HeiietrirensHo, NpeacTabuM cobGuiTHa 4A+B u B B suge
A+B=A+BA u B=BA+BA. CoGMTHA B HpPABHIX YACTAX 3THX
PABEHCTB HECOBMECTHEHI, H CJIENOBATENHHO,

P(A+B)=P(A)+P(BA), P(B)=P(BA)+P(AB).
Orciona aerko cneayer (3.7).

*) Moapobree cM. Pennep [18], . 11, § 5, c1p. 32.
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Henocpenetsenno u3 (3.7) ana mobuix A u B nosysaem

P(A+B) < P(A)+P(B). (3.8)

He}pym{o npoBepuTh caegylomee cBolcTBO: ecnH
AC B, 10

P(A) < P(B). (3.9)

Moxuo noxazats (eMm. [2], . 2, § 1, cip. 30-31), a0
axcuoMi Ad 1 AS SXBHBANICHTHH ClIeAYIOmeMy CBORCTBY cuer-
HOM ANAMTHBHOCTH BEPOATHOCTH. €CAR @ MOCAed0eameasHo=
cemu A, A, .., A, ... cobaimun nonapro necoemecmun

(m. e. AA=D npn I » j) uA=UlA,e o, T0
F

p(,ogr{ P(A,). (3.10)

OrMetuM Ge3 mo ele onHo cpoficTBo, ¢BA-
3aHHOE ¢ aKCHOMO# HERpPepLIBHOCTH AJ.

Eomd, CAC..CACTA, .. uA=-UlA,m
uﬁ

A,:)A,:)...DA_:)A,,,:)...HARIA,,N

P(A)=u!i_tp“P(A,). 3.11)

HeckoNnsKko BAXHEIX JACTHHIX CYIACE BEPOATHOCTHRIX PO~
CTP2HCTB PACCMATPHBAIOTCA B I1. 2. B pansHeliiieM BHOBH
BBONHMBIC TEOPETHKO-BePOSTHOCTHDIC NOHATHS 1TO3BOIAT HAM
PACIIMPHTL HAGOP WMACTHRIX CAYYaeB BepOSTHOCTHHIX MpO-
CTPAHCTB M NPKREMOB MX NOCTPOSHMA.

3aza%E £ raase 1.

1. TpoRepHTs CHEAYIOIING COOTHOMICHYA MEXAY CODEITHAMY;
1) A\B=AB;

3 AeBmit, ABod,.
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4) A (B\C)=AB\AC,

2. YeTanoBHTS, XaKHe HI CICHYIOMIHX COOTHOMCHRH MPABITRMEL:
1) A(B\Oy=(A\B)+C; 4) (A+B) \ C = A+ (B\C);

2) A (B\CO)=(A\BY+AC; 5) ABC ¢ A4B;

3) (4+B) \O'M\Q"'(B‘LC). 6) (A\B) (C\D)y=AC\BD.
1) A+AB; 3) (A\O(B\D);
2) (A+B)(A+B); 4) (A+B)(A+B)(A+D).
4, Iycrs A,-{Jc [ Sx<a+,l,—}, B_-{x: asxsh -—-}.
Jna coGueruti
A= 4, B=UB,
Lo |

HaliTi Gonee MPOCTHIE BRHIPAKEHHA.

5. Kaxkne mopumoxecTea MHOXecTBa ) B npiMepe 3 K3 § 1 mpu a=3

COOTRETCTRYIOT CODBITHAM, COCTOSIINM B TOM, 410

1} npu nepeoM NonIbpacHBAHHR BHIAT reph;

2) Bcero BHINANG ponto Ava repGa;

3) samano He Sonee ogHoro repba?

6. [Tycrs A, B, C — Tpz npousBonsHbX coSHTHA, HallTn BHpaxeHua

g cobermall, cocroaumx B ToM, wTon3 A, 8, C

1) ppouacizno TonpKo A;

2) npousortnn A ¥ B, € He ripoHaowno;

3) Bce TpH coBHITEA MPON3CILTH;

4) niporIoULIO MO Kpafiielt Mepe omHO H3 COOLITHIL,

5) npoRIOLLIO OXHO K TOMBKO OMHO COORTHE;

6) BN 0HO COGEITHE HE NIPOHIONIND;

7) npoHaoIno He Gonee ABYX coGRTHLE,

7. Hycts » nipusepe 3 13 § 1 n=3, fAsngerca m anrefpoil cnegyionsan

CHCTEMA NOAMHOKCCTS:

2,Q, (ITY, I'PT, I'TP, I'PP), (PIT, PPT, PIP, PPP)?
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TNIPOCTEHIIHNE BEPOATHOCTHHE CXEMHI
H X OBOBINEHWA

§ 1. Knaccaueckoe OnpeneneHne BepORTHOCTH

IIyets Q= {0, ..., @} — NPOCTPAHCTEO WICMCHTAPHKIX
co0uTHi, a W — anrebpa cobrrmiii, copepxainas sce 2° mon-
muoxects 4 ={o,, ..., © .} MBOXccTEE 2. B xeaccuneckon
onpedesenuy @ OCMU , aro P{e)=1/s, <1, 2,
oy 53 TIOZTOMY BEpOATHOCTD P(A) coburua 4={w, , ..., ©,}
paBsHa OTHOMICHUIO YHCIIA INECMCHTAPHEIX COONTHN ®, BXO-

ASHINX B A, X ofineMy THCIy 3neMeHTapHEIX cOOMTHI B Q:
Jal_ &
P(A4) —Iall i (1.1

3necs ¥ B ganbHeImeM MO0 3MEMEHTOB M06OTo KoHed-
Horo MHOXecTBa M Gyzem obosHaqaTs |M.

Onpenencunaa papeHcTsoM (1.1) dyvEKnAa P(A) yros-
nersopsaeT BoceM akcmoMaM Al-- AS, Jeficrearensyo, nig
moGoro MHOXCCTBA £ CHCTSMa BCEX €ro IONMHOXECTB
asnsercs anreGpoil. ARcroMHl A2 -~ A4 HETTOCPEACTBEHHO
cneaywot u3 (1.1).

AxcrHoma A5 gna xoHeuHmX ¥ cieayer B3 npembIAYIIMX
AKCHOM, TMOCKONBKY B 3ToM caygae B (1.3.1) Bce cobmrusa,
HAYHHAA ¢ HEKOTOPOTO N, COBNANYT ¢ & , a P(Y) = 0.

Taxum obpasom, xseneHHan dopmymoii (1.1) bynxims P(A4)
ABSIETCSA BEPOSATHOCTHIO,

Knaccuueckoe onpeaeneHne BePOSTHOCTH CAYXHT X0~
poweli MaTeMaTHIeCcKON MOXENBI0 TCX CAYIaHHKNX ABNG-
Huli, 1A KOTOPHX HCXOOH OAMNTA B KaKOM-TRG0 CMBIC-
Jie CHMMETPDHIHE] H MIO3TOMY NIPSACTABAACTCH CCTCCTBCH -
HEIM NPeAnoJoXeHHe 00 MX paBHOBOIMOXHOCTH, Ob6LIY-
HO 3TO NPeANONOXKEHHE OIIPaBRaHO B 3afavax U3 obnac-
TH a3apPTHHIX HIP, NoTepeit u 1. 4. D10 oOBACHAETCA TEM,
YTO NMPHM H3TOTORNCHHE HTPANTLHLIX KocTell, KapT u opra-
HH3aLUK JoTepeii 3aboTarca o cobAIOACHEA PABHOBO3-
MOXHOCTH PasIHYHHX Hcxofos. TaxHe Xe TpeGopaHua
NPeABABISIOTCA K OPraHH3aALMH BHOOPOIHOrO KOHTPO~



§1) KIACCHYECKOE ONPEAENEHHE BEPOATHOCTH 29

Ja B pPMOOPOYHNX CTATHCTHYSCKHX MCCNeROBAHNM,
HanuM onmucanne REKOTOPHIX HacTO BCTPEAIOUIMXCA Be-
POATHOCTHHIX CXCM, B KOTOPRIX ACTAIHIAPYCeTCH of1ee xac-
CHYICCKOS ONpeNcIcHHS.
OGosuawiM £ MHEOXecTRBO B3 NV micen: = {1, 2, ..., N};
ayers 0=(i, i, ..., {) — ynmopanoyenurt Habop u3 n ane-
MEHTOB MHOXECTBA /. BepoSTHOCTHYIO ¢XeMy, B KOTOpoii

Q= {@= (G vy i): , EAk=1,2, ., 1} (1.2)

H BCE SNEMEHTapHbie COOHTRA ¢) PaBHOBECPOATHE, HA3EIBAIOT
CXEMOTL CAYHALRO20 enb0Pa C© GOIBPANCHUCM.

Cxemoli cayuaiinozo evibopa Gez 6038pauienus Ha3LIBAIOT
BCPOATHOCTHYIO CXEMY, B KOTOpOii

={o={, i) LEALLk=1,..,n,
#iy ooy §, PASTMIHET} (1.3)

N 3NeMEHTapHHe COOGMTHY 0 PABHOBEPOATHEI.

2 npe cxeMul (1.2) 1 (1.3), MOXHO HHTEPIPETUPORATDH
cneaymomuM obpazoM. IIycTs B ypHe HMeeTca N OTHHAKOBLIX
1IapOB, 3aHYMCPOBAHHEIX IHCIAMH MHOXeCTBa 4. 3 ypHK
no OGHOMY BHOHpAcTCA # WAPOB, N 3allNCHBAIOTCA HX HOME-
pai b, by oy B

Ecnit Kax L BRIHYTHI IIap cpas3y BOSBPAIIAETCA B YPHY,
10 And 0603HAYEHHA MHOXECTBA HCXOHOB §) HCIONL3YETCHA
mHoxecTeo (1.2). Ecnu BEIHAMAeMEIe MIADE B YPHY HE BO3~
BPaMIAIoTCH, TO MHOXECTBOM Hexomos sanseres (1.3). B cny-
yae BEIGOpa 6e3 BO3BpAICHEA HHOLIA YRODHEE CYATAYD, ITO
WapHE HIBNCKAIOTCA He TIO OXHOMY, a cpasy Bee. B sroMm cny-
wae He HYXHO YYHTHIBATH NODANOK M3RIEKREMEIX 112pos. B
(1.3) npousoiiner «ykpyrmcHAe> 3NMEMEHTAPHEIX COGHITHIA: Bee
COOKTHA 0= (i}, \.vy §), ormmnneca IpyT OF RPYra TONbKO
PaciolioXCHEEM HOMEPOS i, ..., i,, OGBLEINHAIOICA B ONHO
coOmrae @. B pesynsrate Taxoro oﬁmm{ﬂcum TIONYIHTCSH
Gonee «OeaHoew, TeM (1.3), IPOCTPAHCTRO BNEMEHTAPHEIX CO-
ORITHIA:

[={B=(,, ..., L): I, € oA,
K=y By B< . <0, (1.4)

Henomeaya gopmyny (1.1), HeTpyaHo MOKa3aTh, YTO MO-
60oe peamsHOE colLITHE, KOTOPOS MOXHO OIBICATh B O0eHX
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cxeMax (1.3) m (1.4), ¥MeeT B STHX CXCMAaX OJHRAKOBH® BC-
POATHOCTH.

B dopMyITHPOBKAX 32734 TI0 TCOPHH BEPOsTHOCTE |, Ipei~
Ha3HAYCHHEIX VIA YIPAKHERKNA, ZOBWIHHO YacTO TIPHBOKHT-
© TONLKO OIMCAHA¢ OILITA MIH ARICHHS, & IO/THAS MATEMA-
TIieckan dopmyrmposxka He xaered. IIpeanonaraercs, gro
peilleHMe JONXHO COCTOATh K3 AByX dacreil: 1) BuiGop nox-
xoAsme Moo/ [NA ONMCAHHAS AAHHOTO B YCIIOBAM 3a7a4H
ONBITA B MaTeMaTHiecxast GOpMyIHpOBKa 3amaTH; 2) perue-
HHC MaTeMaTHISCKOH 3ajavd.

PaccMOTpUM HECKONLKO IIPHMEPOB.

Mpumep 1. V3 ypunl, conepxameit M Gensix u N— M
YepHEIX INAPOB, HAYIAYy R3BICKAeTCd cpa3y # mapos. Kako-
Ba BePOATHOCTh TOTO, YTO CPEAH BHOPAHHEIX 2 WapoB OKa-
XETCS POBHO M

Pemenune. CHoBO «HayRATy» B ONHCAHMAX ONKITA BCTpe-
gaeTcs KOBONLHO 32cTo. B laHBo# sanave mpeanonaracres,
9TO WAph OLUTH XOPOINO NMepPeMeIHANN, 970 BCe OHH OXHOIO
paguyca, OAMHAKOBO IBANKAS H OTIHIAITCA TOIBKO LBETOM;
BubHEpaonInil mapoB He BEAMT, B TAaKOM ciydae pajymMHO
MPCAIIONOXKTE, 10 BCE 3NEMEHTADHEIS HCXONK OIIHTA PaB-
HOBEPOSTHH, H, CNGHOBATSNILHO, MOXHO BOCHONBLIOBATLCA
Knaccraeckoll cxemoil,

3a eMeHTapHECE COORITHA eCTCCTBCHHO NPHHATS NOOHIC
TOAMBOXECTEA 1O 1 AIEMCHTOB, BHOPaAHHEIC B3 MHOXECTER
N mapos. H3z mIKoNsHOTO Kypea MATeMATHKH M3BECTHO, 9TO

QHCIO TAKMX TMOAMHOXECCTB PaBHO C;. TaxuM obpazoM, B
dopuyne (1.1) gyxsO mﬁc;.limuﬁnaﬁop ma-
POB, EXOAAIIMA B HHTepecylomee Hac cobrrrne (0Go3HATAM
ero A,), cocTouT M3 IBYX wacreis: 1) m Gemx mapos x 2) n—m
uepHBX Wapop. Bce Takue HAGOPL MOXHO HONMYIHTH Cexy-
someM o6paszoM. CHavana BrGepeM TacTi HaGOpop 13 HenixX
HIAPOB; YWHCJIO TAKUX HacTell Cy; 3aTeM OTACABHO COCTAREM
gacT HaGOPOB M3 YepHLIX INAPOB; YHCIO TaknX sacreti C,” 2
Ob6remmrrenre moboii uacTH Habopa u3 OeIX apos ¢ mobok
9acTRIO HAGOpa B3 2¢ HIApOR A3CT MIONHEM Ha00p UmMpos,
vpHHARIRXKALTHH A, , GUCTIO ANCMEHTAPHEIX CO-
Gurrait B 4, pasro k=Cy Cy; = 1o dopmyne (1.1)
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P, )= B, (m, N, My=—cr— (.5
m=m,, m+l, .., m,.

1ze my=max (3, M—N+n), m=min(M, »).

l;%op yucen (1.5) BASLIBIIOT 2UNEPILOMEMPUNECKUM DAL

B npanoxeHnax x 3anagaM BROOPOTHONO KORTPOAA poikh
mwapos urpawr N wigenuli nposepaeMoii napmu. Ymcno M
6paxoBaHEEIX panermait (Gennx mapop) HeHssecTHO. MoXeT
OKA3aTICH, MTO CIIOIE BCE M3AE/NA NPOBEPHTH HONb3A: BX
CANMIKOM MHOYO, HJIH HPOBEPKA IIPHBOJKT K YHHITOXCHHAK
Hipenna (HanpuMep, ncn?equﬂca IIPYU NIPOBEPKE YCTAHOBHTH
CPOK cnyxOnt maMmouku). Torna ¥3 Beel IapTi magemmi
OTOMPRIOT WA BepKHM HeOONBIOYIO WACTh U3 1 W3ncHHif,
Ecau cpemu Bu HRIX H3gendil okasatoch m GpakoBaH-

HEX, TO IONATAoT % 5’—-;':. Qopmyna (1.5) nenomsyeres
IOPK OUCHKS OTKNOHSHHS, -:';'-or -—‘aNJB PACCMOTpPeHHOH CHTY-

QI HeM3BECTHRIM MAPAMETPOM SRIACTCA 'micno M.

PaccMOTPHM HMPHMED, KOIa TpeGyeTCH ONEHUTE HEH3BSCT=
Huit napamerp N. Ilyets N — HemsBecTHOe wHCno pub B
HeKOTOpOM Bopoeme. Moxwo mposectd ornos M pmo, no-
MCTHTL MX B nycTuth obpareo. Ho wmcny m noMedeHHEIX
PHIO B IIOBTOPHOM OTNIORE N3 /1 PHG MOXHO A/aTh 3aKMIOYe=
Hu o pesHyune N,

OuenmM no popumyne (1.5) BEPOATHOCTE MOAYICHIA Ka-
x0To-n160 BHNTPHIIA B “CnopmioTo™ no ofHoi KapTouke.
VuacTHRK JoTepun n3 49 HoMmepop oTMedaeT 6 (49 mapos,
cped XOTOpRIX 6 Gemux; N=49, M=6). [Tocne Toro Xax yua-
CTHHK CHAN XapTOYKY, IPOBOXWTCSA BHIGOpKA #=6 HOMEPOB.
Ecnu wuceno m HOMEpOB, OTMEICHHBX YYACTHHKOM M NONIARB-
1IRX B BHGOPKY, oxasanoch Gompme 2, TO YI2CTHHK NONYuaeT
xXaxoii-ym6o ermrphinl. Ecma cofuree A — noaydcHHe BHl-
urpsuna, 10 A = A;FA,+4,. Tlo dopmyne (1.5) HaxoxmM:

P(4,)=0,435965, _ P(4,)=0,413019,

P(4,)=0,132378, P(4,)=0,017650,

P(4,)=0,000969, P(4,)=0,000018,
P(4)=0,00000007151.
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Orciona
P(A=P(4)+P(A ) HP(A,)=0,981362.
HlcxkoMylo BepoATHOCTE HaXOXEM 1o dopmyne (1.3.6):
P(A)=1~P(A)=0,018638,

fipaMep 2. PebeHOK, HMrpad Jecarsio XyGuxaMmy, Ha
xoropeix sammcann Oyket M, M, T, T, A, A, A, K, 11, E,
croxun cnoeo «MATEMATHKA», Moxso i1 c9HTaTh, 9TO
pebGeHOK rpaMOTHE?

Pemenne. CHasana namuM MareMaTHaecky dopmy-
JMpOBKY 3apagn. Ec xonmycTHTs, 910 peGeHOK Herpamor-
HEDE B PORHTC/H He HAYYIIH €T0 CIKTIANKEBATH SIHHCTBEHHOS
CJI0OBO, TO €CTECTBEHHO MPEeATIONOXKUTH, YTO PACNONOXCHHS
KyOHKOB «MATEMATHKA®» He 60/ee NPUBACKATEARHO IO CPaB-
HEeHMIO ¢ OCTANLHEIME. B TakoM ciygsae MOXHO OXAAATD, YTO
KNnaccHYecKasd cXeMa OKaXercs XOCTATOYHO NOoXXoasineii.
OueHuM BEpPOSTHOCTD COORITHSA A, COCTOSIISIO B Pacnono-
XKeHHH KyOUKOB «MaTeMaTHKas, IIpocTpancTBOM 3NEMEHTAD~
HEX cOOMTHI ABIAIOTCS BCEBOIMOXHEIE Tepecranopk 10
XyoukoB. Taxux nepecraHopox 101, Ifpu aToM xybuxu ¢ ogu-
HAXOBLIMH OyKBaM¥ Me camiany pasnuIEmMH. [Togeawmra-
&M, CKONBKO 37ieMeHTAPHEX cobrrmiil sxonur B 4. KyGuxn ¢
OyxBamy, oTnHyHEME oT M, T, A, IOJDXHN CTOATE HA onpe-
JeleHHEIX MecTax, 3 KyOnka ¢ 6yksoif A MOXHO pacrono-
XUTh HAa Tpex MecTax 3!=6 cmocobamu; XKyOuEs ¢ Gykeoit
M pacnonaraiorcst AByMa cnocofaMu M ¢ 6ykeoii T Toxe
aeymsa. Coderag Xaxaoe pacloNOXeHHe ¢ KaXALIM, MOJY-
uuM, 910 A cocronr u3 2+ 2 - 6=24 31eMCHTapHLIX COORI-
THii. Ilo dopmyne (1.1)

P35 =130
! 120 -

DTa BepOATAOCTE OYeHE Mana, H cOORTHE A MOXHO CuH-
TATh NPAKTHISCKH HeBO3MOXHEM. Ecni Xe oHO ocynccTEA-
HOCh, TO CASAYET CIMTATL HAIIy IRIIOTC3Y O HETPAMOTHOCTH
peGeHka HeeepHoli. OnaHako npu GONBINOM 9HCAE HCIHTA-
HPH 1O HanHOH <nporpaMMes faxe HErpaMOTHHIN MoXerT
CIIOXHTH CHORO «MATCMATHKA»; B cpegteM B3 15 120 Herpa-
MOTHEIX 1 6yZeT omnGOYHO CUMTATRCA IPAMOTHEIM,

Npumep 3.Y yenronexa B KapMaHe n xniogeif, H3 KoTo-
PHIX TONBEKO OOUH NOAXOAHT K ero AeepH. Kimoun nocnenopa-
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TeALHO HaBneKawrTea (6e3 Bo3BpameHna) A0 Tex Hop, MOKa
He nogenTca HyAmb kmov, Halitu seposTrOCTS TOTO, 910
HYXHEI K0T MOSBHTCH NIPH k-M H3BICIeHHH,
Pemenne. ByaeM npodomxars H3IEKATE KIMIOTH, HOC-
Jie NOABNEHMS HYXHOIO KII0Yd, B0 KOHIZ, 3a MHOXECTBO
ANCMEHTAPHEX COOMTHI npAMeM BCEBOIMOXHEES NOCHCRO-
BaTeABHOCTH M3 1 xmoueii. Taxnx nocnexoBarenbHoCTEl 2!,
HocrenopaTensHocTell, ¥ KOTOPRIX HYXHEI RIIOY HAXORHAT-
CA HAa OTNPEACTCHHOM MECTE, OUCBHAHO, (#—1)!, TaK Kak ofHO
MeCTO 33HATO HYXKHEIM XJHOUOM, 3 OCTANbREE n—1 xonodeil
MOXHO Ha n—1 Mecre paccTasuth (n—1)! cnocobamm. Taxmm
o0pasoM, HCKOMasA BEPOATHOCTH pasHa (n—1)/ni=1/n.

§ 2. IBCKPETHRIC BEPOSTHOCTHRE HPOCTPAHCTBA

Myers Q ={®,, 0,, ..., ®, ...} = cueTHOE MHOXeCTBO, ¢ —
HaBop Beex MOZMHOXeCTB . Ilyers p,,n=12,.. — He-

OTPHIATS/IbHEIS THCNA, YIORICTEOPHIOUIHE YCIOBHIO §1P“=1'
Ana moGoro cobutua A € H nonoxumM

PUW= Xp,. @.1)

nefim o, cd

HetpyaHo nokalars, uro dyuxiua P(4), onpeaenernan (2.1),
YAOBASTBOPACT aKcHoMaM A2—Ad4,

TpoBepyu AS. Cobuia A, B nocnepoparemHocTi (1.3.1) samimen B
mize

A,,={<Jm,l o Ppap s

tire 2,(n) <4(n) < ..., mpirieM NIpK JuoBoM > 1 ROCHEAOBATENLHOCTE HIACKCOR
ANeMeHTEPHEX COSEITHH M3 A, ARMAETC MOATOCNEA0BATIBHOCTEID COOTRET-
CTBYKICIEHt MocTeAOBaTeNnsHOCTH 13 A, _,. W3 yerosua (1.3.2) cneayer, 4yro
I(n} =00 ipK 1 — eo . Ec/ Ol 970 GLUNO He TAK, 70 Mpon3penexne b (1.3.2)
ke Gnuro On mycro. Ho dopyyne (2.1) HaxomuM

3 s S

P(4,)= s

4, k= Prato s =1 (n) "

Orciona npu n—yoo caexyer (1.3.3), TAK KaK NIPABAT YACTE TIOCTISTHETO HepaBeH-
CTBA AB/AETCA OCTITKOM CXORAIerocH pana. M3 croiicrea csernoll ammteRo-
e (1.3.11) cexyer, YTO JUTY AECKPETHEIX BEPOSTHOCTHEX MPOCTPAHCTS BEPO-
ATHoCTE P(A) 0XHOMHANHO ONpeRennercd e¢ sHaueHHAMN P, =P(o ), n=1, 2, ....
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OrMmernM, Yo IipH p,=0 c 2>N MOXHO OTPRHIIHTLCH X0«
HOTHBIM MPOCTPAHCTBOM HICMEHTAPHEIX COORITHI Q {0, ...,

®,}. B cayaac plwp3=...=pn=%r IOAY4acM KAacCHYeCKOS O~
pelenAcHNe BEpOSTROCTH.

8§ 3. I'ecoMeTpEICCEKHS BLPOSTREOCTH

Knaccmieckoe onpeaenceHue BCPOSTHOCTH HEMH3H NPHME-
HUTH K ONEITY ¢ GeCKOHEYHKIM SHCAOM «PABHOBEPOATHHX®
Bexoos, K onuecanuio Takoii cHTYauEy Rpucnocobneno reo-
MCTPHIECKOS ONpeAeeHUS BEPOATHOCTH.

Iiycrs Q ~ OIpaHHUYGHHOE MHOXECTBO 2-MEPHOrO €BK-
AHAOBA MpocTpaHcTBa, ByaeM mpeamonarars, uro £ mMeer
obneM®. PaccMoTpuM cucTeMy ¥ mOIMHOXECTB MHOXECTRA
2, nuqeromux obveM. JIng acboro 4 € Y nonoxmm

P(4)= 3.1)

u4)
p)’

rae w(C) — obpeMm Maoxecrna C € .

B dopMynmposxax 3amaq MH 4acTo GyASM BCHONBIOBATD
EHIpaXeHie: «TOYKA PABHOMEPHO pacnpefescla HA MHOXS-
CTBe £ ». 310 BHpaXeHIC 03HAYACT, ITO BEPOSTHOCTH NOHA-
BaHug TOMKH B MOAMROXECTRO A HYXHO BRIHCNATS 110 Gop-
Myne (3.1).

OrMersM, YT0 B IBYX NPEABINYIHX K1accaX BepOATHOCT-
HEX npocTpaHeTh (§§ 1, 2) B cucreMmy W Bxorwm BCS DOA-
MHOXecTEA £ . IIpH reoMeTpHIccKOM ONpeleIcHHN BEIPOAT-
HOCTH B KasecTne ¥ yxe HeJIb3A B3ATh BCC OAMHOXESCTBRA §1,
TaK KaK HESKOTOPhi¢ ITOOMHOXCCTBA HC HMCIOT NAOIDANY ILUTH
obbeMa.

B cxeme reoMeTpHIecKHX BeposTHOCTeH BRIGOpD MOnenn,
NOAXOAAICH A ONUCAHAA PeaNbHOTO SBICHHA, MeHee 03¢~
BHACH, YeM B KlIaccHueckoit cxeme, B pasHEIX Mofensax mma
OJHOTIO H TOIO X€ Peambiaro coOKTHA MOXKHO NOTYIHT: pas3-

* Ecin nioX 06BeMOM MHOKECTEA MONMMATE er0 Mepy Jlefera, T0 cHeTeMa
Y oxaxetcs o-amrefpolt, i Torma dynxama P(A), onpeneneHnan dopMynolt
{3.1), GyneT YRORTCTBODATE H 8KCHOME AS. OTMETHM, YTO cAcTeMa # cogep-
XMT, B YACTHOCTH, BCO HMOMMHONXECTRA MHOXECTSA £, ARNMION(HeCH OONINE-
MM KEAPHPYCMEIMY WiK KYOHPYeMEIMH $HIypaMi, KOTODHS MRIYIANICH B
JoGoM Kypce aHama,
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mHe BeposTHocTH. Ha BRGOpe pasHEIX MATEMATHICCKHX MO-
zeneil OCHOBRAH M3BecTHHIM napanoke Beprpana (cM. 3agawy
20; Gonee noxpoGro cuM {4], 1. 1, § 6, cTp. 36—37).

Jng MUnocTpaAR cXeMbE mouerpmecm BepogTHOCTEIH
PACCMOTPHM CISAYIOINYIO 3a8a"

3anava BwddoHa. l'btocxoc'n. pacuepYcHa napan-
JICMBHBIME NPSMBEIMH, PACCTOSHHS MEXAY KOTOPEIMM PABHO 24,
Ha 1miockocTs Haynagy Gpomena mima ymnit 27 ( < a), Haitra
BEPOATHOCTD TOI0, YTO MIVIA NepeceseT KaKyio-HROYhL MpAMYIo.

Pemenne . JanuM cHa%ama onpensieRne NOAXOISIIETo
NIPOCTPAHCTRA AICMSHTAPHBX coOhTHit. FycTs 4 — paccrod-
HUe OT IISHTPa AL A0 Omuxatimelf npamoik, a8 ¢ —~ yroia,
COCTaRICHREIE Mol ¢ 310l mpamoii, [Tapa gucen (9,u) 3a-
AAeT NMOJOXCHHE UIMEL! ¢ TOYHOCTRIO f0 BHGOpa KOHKpeTHO
npamoit. ITockonsKy Hac EHTEpecyeT TOABKO B3aMMHOS pac-
NONOXeHKS NN B Gmrxaihineli npamoil, TO MOXHO B Kade~
crpe ) BHOpaTh NPAMOYTONLHHK

Q=f(p,u):0590<x0susxsal

Hepecesenye HIH ¢ NpgMoit NPOUCXOAMT B TOM M TONEKC B
TOM cnyyae, korna # </ sin ¢. TakuMm obpasoMm, HHTEpeCyIoO-
mee Hac coOnITHe HMEeT BHZ

A={(p, u): 0su<lsin 9,0 £ ¢ <n}.
Tax xak

uﬁ)*! !sin ¢ do, p(Q)=an,

70 1o dopmyne (3.1) HaxomuM
P(A)=2l/ax. (3.2)

O cooTBTCTBRH MaTeMaTHYECKOH MOJENN OILITY MOXHO
CYRWTH IO pesynsraraM skcnepuMeHTOB. IlycTh HMra Osina
Gpoinena 1 pa3 H M pa3s npoH3oULNo nepecedenne, Hpu Gonk-

IIBX # 3aCTOTA f re P(A)= %.Ommaumonomm

SXCOCePHMEHTANLEHYIO OLICHKY 9HCAa X = 2 % . % . Tlpusenem

PE3YALTATH HEKOTODPHIX KCHSPHUMEHTOR ¢ SpocanueM HIVEL,
SAMMCTBOBAHHKG B3 XHHETH [6].
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BxenepHMEHTRTOD t/a n m OueHka T
Bonsg, 1850 1, 0,8 5000 2332 3,1596
Peiiua, 1925 r. 0,5419 2520 859 3,1795

CxeMa reoMeTpHISCKHX BEPOATHOCTCH YCTNEUIHO NMpuMe-
HfeTcd B aCTPOMOMMH, aToMHOH $mnauxe, Guonoruy, KpHc-
Tayuorpadbpm,

§ 4. AGCOMOTHO HENPEPHIBHNIC BEPONTHOCTHEE
mpocTpaRcYa

Iycrs Q={(k,, %y ..., #,)} — n-MepHOE XeliCTBHICIBHOE
©BKAWIOBO NIPOCTPAHCTBO, R(¥,, Uy, ..., U,) — HCOTPHLATENE-
Hag dyHKUMA, NHTErpupyemMan no PuMany no mobolt xsan-
pupyemoit o6nacta u3 Q. Bynem npeanonarats, 4TO Cymie-
CTByeT HecobCTBEHRMI HHTETpan Ho Q or dyHKuMM * (4,

Uy ooy B) H
I 4 I % (U, .., 8) du, ... du=1.

O6o3raymM H anreGpy, NOPOINMEHHEYI0 KBAaAPHPYSMEIME
oGnacTamu B Q. Ans soboro 4 € ¥ nojsoxum

P(4)= IX' fx (0 s ) dity . du, @D

Moxxo paceMoTpeTsh Ootee oDt crysali, xorna dbyHRupS
%y, ..., 4) HO OTPAHIYCHA B KOHETHOM WHCNe TOUCK @ . Torna
pHTerpam B (4.1) no MEOXecTBAM A, COfepXAINMM TAKHS
TOYKHM, HYXHO NIORMMaTh KaK HecoOcTeenHmie. Herpyano
DpOBEpUTS, ITO dyHxama P(4), onpepencHuas COOTHOE-
nueM (4.1), yoorteTBOpSET akcHoMaM A2—AS*, TaxmM of-
Pa30oM, MH ONpeleINIR BEPOSTHOCTHOS IpocTpaHeTso. ITo-
CTPOEHHOE BCPOSTHOCTHOS IPOCTPAHCTBO OyneM HA3HBATH
n-MEPHEIM aOcosioMmH0 HENPEPHGHYM GEPOSMHEOCIHNM NpPO=
CMPAHCIMBOM.

* I3 TeopeMH 0 MPOACMEKSCHAN BEPOSTHOCTH CHeayeT, Iro Hopmyma (4.1)
MO3LONAET ONPENSTTHT: BEPOATHOCT: HA MEHMMANLHOHR o-areGpe W*, no-

pPoXReHHOR anreOpoit A,
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OrMeTHM, YTO pacCMOTPEHHAA BHING CXeMA TeOMeTpIIce-
KHX BePOATHOCTEH S8n19e1CH ABYMEPHRIM abCcoMOTHO Henpe-
PHEBHHEIM PEPOATHOCTHRIM MPOCTPAHCTBOM € X (1, #,)=1/0(Q),
ecmu (u,, ,YEQ, & — xeanpupyemas YErypa, # x (u,, ,)=0,
ecmm (4, u) € Q.

8§ 5. Caywaitnsie ancia

PaccMoTpiM oavH BaxXHEH YacTHHEH ciaydail cxeMbl Bh-~
6opa ¢ poaspammenueM (1.2). Hyets #=1{0,1,2,3,4, 5,6, 7,
8, 9}. Torna mHoxecTBOM Q B (1.2) ABRNACTCH MHOXCCTBO
Bcex LHPOBRIX mocnenoBaTenLHocTeH mMMHN 2. Tak Kak
9HCJIO 3ACMEHTOB MHOXECTR2 2 paBHO Q=104 10 Bepoar-
HOCTD moﬁoﬁloqla'mnpomnoﬁ NOCTIeAOBATeIbHOCTH M=(f,d,
e i

KIMH (PABHOMEPHO PACTIPEASTICHHEIMH) THCAMHA
HA3KBAT 1NdPOBYIo MOCACKOBATeARHOCTS (I, ... i), oMy~
YEHHYIO B Pe3yiLTaTe IPOBEHEeHHS PeaNbHOIO ONLIT2, KOTO-
PHE Xopomo OnHCHIBAeTCA paccMarpuBaeMoii cxemoif. Ta-
KOI0 THIIA ONKITH NPOBOAAT, HATIPHMED, TIPH PASKITPRIBAHUH
HOMepoB B «Crnoptnoros. OueHKA GIM30CTH PEATLHOTO ONLITA
H ¢ro MareMaTHI¢CKO#l Momenn smaAeTcs omHOM M3 3ajad
MaTeMATHICCKOH CTATHCTRKH.

HocneaosaTe I HOCTH CIyUANHEIX YHCST MOXHO HCITOMDb-
30BaTh BNA NMOMYYSCHNA PCaNu3alMil panTidHbX CAydYaliHbEIX
npoueccoB, Ecmi, HampuMep, B NOCNEeZOBATETLHOCTH CIY-
galfiHEIX qHCcen (‘i”z . 1) gernnie mEdpw 3aMennTs Gyksoik I,
a HedeTHHIe — P, TO TIOAYYCHHY NOCACHOBATEIBHOCTD K3
Oyxs I’ 1 P MOXHO paccMATPMEBATE KAK PeaiM3aliMio OIhITa,
COCTOAINETO B #-KPATHOM MOAGPACHIBAHUN CHMMETpHIHOK
soHeTH, HelicThTeNpbHO, KAXEAA MTOCISNOBATENLHOCTE, CO=
crommas n3 6yks I 1 P, MoxeT GuITh DONy9eHA W3 ONHMHAKO-
BOTO MHCNA PABHOBSPOATHEIX MAGPOBHIX HOCACAOBATEMBHOC-
Tell, H, CNENOBRTEALHO, HOBKIS TIOCACIOBATENFHOCTH PABHO-
BEPOATHHL.

IIpn pacuerax MeToxoM Monre-Kapno (cM. [5]) Tpebyior-
€A ZNVHHEIE MOCHCAOBATSIBHOCTH cAYIAfHbIX YMCcen, KOTo-
pHe B Nponecce BRMIUCASHUE MOXHO HENPEepLIBHO BBOAUTL
B OBM. MeToaw monyseBEA caydalHRIX =Ticen, OCHOBaH-
FHe HAa peaNbHOM H3RICICHHMM 1NApOB M3 YPHH, Wid 3710#
mear Henpuroausl. IlosToMy B IPaKTHIECKNX BHYHCACHIAX
HONB3YITCH KAKUMU-IA60 AMOpHTMAME NOMYICHHA HOCAC~
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DOBATENBHOCTH NCeRNOCAYIAlHBIX yAcen. Ecou B axcnepi-
MeHTaX co caysalHev TucnaMu TpedyeTcd He OYeHh MHOTO
qHCEZ, TO MOXHO BOCNOAL3OBATECA TAOMHIAMM CAYYaMHEIX
qucen (HanpuMep, Ta0n. 7). DRCNEPUMEHTH ¢ HeOONbIUMH
MACCHBAMH CAYJANHEIX THCSN YACTO HCIIOMLIYIOTCH 1A Wi-

JIOCTPALHN PA3IMIHEIX BHIBOAOB TSCODHH.
3aaaqn £k raape 2

1. EpomeHo gpe HIpATRHLX XoctH. JIpeamonarad, wro aneMeHTapHHS

COGHTHA PABHOBCPOATHEY, WAllTH BEPOATHOCTH COORITHI:
A={ua 1-} xocTk suMamA «1s}, A, _
D={pHnana xoTA GLI OHA «6»}), AB.

2. Ha nonxe B cayIaiiHoM TOPAIKS PRCCTAETEHO # KHAY, CPe/H KOTOPEIT
Haxorurca apyxToMHAE H. Jloxmora. Ilpeanosmrad, ¥io pauIHYHEe pacno-
JIOXESHHA KHAT PABHOBCPOATHES, HATH BEpOATHOCTD TOTO, YTO 062 TOMA JRYX~
TOMHHKA PACTIONONEHE PANOM,

3. Yucma 1, 2, ..., # PacCTARMCHEL onyualinsnd obpasoM, TTpexnanarss,
YTO paiiNMHEE DACIICNOESHHA “TACE PABHOBEPOATHE, HAKTH BepOATHOCTE
TOTO, YT0 umcka 1, 2, 3 pacnonoxedsl b IOPAKS BOIDACTAHMA, HO He o013~
TOALHO DAAOM,

4. BRmucaHo TpH onyuysiHex gicna (cM. § 5). Halita epoarnocTm
cobutrudh:

A={Bce MUMHCAHNER YHCIA OARHAKORH]),
B={pce BEIHCAKHER YHMIR PANIUHNE},
C={cpeznt BEIMACAHABIX YHCT POBKO AR CORMANASOT].

5. Benucana NOCSROBATNEHOCTD K3 1# CIydaliHED micet. Haltta sepo-
ATHOCTH cOSETH:

A={l-¢ yACNO — YETHOO},
B={cpexm n qMCcen POBHO M TEEITCA HA 3},
C={cpenK » uEcen porHEO pr+2 ASEITCA Ha 3, B ABA M3 HUX PACTIVIOXCHE Ha

EKOHMUAX NOCASAOBATEILHOCTH ).
$. CpanuuTL DEPONTHOCTH SOGHTIIE:

A={TIpH oXROBpeMERHOM (pocaHMy YeTHpeX KocTell BEmama X018 61

omHa «<1s},

JA=({npu 24 Hpocamaax fByx xocrell BETAMR XoTa G OAMH pa3 Ape <lv}.

7. B yymane » nap Gotunox. M3 Hux cnyeaiine subupacres 2r SoTHHOK
(2r<n). Haitt £2poRIHOCYE T010, YTO CPelH BRIOPAHHEX GOTHMOK: a) HeT
napHtix; 6) MMeeT POBHO ONHA Napa.

8. B maprew manemait 90 mempanusix u 10 Gpaxopapmex. Halitu eeposT~
HOCTS TOTO, Y10 cpeny 10 npomannnx Faxenmmil: a) popHo oo Gpaxopam-
Hoe; ) mer SpaxoBaHHLIX,

9. TIo HeEOTOPOMY YUBCTKY Xenmeanolt Joporn 3a N HHTepBanop BpeMeHK
NPOXONKT 33ANHOE EQTHYECTRO HOEINOB, CHEAN KOTOpHX A Taennx. Kax-
Buri METepBan SpeMEeHH MOoXeT SHTH CBOSOZEH WIH JAHAT ONHMM moe3noM,
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Jhotios PACTIONIONEHHS TEXSTHX IOCINOP MO MHTEPBANAM BPEMOHH HMeeT
ORHY M TY Xe BEDORTHOCTh. JIPOXOXMeHHE TOKMIHX NOION B COCAmME
EHICPBANAX BpeMEHH HeXSRIQbREO. OLesitts CBePXY BpOITHOCT HOARS-
HEA X0TE GH OZHON RADK COCETHAX HIFTCpEAIOD, JAHATHX TIKEEIME 1oe3-
Jamm, ecm N=1000, M=10.

Veasange, B xadecTse MATEMATHIECKOH MOZCITH BIATH CXeMy CITydal-
NOTD BEGOPa Be3 BOIBPAMCHHA. BOCHOMLIOBATECT HEPABEHCTROM

P(A+ A+, Ay S P(A)*... +P(4y),
e A={k-& H (k+1)-} HHTCPBATH IAHATH TR TEOLILAM],

10. B xynettymait naros (9 xyne o 4 MecTa) CeMH NAcCAKHPAM RPOXAHO

cemb Ginerod. Halite BeposriocTH coOLrritis:
A={maccaxypi NOTINTH B A8 KyEc),
B={maccaxHpi MOoNATH B TPH Kynel,

PaccMoTPeTh ARG CAYUaf:

1) maccaxMpH KOKyIaloT GHeTid B PAHOS BPeMs He3ABHCHMO APYE OT
ApyTa (Bocmonk3oparscy cxemoli cayqaittoro srGopa Ge3 BOIBPAMISHHEA);

2) maccaxupH £HYT SMecTe, K OJHE HoXynaet SuoeTH soelt rpynme (mpes-
NMOIOXHTS, YTO HOMEpA NPOSAHHLIX NACCANXKHDY MECT MIYT MOAPAR, & HaH-
MeHBITHIE HOMED MeCTa BHGHPALTCA CYyTaliio H3I MHOXECTBA HoMepoB {1, 2,
e S0}

11. M3 mmoxectea ymeen {-n, -a+l, .., -1, 0, 1, ..., B} IO cxeme Cmydaii-
HoTO BLGOpa € BO3BPRmMeHHeM SHOHpaeTcH jBa e x i ¥. ITvers p—
BEPOATHOCTR TOTO, Y10 F+y° S 1P, Haﬁmw_.

32. Haltu 3epofTHOCTE TOTQ, II0 JHH POXTEHAR 12 Se/toBeX NPHAYICH
HA PAIHLIC MECHIET FONE.

13. PasnorepoaTHOH cxeMolt pazMemmeRHs MACTHIL ifo sreeikaM HAIEBA-
1T cXeMy paiMenieHus, B XoTopolt HOoMEpa AYCOK, MOCIATOBATENLHO JaHH~
MACMAT IACTHIIAMH, IIONTYIRIOT NOCPEACTROM ciiy+alisoro BuGopa ¢ BO3EpPa~
JeAMeN.

OGosnauM 1 =p.(n, N} 'DIcH0 TI0EK, CONSPXAIIAX POBHO IO F UACTHH
nocie pRaMelIeHEd # YACTHIL RO N auelixan. HalTa peposTHOCTH cobRTMit:

1) no(n, M)>0 (npr n=N);

2) n(m, M=1 (upst n=N).

14. Haiftit BeposTHOCTD TOIO, YID HA ABe KAPTOURA «CHOPTHOTOS ¢ OT-
MeveHHEIMH HoMepamE (4, 12, 38, 20, 41, 46) u (4, 12, 38, 20, 41, 49) Gyner
MONYYeHO MO OXHOMY MHHHMATEHOMY BEHIPHIIY (T. €. YFagaHo DPOBRHO 10
TPH THCIR).

15. Ha otpeaox {0,1] mayaauy Gpomera Touxa. IIpeAMONOXKD, YTO
ee KoopaHHaTa & paBHOMepHO pacnpemenexa Ha [0, 1], #aitrk dynx-
1K F (=PE <), F(x) (-0 <x< ),

16. CrryaaiiHad TouXa A ¢ Roopmmiaramy (§,, §,) pasHoMepHO pacipe-
AcneHa B Kmagpare R={(x,,’%): 0 £x, g1, =1, 2). Halttn Pyuxuun
F()=PE,+5,<, F () (—0 < x < os).
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17. Ha otpe3ok [0, 1] maynayy Gpowenix 2 TouxH, palSHBIING €T0 HA
3 orpeaxa. Kaxoss BepoaTHOCTS TOID, 2T0 H3 YTHX OTPESEOR MOXKHO HOCTPO~
HTH TPEYFOMBMHAK? 3a MHoXecTBO Q1 NPHHATS InaTeHHs wrapwl wmeen (€, £,),
ANMOIKXCA KOODANHATAME TOUeX Ha oTpeake [0, 1]; NpeInoio=EHTh, IO
Touka (§,, §,) PURHOMCDHO PACRpCReIeHA HA KuanpaTe £.

18. Ha GecxoHew yI0 HIAXMATHYIO IOCKY €O cTOPOHO KBaxpara ¢ Gpoca-
CTCA HAYRATY MOHETa pamuyca 7, 2r < 4. HalitH BepoaTHOCT: TOro, 470: 1)
MOHETA LSTHKOM MOMaReT BHYTPE ORXHOTO KBamparta; 2) wepeceder He Gostee
OnHON CTOpPOHH KBAEpATR.

19. fnoe ROTOBOPHINCE BCTPETHTLCA B oTpeake speMend [0, 1. Ueprzit
npHme;nuKil XAeT BTOPOre B TeueHHe Bpemenyt [, IXT. HailtvH seposTHOCTE
TOro, Mo BCIpeya MpoH3oHIRT. 3a MHOXECTED L} MPMHATE TCUKH KBIZPATS
{(t,, )20 5457, =1, 2}, Iie §, H #, — MOMSHTHE! IPHXOJA BCTPEMAONICH,

20. Hapadoxc Bepmpana, B xpyre panyuyca R ciygnilino HPOBOEKTCH X0D-
Ja. Oﬁommgeem Hafity pepogtHocts P(5>K) toro, wro mmina
xopast GoJbille CTOPOHK MPARMIILHOIO AMHCANHONG IFECTHYTONLHIKS, ©CIM:
8) CepefMHa XODISl PRBHOMEDHO pachipeneiieda B Xpyre; O) HanparmeHWe
XOpP/H 33A8HO, 3 €0 CepegHia PARHOMEPNO Pacpesiicia HA AXAMCTpe, TP~
NeHEHKYAIPHOM €0 HAIPANICHAIO, B} OHH KOHOIl XOpXSl JAKpIIeH, & ApY-
roft paRHOMEDHO pachpeNenes K& OKPYXHOCTH.

BepoarzocTs: P (E>K) 3aBHCHT OT MHTSPNPETAIMH CIOB2 sCIyIaiiHos, H
€5 YMCIOENY SHAUSHHA pavUTyHb B Ciydaax ), 6), B).

21. B ypue M Gemx ® N-M sepusx niepos. o cxeme cmmafhiore
subopa ¢ BOIBpANCANEM H3 YPHH H3BNSKasTeA o mz2pos, Haltra sepomrio-
CTH cobRmIi:

A={npx k-M HIRICHCHER Nogpuaca Oemunt map),
B={npu k-M M M HIENEUSRMAX NONRHNHCH Germte wapnt},
C={cpenn # HINIeYeHHLIX Mapop pOBHO m Genkix),

22. PerauTs 3a5aqy 21 B cayuae phifopa Ge3 BOIBPAUTCHIT,

23. Hyers §,—ke (K = 1, 2, ..., §) B0 NOCNEHOBITRILHOCTH Ha #
cryaaiinax yncenr. Hality BepoaTHOCTH cobutui:

g=hk=1.,mi=01,..,9

6) {gga ic xf“j}’ k; I= 1: ey M f.ja 0, lo ey 9-

24. Henonmpayn raGnerny cryualinsx aucey, RONYURTS DEATHIAILNG offht-
Ta, ONHCAHHOIS B 3agade 21, ecom: a) N=10, M=3, n=20; 6) N=100, M=15,
7=20. B ofionx cyuasx no NOTYyIeHHEIM PeanH3aIsay KaliTH yacToTy nofB-
Jrenua GeUoro Imapa (OTHOMeHHS YHANA OannX BIapow B AOAYYCENOH Nocte-
JOBETEALHOCTH K 00fleMY SHCTY n HIBtedeHHER I3apos).



TAABA 3

VCIOBHAIE BEPOATHOCTHU. HE3ABUCUMOCTD
COBHIT

§ 1. Ycnosase PepoSTHOCTH

Tlpn HMaydeHHH peanbHHIX chaydaliHRIX SBACHMI yHOraa
BOZHMKACT HAH HCKYCCTECHHO CO3NACTCA CHTYAIHA, KOTHA MEL
nony4yaeM AOTIONHHTEIbHYIO HHDOPMAINIO 0 BO3MOXHHX
Hcxoaax onuTa Q. HampiiMep, npd mcerefoBaHuy npespa-
LIeH M| JacTHN ML MOXeM CHAYANA OYPAHUMMTLCH PaccMoT-
peHHEM TOALKO PEe3YNBTATOB ONLITA ¢ NPEBpallileHUIMH Off-
PenesICHHOTO THIIA.

OcranoBuMca Gonee nmogpoGHO Ha CHAEHYIOWEM TIpHUMEpe
WUNOCTPaTHBHOTO Xapakrepa. M3 pecsru @ucen 1, 2, ..., 10
Haymady BuOHpaeTcd onno. Haiitem BepostBOCTE coGrrmma
B={snbpannoe micno pexmrce Ha 3} B atoM cayyae Q =
= {1, 2, ..., 10} B={3, 6, 9}, |2[=10, | B] =3 u no xiaccuiec-
KoMy onpegenenuio (cM. 2.1.1): P(B)=| B| / |Q}=3/10. Ecnu
ROTIOIHHTENIBHO CTAJO HIBSCTHO, 9TO BHIGPAHHOE THC/IO HET-
Ho {coburrne A={2, 4, 6, 8, 10}), T0 npH 3T0ii AOOMHUTEND-
Hol MHGOPMALHE YHCIO BOIMOXHLIX Mcxoos | A| = 5 u
coburne A BMecTe ¢ cobrTHeM B Hacrynaer B | AB |=|{6}]=1
caygaax. CaenosaresikHO, B PACCMATPHBASMOM NPHEMEpPE ecTe-
CTBEHHO OTPSASIIHTD YCAORRYIO BeposstHOCTs P( B| A) cobrrua
B npu yonopum, o 4 npousomno, dopmymoit P( B | A=
=| AB| /| 4] =1/5. Orciona, NoaesuB THCAUTENL H 3HAMEHA~
Tenb Ha | 0], nomyaum

P(Bl4)=EAR .1

Tak KaK COIJAaCHO KTAacCH4ecKOMY ompexencHuio P(AB)=

= | AB| /2] u P(A)=] 4|/ | 2] Dopmyna (1.1) npunnma-
eTcs 3a obiee onpenencHAEe yoAoBHOMH BeposaTHOCTR. [Tyems
(2, ", P) — npousagossroe eeposmuocmoe npocmpancmeo. Ecau
A, B € U, P(A)>0, mo ycsosnan eepoamuocms coboimus B
npu yesoeuu, wmo cobumue A npousowuino, onpedessemcs gop-
»myaoli (1.1), ¢ npaeoii wacmu xomopoil cumeos P nonumaem-
CR KaGK GEPOSMBOCIHYb € PACCMAMPUBTEMOM BEPORMHOCMHOM
npocmparcmee.
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TTyeTs Teneps HeKoropoe coburmue A ¢ P(A)>0 daxcapo-
paro. HetpynHo mposeputs, o dynxumsa P, (By=P(AR4)=
=P(AB)/P(A), onpenenennad ang peex B € N, ynopneTeops-
er axcuomam A2—A4., Taxum o6pasoM, ans P, (5) cnpasennu-
Bul Bce caenacTeng (1.3.6)—(1.3.11), momysensse 8 § 3 . 1
HeNnoCPeCTReHHO M3 AKCHOM.

ITousarue ycnoBHOI BEPOATHOCTH IIOIPONIACT €CTECTRCHHEIM
ofpasoM ONpPeneSIMTh He3ABHCHMOCTh COOEITME. PapencTso

P(B| A=P(B), P(4)>0, (1.2)

JIETKO COIMIACYETCH ¢ HETYHTHBHMM NpencTaRIcHNeM O Hedd~-
BHCHMOCTH coOuTHSR B oT A. Ecimu P(B)>0, To u3 papeHcTRa

(1.2), ucnons3yi (1.1), HeTPYAHO NOKYIHTD, 10 P(4|B)=P(A).

3a onpedesenue nezasucumocmu deyx cobomuii A u B npununa-

emes Gosee CUMMEMPUNHOe YCRO8UE,

P(ABy=P(4) - P(B), (1.3
akeuBascHTROC {1.2), ecn P(A)> 0.

§ 2. BeposTaocTs BpoRIBencHnd coSuTHI

Pasencrpo (1.1) MOXHO 3arDicaTh B BMAC ¢TCOPEMhEI YM~
HOXCSHHUAD:

P(AB)=P(A) P(B| 4). (2.1)

Ho unpyxumu 13 (2.1) aerxo noayuure Gonee ofimyio
dopmMyny:

P(A A, ... AY=P(A) P(4] A) ... PA | A4,... 4_). (.2)

Mpu =2 popmyna (2.2) coenazaer ¢ (2.1). IIycre (2.2)
JAOKa3aHO 1% n-1 comuoxurenet. Toraa mia # COMHOXHUTe-
neit (2.2) cneayer M3 NpeaNONOXCHNS MHIYKIMR ¥ PaBCH~
cTBa (2.1), B XOTOpOM HYXHO NONOXKMYD A=A, ... A _,, B=A .

Ecau coburng A 1 B He3aBHCHME!, TO YCIOBHYIO Bepo-
ataects P(B | A) B dopmyne (2.1) MOXHO 3aMCHHTH Ha
6eaycnoenyio P(F). B pesynerare noayswumM (1.3). Boamox-
HOCTH 33MEHH! YCNIOBHEIX BepOSTHOCTel Ge3yCcNOBHEIME B
(2.2) ceazaHa ¢ HOBBIM CBOHCYBOM COBOKYMHOCTH cOOLI-
Ml A, A, A, Cobmun A, ..., A, 6ydem nazweams e3aum-
HO nezgeucumviMu (UK REABUCUMNMI 8 COSOKYNHOCMU, Uil
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NpOCmMO RE3qCUCUMBME), ecau 048 8cex Kombunayuii un-
dexcoe 181 <... <i, £ n(k=2, ..., n) umeem

P, 4, .. 4, )= P(4,) P(4,) .. P(4, ). @.3)

Ecnn (2.3) Bunonaeso 1onexo npn k=2, To coGHTHA Ha-
IHBAKOTCA NONAPHO He3aeucuMuiMu. OTMETIM, 9TO M3 NTONAap-
HOH HE3ABHCHMOCTH HE ClicAyeT BIauMMHAaA HE33BHCHMOCTD
(cM. 3anaay 7).

Q@opmymux (2.1), (2.2), oucpuaHO, HE NMPUTOAHHN AN Bhi-
qUCJISHHUA BEpOATHOCTEH NponipeleHmit cobLITmii, Tax Kak
Tpapsie YacTH 3THX GOPMYA CONEpXAT YCNOBHKE BePOSTHO-
CTH, ANA BRMHCACHNR KOTODHIX HYXHO 3HATh BEpPOSTHOCTH
nponsbencnuit, Honesnocts gopmyn (2.1) i (2.2) obuapy-
XHMBaeTCA NPH NOCTPOCHAN MaTeMATHICCKHX Moaeneil ceprik
ONEITOB, KOTOphie OyAyT paccMOTpeHH B cacxviomeli mase,
31ech MEI OTPAHHIHNMCS Pa3bOpOM OTACTBHBIX NPHEMEPOB,

B X/IacCHYCGCKOM M FEOMETPHISCKOM ONPSACNSHUAX BEpo~-
siraocTH (oM. §§ 1, 3 1. 2) npeanonaranack “paBHOBOIMOX~
HOCTR” HCXOAOB ONKTA. Teneph M O0paTHMCA X HpUMepaM
BEPOSTHOCTHHIX INPOCTPAHCTB, NMOCTPOEHNE KOTODREIX OCHO-
BaHO Ha 3HAHNH 3HA%eHHI YCHOBHEIX BeposTHOCTeL B 3HA-
HUM He3aBMCUMOCTH HEKOTODEIX CODLITHIA.

B npHAOXeHUAX JACTO OKASLIBICTCH, TT0 YCIOBHEIe BePO-
SATHOCTH €CTECTBEHHO 3aAaI0TCH YCJICBHAMA ONLITA HIHM Of-
peaenmiorcd NpHGIMXEHHC H3 JONONHHATEIBHEIX ONHTORB.
Hanpumep, 1ipH NpeBpamieHRiIxX SaCTHN B XMMHYSCKHX IR
STISPHEIX PEAKIIMAX 9ACTOTH NpeRpallicHMil pasnyHEX TH-
OB MOXHO NPUHATH 33 NPRONMXCHHEIS 3HATCHHA COOTBET-
CTBYIOIMX YCJIOBHEIX Bepoarsiocreii. B cepuax onsios ¢ ne-
PeIATHBAHHCM HIH HIBNCUCHHEM HIAPDOB HI YPH MOXHO
€CTECTESHHO 3371aTh YCNORHEE BEPOSTHOCTH NONYYeHHS BRI~
fopxm onpeneneHHOIO THNA M3 AaHHOH# YPHBI, €CNIH COCTAB
mapos B Heli mIBECTEH M3 NMPeLAYLIHX ONLITOB, O1npansis-
fCch OT 33NAHHLIX 3HAYCHHN YCNOBHHIX BeDORTHOCTCH, MOX-~-
HO PHIYHCIHTD BEPOATHOCTH 3NeMEHTADHHX cobrrmHii.

IlyeTs, HanpuMep, 3a44HEl BEpOATHOCTH

P(4y=a, P(B| A=a,, P(B| B=a,. @9

TpebGyerca NOCTPOUTH TAKOS BSPOATHOCTHOE NPOCTPAHCTBO
«Q, 9, P), aro ana coburult 4, B emonsens pasescrsa (2.4).
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H3 paverncts (2.4) crexyer, I1o
P(H=1—a=a, P(B| H=1-a,=a,,,

P(B| A=1-a,=a,,

TlonoxuM Q ={a,, ®,, ®,, ®,}). Coburuamu A 4 B Haszo-
B&M NOOMHOXCCTBA A=fml, 0,}, B={o,, 0,}. Torna AB={w,}.
HerpyaHo npopeputsh, 910

{0,)=A4B, {0,}=43B, {o)=4B.

Ecnn nogxonuts XK onpeiencHuio @ McHee dopManmHO,

TO MOXHO CPasy NOJIOXHTh

Q={4B, AB, AB, AB.

PacnpeneneHne BepoATHOCTCH HA BCEX NOOMHONKCCTBAX
KOHETHOrO MHOXCCTBA OLHO3HAYHO onpencisicIcs 3aIaHHA-
€M BEPOATHOCTEH BCEX NMONMHOKECTS, COCTOAINX N3 ONHONO
aneMeHTapHOIO cobniTng. Ionoxam

P(AB)=P(4) P(B| A)y=aa,,
P(AB)=P(A) P(B| A)=a,a,,
P(AB)=P(4) P(B | A=a,a,,, 2.5)
P(AB)=P(4) P(B| A=aa,,

IpaBbie YaCTH 3THX PABSHCTB HEOTPHUATEALHE U B CyM-
Me papr enuuuny. PacnpenencHue BeposTHocTell 3amamo.
0;;1;&31‘”!365 OT 33JaHHOIO pacnpeacneHuA BepPOATHOCTEH,
HaligeM

P(A=P(AB)+ P(AB)=aa +aa =a,
= ﬂA_Bl = .E.lf.,zll_
P (Bl A= PU) a, Sy

= P@AB)_ aa, _
PCID= oG '%—ﬁf“’"

Taxum obpasoM, ML HALLNK PaclIPeNesicCHAC BSPOSTHOC-
Teli, ynoanersopaomee yeNoBHI (2.3),

TlocTpoeHue BEPOATHOCTHOIO MPOCTPAHCTEA IO YCTOBHEIM
BeposiTHOCTSM B Gonee obieM cnydae Oyner paccMOTPEHO B
chRenyIomeHd mase.
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B npuMepax, paceMaTpHsacMbLIX B 3To#t miase, O0broHO
HpPeANoNATaeTCH, YTC COOTBETCTBYIOINME YC/IOBHRIS BEPOAT-
HOCTH 3ananel. [JocTpoeHHe MO HAM BEPOSTHOCTHOIO NIpo-
CTPaHCTBA MoXeT OWITh MPOBEACHO TAK XK€, KAK B paccMoT~
PSHHOM BHIIE IpHMepe,

JanuM Teneps elne OMHO PelIeHHS 3aTaTH O KIoYax (cM.
mpeMep 3 § 1 o1, 2), ocHORAHHOS HA MCTIONL3CBAHMHE NOHA~
THA YCIORHOH BeposTHocTH. [IpefiaraeMoe 3AECh PeIICHHS
ABNsIeTCA YACTHIHEIM IIOCTPCGeHUEM APYTOTO BePOSTHOCTHO~
1O MPOCTPAHCTEA, ONMMCHIBAIOLIETO NOCNCAOBATCIBHOS H3BIC-
ucHEe Koyeit. BepoarnocTriie npocTpaneTsa, yHoOHbE 115
ONHCAHUA NOCNCAOBATCABHOCTHE HeNNTaRHi, 6yayT noapobh-
HO pacCMOTPEHE B CAcAYIOmCl mase. Coﬁl.mle A,, cocrog-
SE B TOM, 9TO HYXHBIH mmqnossmcnnk—uncmmnn,
MOXHO IPCACTABUTE B BHAC NPOM3BCACHUA

Ak= &"{l b A-;-I AI:
Orciona, menonnsya dopmyny (2.2), nomyaum
P(4)=P(A)P(A|4).PAIAZ..4,)

3nrayeHHT COMHOXHTENSH MOXHO CUHTATD 33NAHHLIMH B YCIIO-
BHsAX 3ana7n. JelicTBUTe/BHO, M3 2 KN0%eH TOMBKO OaUH Noi-
xozuT H n—1 He moaxonar. Cnexosaremsno, P (4)=

Ecnu nponzomnio coburue 4, To ocranochk #—1 xmoves,
CPeaY KOTOPHIX ONUH BOAXOLHT U #—2 HE NOAX0RAT. OTCIo-
naP(A,I ,3'):- nrn‘lmﬁnnpnmmnepomocm
PUIl A..4, ) onpenenexmoe SHaYCHHE, HYXHO HMETh B
BYAY, YTO K k—uy A3BICICHHD ocTaloch n—k+1 knioucii, u3

XKOTOPRIX OAHRH TOAXOANUT K TBCPH. Toraa ecTeCTBEHHO HO-
JHOXKHTH

P Bk -
OxoHuaTeNILHO MOAyIacM

PUUy=L. .2, L mcktl, 1 1
“, > n n-1 n—k+2 mktl n

PeayasTar monyamics Takoit xe, xak 8 § 1 1. 2. Ecm
OINPARIATHCA OT PAcNpPCACACHHA BEPOATHOCTEH, BBOACHHO-
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ro amna srolf 3anaam B § 1, r. 2, 70 Moxuo no dopmyne (1.1)
mmmommpmmP@ll),P@ll,@, .
Hix 9ncnopsie 3SHAYCHUA COBNARYT CO SHAUCHHSAME, KOTOPHIS
6n BCIONL30BaHH B 5T0M Iaparpade.

§ 3. ®opuyna nonsoii zepoaTHOCTH
ITycrs 4 — mponsponsHoe coburrne, coburua B, B, ..., B,
nonapHo BecorMecTHH, P( B, ) >0, k=1, .., n,u AC B+
+B,+..+B, Tomameermmo cieayomasn dopmyna (q‘)op-
nowammueeposnmacmu)
r(A)=):p(3,)P(A|3,). 3.1)

IS
Jnq noxasarenscrsa 310 dopmynss 3aMeTiM, ST0 A4 MOXKHO
TIPEACTABATH B BHAC CASAYIOIICIH CYMME NOMAPHO HECOBMEC~
THEIX COORITHI:
A=AB+ AB+. . +AB.

Orciona, BOCHONLE30BABINNCE aKCHOMOMN Ad 1 dopmynoit (2.1),
TIOMyI M (bopm:.:ry (3.1):

P<A>=2‘.P<AB.>=£ P(B)P(4|B).

|
Hcnonssya (1.3.10), dopMyny (3.1) MOXHO pacnpOCTPRHHTE
Ha cnydaif cyeTHON CHCTEMH NONAPHO HECOBMECTHMEIX CO-
Ounii B, k=1, 2, ..., n, ...
3auelum B PABEHCTBE

- 4=PUB) P(BIP(AB)

P(4) P(4)
ne%omom P(A) no dopmyne (3.1), nonyaam Qopmyay
eca.
P(B)P(AB,
P(B| A= 3 BPAB) . (3.2)
Z‘; P(B) P(4B)

QopMyna NMONHON BEPOSTHOCTH, TAK Xe KoK hopMynnt
(2.1), (2.2), MoXeT OKITEL HCIONB30BAHA MTT NOCTPOSCHH NION~
XOMSILETO BepOATHOCTHOIO HPOCTPRHCTBA IO 3aHAHHBIM YC=
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JOBHEIM BepogTHOCTAM. HIXe paccMaTpuMBaiorcst ABa Mpy-
Mepa, B KOTOPLIX YCJIOBHEIC BEPOSTHOCTH €CTECTBCHHO CHM-
TaTh 3ANAHHBIMA.

Npusmep 1. Ha dabpuxe, naroronrmomeit Goarw, nep-
pag MALIMHA NIPOR3BOAUT 25%, Bropas — 35%, TpeTna — 40%
BeeX Hamenul, Bpax B MX DPORYKIIMH COCTARNACT COOTRET-
cTBeHHO 5%, 4%, 2%.

a) KaxoBa BepOATHOCTE TOTO, YTO CAyualiHo PHOpAHHEIN
6ot orasancs gedexrERM?

6) KakoBa BepOSTHOCTD TOTO, YTO CAYUaHHO BHGpanumIil
o mponsBeaeH NepBoi, BTOPoil K TpeTheit MalHaME, €CIM
OH oxasancs AedeKTHEM?

Pemeune.%%ammﬁuoﬁm@emm
uiee B TOM, 910 O BEE — BedeKTHE,
a uepes B, B, B, — coburrust, cocrodmue B TOM, 910 STOT
OG0T npoMsBeLcH COOTBETCTBEHHO IiepBoii, BTOpOil H Tpe-
Thelt MauwmBaMu, Ouesato, yro dbopmyna (3.1) npuMeHH-
Ma. TaxyM o6paszoM, HCTIONB3YA YCNOBHE 3a0ATH, TIOJTYUHM

P(Ay= P(B,)P(A|B,)+P(B,)P(4|B,)+P(B,)P(4|B,)=
=(),25 - 0,05+0,35 - 0,04+0,40 - 0,02=0,0343.

6) K reM xe coSuTHMM MOXHO IPAMEHNUTS bopMyny Baii~
eca (3.2) npu n=3 ana k=1, 2, 3:

P(Bl4)= :25:005 _ 125
¥

0,0345 345
0,35+0,04 140
B A)y= == L ==
P(B4) 0,0345 345 °’
0,40+ 0,02 80

PBID= 5o ~ us -

IMDpumep 2.H3 ypun, conepxanmeit M Gennx w N—M
YepHEIX IHapoP, OOHH map EeH3BeCTHOIO 1BeTa yrepsad. Ka-
KOB2 BePOATHOCTL A3BNCTh HAYNAYY M3 YPHE Oeaniii map?

Pemeonne. Ilycrs B, — cobuTHe, cocTosmmee B TOM, 10
yreparo k Gennix mapos (K =0, 1); A — coburrue, cocToames
B TOM, UTO IIap, HIRICYCHHHMHK M3 OCTABIINXCS LIAPOB, OKA=
sanca GeneiM. [lonoxa

PB)=230, PBy= -,
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P(4B)=2L, P(41B)=21
ITo dopMyne nonnoill RepoaTHOCTH

= N-M M M M1 __M
PiA= N M1 M N AN N’
OrMerHM, YTO BEPOATHOCTS M3RneueHns 0esioro wapa 13 ypHil
RO YTEDH 1mapa ToXe pasHa M/N.

PaccMOTPHM €106 OXWH NPRMEP, KOTOPRLl HReT HeKOTO-
poc MpeAcTaBNcHME 00 Henons3oBanAd $opMymsl nonHOM
BEPOATHOCTH NpPH MCCACTOBRHHM CHAYJAHLIX NPOUECCOB €
HeIpePHBHEIM BpeMeHEM.

IIpuMep 3. BeposTHOCT: MOCTYIUICHKA Ha TenedoH-
HYIO JIMHMIO OTHOIO BhIZOBA 33 BpeMa (f, £+#h) pasna oirtolh),
#—-0; PEPOFTHOCTE TOTO, MTO HM OJHH BH30B 32 BpeM4 (1, 1+h)
He NOoCTYyNHT, pagHa 1—c/rto(#). Ecrm mmna 3aHATa, TO BH-
308 Tepgercs, Ecmu B MoMeHT £ ellle TIDOFOIEKACTCA paslo-
BOp, TO 3a BpeMma (f, t+h) OH OKOHUMTCA C BEPOSTHOCTEIO
Bh+a{h), h—0. BH30OBH MOCTYTIAIOT HE3ABACHMO IPYT OT ApYVIa.
Haiirii P(f) — BEpoATHOCTD TOTO, YTO JMHMA B MOMCHT ?
cBoGonna, M BEPOATHOCTE P\ (7) Toro, UTO NUHMA 3a3HATA.

Pewmenue. l'lpcnnonoxum cpa3sy, IT0 NMOAXCHAINSe e~
POSTHOCTHOS NPOCTPAHCTBO CYIICCTBYCT H TTO AN MHTEpe-
CYIOIIHMX HAC CoORITHI

B9={munua B MoMeHT f cBoGonHa},

B(‘)—{Jnnmn B MOMOHT £ 3aHMTA)}

npH KaxnoM ¢ BEPOATHOCTH Fy "P(B?’), P(H=P(BY) onpe-
JeJNeHb K HeNMPePHBHH 1O £
B® +Bb=q , B?’B(“—Q,

10 o dopMyne no:moﬁ BepoaTHOCTH (3.1)
P(BY,)= P(B") P(BY) | BP)Y+P(BYP(BY |BY). (3.3)

Cao0onHad B MOMEGHT BpeMeHH ¢ MIHNA ocTaHercd crobon-
Holl B MoMeHT f+h, ecymt 32 BpeMd (f, f+h) BEI30OBOB He Oymer.
Tak Kax fpyrie COOLITHS, TIPH KOTOPEIX JIMHMNSA OCTAKEICT CRO-
6Gomnoli B MOMEHT #+}, MMEIOT BepOATHOCTE o(/), TO

P(B2, | BM=1—ah+o(h).

3asigrag B MOMEHT 7 JHMHHMA OyAeT cRoGOIHOH K MOMEHTY
t+h, ecrnd 3aXOHMHTCH Pasropop M 33 ppemsa (7, t+A) ROBHX
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BH30BOB He Gyaer. BeposaraocTs 3T0r0 COOMTHS paBHa
Bat-o(y)(1~ak+o(h))=Phto(h).

D72 BEPOSTHOCTL BHOCHT OCHOBHO# Bxnax B P(AY|BY). Cym-
MA OCTAIBHEIX ClAIeMbIX pasHa of{h). Takxum obpasom,

P(BY, |BP)=ph+o(h).

floncraBnsag malijcHHEIE YCNOBHEE BeposTHOCcTH B (3.3) B
Henonnaysa obosnaucuns F(9), P,(7), nomynm

P,(t+hy=(1—ah) P,(1)+BhP,(1)+o(h).

Orcona
P.,(m;—?,(f) =—aP(+BP(O+ ﬁkﬂ .
[Iepexona x npeneny npu h — 0, nonyguym *)
dP,
‘;r(l? =—aP(H+BPLD). (3.4)
ARanormuno HaiineM ypassenue ast P(1):
dP(f) _
L= =aP (—~PPD. (3.5)
Tonaras F(0)=1, P(0)=0, mailnem pemmenme cucremu (3.4} —
(3.5): B

o g
Pir=gepg * orp %

B o "
PO=o3F — oo

Ipy t—rc0 pepoaTrocTs P (f) cTpEeMUTCS K Benwaune of (o).
EcTecTBEHHO, IO ¢ POCTOM HHTEHCHBHOCTH NOCTYIUICHHS
BHEI30BOB O BEPOSTHOCTD 3aHATOCTH JIMHAHH YBe/ITHMBAcTCS.

W3 dopmyn (3.6) cnenyet, uro pewenne (F,(#), P()) cnc-
TeMu (3.4) — (3.5) ynoBneTBOps#eT paBeHCTBY Po(i)-}-Pl(t)=l.
3710 Xe paBeRCTBO CeHYeT N3 NPeAnOIOXCHHA O CYLIecTBO-
BAHUY SEPOATHOCTHOIO MPOCTPAHCTBA, B KOTOPOM ompeae-
NieHH BeposTROCTH FPy(d) 1 P(#) npoTABONOAOKHEIX COOBI-

*) Iz cyuecTeopaisg Npefesmd npa A—0 creayeT cymuecTsobane TOMBKG
JIBEOCTOPOMARX NPOKIROAHLIX B (3.4} i (3.5). JaMeHUB B RPSAHNYIMX pac-
CYySpeHUAX t B {+h #a -k 1 1, TONYIAM BHPAKEHES IR HPABOCTOPOMHHHX
NPOHABOANEIX, COBRATEIONME ¢ (3.4) ¥ (3.5).
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Tuif. Ecim moacrasnts P{f)=1—F(/) B ypasHenue (3.4), 10
BMECTO CHCTEMBI MOXHO PCIUTDL OfHO ypaBHeHHe 1as Fi(f).

K npenmonoxeHuaM O CYIIECTBOBAHUH MOAXONSIIEYO Be-
POATHOCTHOTO NPOCTPAHCTDR, B KOTOPOM ONpEAeieHEl Bepo-
ATHOCTH HYXHBIX HAM COGRITHII, HYXHO OTHOCHTHCH C M3Be-
CTHOIi OCTOPOXHOCTHIO. PaccMoTpuM creayiomuit nprmMzp.
ITycTh cocTANMAMH Y2CTHRE aRTIOTca ynena 0, 1, 2, ... IIpn
=0 vacTiua naxogurea B cocroauuy (. Ecsm wacTAna B Mo-
MCHT # HAXOAHTCA B COCTOAHMN K, TO K MOMEHTY £tk ocTa-
FETCA B 3TOM COCTOAHHU ¢ BEPOATHOCTRIO 10 /ito(h), &— O,
H mepeiiner B cocToarne kt1 ¢ seposTROCTEO o hto(h).
Ilycts P(f) — BepOSTHOCTH TOTO, YTO YACTHUA B MOMCHT t
HAXOOUTCS B COCTOSIHMY K. Paccyxmast Tak xe, KaK B paccMOoT=-
PCHHOM Brillle nprMepe, ma ¢yexumii P, (9, £ =0, 1, 2, ...,
MOXHO IOoNydHTh GeckoHeuHyo cucteMy auddepenuman:-

HHX ypasHeumii. EcTecTBerHO GRUTO OXHIATE, 'rmkgo.f’,‘(t)= 1.
Oxxaxo ecnu o, GHICTPO YBESAHIHBAIOTCH ¢ POCTOM X, TO OKA~

3LIBAETCH, YTO ZPl(t)*( 1. Bonee moapoGHO ITOT MpUMeEp pac-

CMOTPEH B R'HHI% Qennepa {18], § 4 . 17. Oxasweacred,
970 YacTHIIA 33 KOHEYHOE BpeMsA ¢ MONOXHTENEHOR BEPOIT~
HOCTBIO MOXST TIPONTH Mo BeeM cocToaHuAM, B aroM cnydae
rabop ancen {c,} yXe HE onpenesnseT Mponece npu seex £0,

3aasus £ raase 3

1. BpomieHo Ape HIPAUBHEX kperH. Kakoaa BepOSTHOCTE TOIO, O Bh-
TAND ABe «3», CCHN HIBECTHO, WO CYMMA BHITABLIHX (YKOB ASTHTCH HA TPH?

2. H3BecTHO, YTO TpH GpocaHME 10 MIpATHHERX KocTell MoRsanach MO
xpaiinefi Mepe onua «l». K2xopa BEpOSTHOCTS TOTO, YTO NOABHANCE BE ¢1s
unyg Ganee?

3. Y3 muoxectsa umcen {1, 2, ..., N} Ito cxeme crysaitnoro suSopa Gea
Bo3BpameHHA SnbupaloTea TpH wicra. HalitH YCI0BHYID BEpOSTHOCTE 1010,
97O TPeThe YHCII0 TIONAJET B HHTEDBAN, 06pasoBaNKLIl Tep LMY ABYMS, CCHEY
H3BCCTHO, WTO NEpROE YHCNO MeRbIle BIOPOTO.

4. M3 ypums, conepxameii 3 Geex ¥ § USpHEX IADOE, MOCTENOBATSLHO
6¢3 BOIBPAICHHE H3nNexawT 8 wapos. ITyers AP (4P) — coburrie, cocro-
smee B T0M, 1o 8 map 6uor vepanl (Gemuit). Haliri yeronsme peposTHocTH:

1) P(AS| &P ASASAD);

2) PUAPUPADAY),
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(o, 0 0)=(0, 0, 1), (0, 1, 0), (1, 0, 0).
§. Hogasate, ure coanuE A # B HeaaBHCHME, ¢CH HeABHCHME! cObLI-
s Au B
6. Cmywaitiay Touxa (B, §,) MMeeT pABHOMEPHOS PacIIpe/leNicHHe B KBal-
mare {(x, x): 0 5x,51, 0 sx 51}, Tipn KaKux IHAYCHHAX F He3ABHCHMED
cOGHITHA

A=) 20, B+, <3t

q={=, s 4} o=l 1),

G={®,- He,- k<o),
rae £, k, ompeneneHt: B aamaue 6. Ioxadats, yro coburma €, €, €,

9. Coburmug 4,, 4,, A,, 4, BIAUMHO Ke3BHCMGS NA4,)=p, k=1, 2, 3, 4.
HaftTt BepostTHOCTR cOSRITHIE: 1) 4,44, 2) A, +4); 3) (A,-I-Az)(A,tA‘)

10, SneKTpirieckad Nefih COCTRRNCHA HS MeMeRTOR 4,, £ =1, 2, 3 (wie-
MCHTH 4, B 4, cotAMHeHNE Mapanesio, & 4, HpHcoellHHeH X HHM MOCeNo-
BaTensiic). Ilp# aexons B3 ¢TPOA JAOGOTO MEMEHT3 EMh: B MECTO £10 BKIII0-
YeHig pasphrazerce. BeposmocTh 31X01a I3 CTPOf 328 Raumnall mepwoa e~
MeNTa A, pania p, k=1, 2, 3. HpeAnonaraeics, Tro aneMeRTH BRXOAST K
HS BEXORAT M3 CIPOR He3ABMCHMO ApYT O Apyra. Halim seposTROCTS 100,
T0 38 PACCMATPHBAEMENN NepROA o Hens GyneT HPOXOXMIh TOK,

11. M3 ypHE, cofepxanteli 3 Gefbx & § SepHBIX mapos, Kha HIPOXA IO
O9CPeRN BHTALGUTR o oxHOMY Hrapy. Ilonoxum A, ={k-fi RIPOK BEITAIER
Genuit map). Haitra sepograocTs columit: 4, 4, 4,4,

Vxadaune. BHGpats noxofamm ofpason THCIOBEE IHAUSHIE BEpO~
srHocTelt P(A,), P(4, | 4), P(4]4). Bocnom3opatsca dbopmymam (2.5).

12. YnpomenHas cHCTCMa KONTPOE RIASDOL COCTOMT H3 JBYX He3ABH-
CHMEIX HipoBepok. B pesynerare A-#t mposepxm (£ =1, 2) manemde, yaonmer-
BOpAIDITEEe CTAHAAPTY, OTOPAKORKBALTCA C BEPOSTHOCTEM B,, R GPavoBRAHROD
HACTHe APHHHMASTCE ¢ BEPOATHOCTED «, Faende mpMHUMAETCA, €C/IR
OHO npomne 000 MPOBEPKR. HAlTH BepoATHOCTH cobLrTiii:

1) GpaKoBIHHOS HAILNHS GYNET NPRHATO;

2) wagenAe, YRORIETECPAIOINGE CTAHRRPTY, GyaeT 0TGPARGBAHO.

13. B nepnoif ypHe 2 Ge/TRX B 4 MCpHUX U18pa, 8 Bo BTopoft — 3 Gemx u
1 sepnnit map. Ma reppoft ypHH Nepenoxwot Bo BYOPYIO A84 wapa. Haitd
BEPOATHOCTD TOTO, YTo II4p, BEHYTHI B3 BTOpOl YPHE HOCHS NepeXTanLBa-
HHS, OXRwercs Oempn.

14. Magemsa NOCTYNAIOT HA NpOBepXy, OHHCAHAYI B 3amade 12. Iipea-
AIATAR, Y10 KaXX0e HINENHE YIOBAETBODACT CTAHEAPTY ¢ BEepOATHOCTL B,
BHailTH cneTylonHe PEPOATHOCTH:
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1) BepOSTHOCTE TOTO, YTO MOCTYITHRING® HA MPOBEPEY HIRENHE Ho GyaeT
oTSpaxoBaNO;

2) BepOSTHOCTD TOTO, YTO HEOTGPAKORANHOC MARSTe YROKTCTBOPAST CTAH -
Aapry.

15, Ilpenmomoxcind, wro 5% seex MysqHH R 0,25% Btex XeuuMu —
AusTonyxy. Hayrax BHOPAHIOS FATD OKAZATOCEH A2NETORMKOM, Kaxoua pe-
POSTHOCTD, UTO 370 MYXMHHA? (CyHTATE, YO KOMHCCTRO MYyAMHH M XeH-
LIHH OXHHAKOBO.}

16. Tlo xanany chdsy Moxer GrTh HepelaHd OAHA M3 freX MOCAETIOBR-
TermeHocTed Gyke: AAAA, BEBB, COCC; H3RecTHO, YT0 BEPOSTHOCTH XKk~
Boli B3 mocreposarelibiiocreil papEM cooTBeTcTBeNHO 0,3; 0,4; 0,3. B pe-
3yNETATE EyMoB GYKBa MPEHAMASTCA PARKILHO ¢ BepoaTaecTs: 0,6, Bepo-
ATHOCTH TpieMa Nepenaknoli Gyksl 3a ase rpyTHe pisuw 0,2 i 0,2, Iipen-
nonaraeTc, YTo GYKBH HCKAXAKTCE HeI4BHCHMO APYT OT Bpyra. Halith ne-
POATHOCTE TOID, YTO NMepelaHs AAAA, eciii HA NPHOMHOM YCTDOHCTES MOIY-
gesio ABCA.

17. BepodrHocTh 1010, YT0 MONEKYAR, HCIETIBIAS B MOMEHT =0 croi-~
KHORCHES € NpyTolt MONEKYAol M He HMERMAR JAPYFHX CTOMKHOBeHWt 1o
MOMEHTA f, HCTIHTACT CTOIKHOBEHMHE B [IPOMEXYTOK BpeMerH (1, #+4), pasna
Arto(), k& =-» 0. HailtH BepOATHOCTD TOIO, YTO BpeMA cRofomHOro npodera
Gyner Gonwine 7.

18. Ha onuy TenedoRNYI0 JMHHI MOIYT NOCTYIIATS PE30BH JBYX THIIOR:
cpodHbe B poctese, TIPH NOCTYIINCHUM CPOWTHOTO BEIIORA PA3OHOD N0 MpO-
CTOMY HEI3OBY HpexpailiaeTcs. Bepostsioctd nocTyiuesits 5a spemx (i, 1+A)
CPOTOr0 M COBMHOTO BECIOROR PABHEL COOTBEICTRORHO o fito(h), afi+o(h),
& — 0; BepoSTHOCTH NpEeKpamieMHs JHOGOIO Pa3roBOpA 3a BpeMa {f, 1HA)
pasta Bh+o(k). Ivems P8, P (), P(f) — BepORTHOCTH TOTO, YTO B MOMENT #
Jrad cooSoANA, 3AHATA CPOTHEIM REMOBOM, JAHATA IPOCTEN, BironoM, Ha-
nucats and PN muddeperinanniiie ypapHernw W dalira Iim P () =x,,
k=0,1,2 e

19. MismeyuM yonosva paborH TesedorHOMN JMEMM, onHcauRoil B IMpH-
Mepe 3 u3 § 3. HyaeM cuHATATh, 910 FFPH 33RATOH THENN BASORK HE TePAKT-
cH, a cradop#TcA B 04epeanh. ODuInanmd P, () BEpOTHOCTD TOK0, Y10 5 MO~
MeRY { OXAR BEI30B O5CHYRHBaCTCE B K1 ofipasyioT ouepens (k2 1, P(f) —
BEPOATHOCTD TOTO, IR0 MHHMA cBoGoma). CocTasuts A F(f) muddepen-
HUANLHEe yYpasxwenws. Haltri iigl“P,(t) =x,, em 8= wi<l.



IJIABA 4
NOCIEROBATENBHOCTH HCIINTAHRHN

§ 1. Obmee onpenenemse NOCASIOSATENLHOCTH HCITITARRIK

JanuM cHagana ONHCAHNE PeANTbHLIX HCOKTAKMI B OILITS
¢ NepeXTTANLIBAHAEM IMAPOB B YPHAX, & 3aTeM IOCTPOHM MaTe-
MATHIECKYIO MONE/ b ITHX HCNLITAHMIA,

IycTs mMeercs TPH YPHE, cofepXamux Oentle ¥ yepHbpe
mWapH, ofuHaKoBke N0 dopMe. CocTak NIapoB B NepBoii ypHe:
2 GempiX B 3 4epHHX; BO BTOpoli — 2 Genmx M 2 YepHuX; B
Tperbeii — 3 Gennix u 1 yepHuit. M3 nepaoil ypunl cyvaiino
BLIONpaeTcs OANMH 2P M NepeXIaArBacTea Bo Bropylo. Iocne
3TOTO K3 Bropoil YpHE Tarxwe chydaiiHo oiiH Iap nepexia-~
ABIBAETCs! B TPETHIO YPHY H, HAKOHEI, 13 Tperseil kakoli-T1o 13
IIAPOB NMEPEKTIAREIBACTCA B HepBy1o. TaxuM o0pasoM, MLI MMeeM
TPH HCTIHTAHHA, COCTOMIONX B MIBNICUCHYM INAPOB M3 TPEX
YPH. IIpeANOnokEM, Y10 Hac MHTepecyeT, KaKoil cocran mapon
B IIEPBOif YpHe TocNe HepexnaanBannii Hanbonee BepoATeH,
A TaKke — 970 BepodTHES: HIMSHEHME COCT2BA MAPOB B NepBoit
YDHE WIB COXPAHERME,

IMocTponM MaTeMATHYECKYIO MOJeNE 37010 onkita. Ofo-
3HaTHM A, peanbHoe coGHTHe, COcTOAIIee B TOM, 9TO HpH
k-M nepexiaasisanmm (K =1, 2, 3) Guin nepenoxex Gemulit
map. ToaoxuMm

Q=4 44, AAA4, ALA, ALAL, L __
A4, 433, AAT, KiA).
3necs, nanpnmep, cumeonioM A 44, oGosnatens anemen-

TapHoe co0BITHE, COOTBETCTBYIONICE B PEaIbHOM ONLITE Hepe~
KNaABIBAHMI0 13 MEPROi YPHK Genoro wapa, a 43 JAByX ZPYTHX
= qepHoro. CoOMTHIO 4; PEATEHOTO ONLITA COOTRETCTRYET B
MaTeMaTHIeCKol MOJE/H caeayIoumee NOAMHOXKECTBO £

A=A A, AdA, AAA, AAA).
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AHANOrHYHO onpeRenAwTca coburrna 4, E » COOTBETCTBY-
OINe peanbHEIM coORTaaM 4,, 4;. Hitke MH He O6yaeM uc-
TIONH308aTh pasHuie 0003HAYCHMS JIA PCATbHOTO COOKITAS M
COOTBETCTBYIONIET0 eMy COGHITHS MOHeNH, T. 6. HONaXHM A,=4,
Toraa Ea BBefleHHsie dopMmansao oGo3HAYEHENA AN
INEMCHTAPHAIX COOKTHI MOXHO CMOTPETh KaK Ha ponIBefie-
HHIA COOTBETCTRYIONMX codrrmiii. Ecm cocTaB 11apos B BaHHOiE
YDHE M3BECTCH, TO MEI JIETKO MOXEM 3a8aTh BSPOSTHOCTR
coBLITHA, COCTOAIEIO B M3BICUCHAH H3 910l YPHH Iapa
onpeneneHHOTO mpera. B paceMarpupacMoil 3aqade CocTaB
apoB B YPHE CTAROBETCH H3BOCTHHIM, €CIHM H3BSCTHO, KaKoil
map 8 Z2HHYI0 YpHY Gmi1 mepenoxer. TakuM oGpasoM, Mu
MOXEM CUHTIATS, UT0 3a8aHLl BepoaTHOCcTH P(A)), P(4)), P(4,

| 4), P(4,] A,4) 5 . . Hampuuep,
PUy=2 Pl 4)= 2 ,PUl4)=%. D)

Iipu onpeneneHym BTopol H TPeTHEH BEPOATHOCTEH MEI HC-
HONMB3OBANH TO, 9TO BO BIOPYIO B TPETHIO YPHHE OHUI Iepenio-
XeH Genkni map B UX COCTAB CTAN COOTBETCTBEHHO: 3 Gennix, 2
9epHNX; 4 Oenux, 1 9epHNii. AHANOIMTHO MOXHO IPRNHUCATE
3HaYSHHH APYrUM YCNOBEHM BeposTHocTaM. Ilo sanansanm
YCIOBHEIM BEPOSTHOCTAM TAK Xe, Kak B § 2 r1. 3 (cm. (3.2.9)),
ME MOXEeM DONHOCTLIO BOCCTAHOBHTL pachpedesieHus
BpeposTHOCTElH Ha noaMAoxecTsax Q . ITo dopuynam (3.2.2) n
(1.1) naxommu:

Pdd )= PUPA] 4) PU| Ad)= 5 2.

AHA/IOTHIHO NPUIHCHBAIOTCA BEPOATHOCTH ADYTHM aNeMeH~
TAPHEM COBHITHAM. OKOHYATEIBHO IOMY'THM

PUAA)=T35> PAED= 55,
PEAA=2 , PALL= 135,
PU Ay | PEAL 5, a2)
PUAL=s, PAAAT.
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Ilo 3TMM BepPOATHOCTAM OXHO3ZHAYHO ONpPEAENACTCS BEpOAT-
HOCTE Moboro coburred. ITycTh, HanpHAMeD,

B={nocne nepexiantmsanyii » nepeoit ypue
oxasanock I Genuix uapos},

I=1,2, 3. Toraa

B=4dd, 444
B,={A,A,4,, A A, 444, A44),
B,—"-{IM;! ‘T[JZA:!}

14 =60 - SL
P(Bl)_ 125 °* P(B).) 125 ° P(BJ)_ 125 °

Taxum o6pasonM, Hanbonee BepOATHEIM SBNACTCH NEPBO-
HAYAMMHEIH cOCTaB mapon nepeoil ypau (P(B,)=60/125), Ho
Gonee BepoaTHO ero Hamenenne (P(B,+B,)=65/125).

Jagum onpefencHue MOCASNOBATONSHOCTH HC .
IIycTh MHOXKCCTBOM 3NEMEHTAPHRIX COOLITHIL ARNseTcs MHO~
XeCTBO

Q=) 4=1,2,..,Nk=12,.,n. (L3)
OnemeHTapROE COGHITHE 0=({,}...],) HHTEPNIPETHPYCTCA KAK
LISTIOUKR HCXONOB B 7 NOCNESAOBATENEHIIX HCIIBITAHMAX, KAX-
Roe HX KOTOPHIX HMeeT N HeCOBMECTHHIX HCX0J0B: 1, 2, ...,
N. Tonoxam '

p@)=p ) p Gli) .. p ()i, ), (1.9)
0 P (] by} 20,

’E 2l d )=1 s=1,..,n (1.5)

‘-1

i=1,.,N1sksn.
‘Toraa Ha NOAMHOXECTEAX R , ONHOZHAYHO OTIPEACHACTCSE Be~
POATHOCTR:
PO =2Lp)AcQ,. (1.6)
nEAd

Hyxuo Tonmsko nposeputs (cM. § 2 11.2), wro
& pl@)=1. (17)



56 TIOCHEAOBATENDHOCTH HCIILITAHUT [TH 4

Jdna noxazaremcrsa (1.7) saMeTaM, 910

N
Z o) ;,E-r"“*’ PO, | 1) oo PG dyend, )=

N
= IZ-I PG Pl | 8) oo D) fynd, ) X
B=1

/o

N
X Ex pG i )=

N

= Zi 2G) 2| 1) .. DU, .t ),

N i1 -1

TAK KaK }3 p(i | #,...4,_,)=1 cornacno (1.5). Hanee MBI MO~

xKeM nmem CyMMY 110 i,_, ¥ BROBB BOCTOmME30oBaTheA (1.5).
ITosTOpHB 3TOT MpoLECE B pas, nonyM (1.7). Taxum oGpa-
30M, Mbi ONPEGLALY BEPOAMHOCINHOE VPOCIPANRCINEO, REAOUE~
€08 MAMeMAMUNecKoii MoOe b0 BOCIe008aMEIHOCIN U3 B U~
nosmanuii. Herpymno nposeputs, uro wucao p (| 4.4, ,) au-
JIFCTCA YONOBHON BCPOATHOCTHIO NMOABICHUS B M HETHITa~
HHMY HCXOZAa [, mpH ynnonm, 970 4O 310r0 ORIa nosydcH2
HeNIOTKA HCXOHOB (444

Cxeuymqu m&pa&smnpamenm,nmennmn
§ 1 ™. 2, ecTeCTBCHRO OfpeNeNdrs KaK nocme,uommocn
ucnmamﬂi Jna aroro venomssie sepostHoets pll, | #..d,_,)
HYXKHO 3818Th CACAYICIINM OOPa30M: el HIBECTER peaylib-
TAaT NMepPBHIX 5 =1 BCILITAHAN, TO NP S-M HCNHTAHNMN ¢ PaB-
HEIMH BEPOATHOCTAME MOXeT OLITE nomytuero moboe M3 oc-
TaBIMHXCA THcen. Mogens cnyaalinoro sxfopa Ge3 Bosspaine-~
=1, ¢hOPMYHPOBAHHAS B TEPMIHAX YCAOBHRIX BEPOSTHOCTSH,
COBIIATIALT ¢ KIACCHIECKKM OnpentencnmeM 132 § 1 1. 2.

Pemennas B Havane naparpada sanata siasercs 2acTHEIM
cnydaeM oOmel cxeMul MenTadnlic n=3, N=2,

2(1)=p(21)=p(12)=p(2|12)=p(222)=2/5,
P(2)=p(111)=p(212)=p(1(12)=p(1|22)=3/5,
p(1l11)=p(1]21)=4/5, p(2|11)=p(2}21)=1/5,
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rae Mcxofsl ¢1» ¥ «2» COOTBETCTRYIOT H3BICYeHHIO Oesoro u
YEPHOTO INapa.

B nanHoiil 3anave ORA3AIOCH, 4TO BeposTHOCTH p (I /) He
3aBHCHT OT j. DTO ECTECTBEHHO, TaK KaK Ha COCTAB ImocaeHe
YPHH BHAeT TONRKO IBET Iapa, NepenoXeHHoTo K3 Bropoi
YPHEI, H €CJIM COCTAB INapoB BTOPOl YPHE! M3BECTCH, TO He-
BaX¥O0, 970 OHZIO B Hew Nepenoxeno w3 neppoil. [locaenora-
TeNEHOCTD HCIIBITAHME, B KOTOPOH YCIORHEIE BEPOATHOCTH P
¢f 4...1,_)) Be sasmcaT OF 1) .00y £y

o
p (Gl L4 0=p, r
HastBaerca yenvio Mapxosa, Bonee moxpo6HO Takye HCTLITA-
HHa GYAyT paccMOTPEHH B 1L 8. B cywae, xorma p (I 1...,_)) He
3aBUCST OT 4, ..., {,_;, OCHEIOBATEABHOCTS MCTIHITANMIA HA3H-
BACTCS HOCACAOBAMEABHOCIIBIO HEIAGUCUMBIX LCHWManu,

§ 2. HHocaenonarensBEOCTD B CHMBIX HCIBITS et

o onpenencHIno, AaHHOMY B XKOHIE § 1, B c/my9ae He3aEH-
CHMHIX HCIEITaHMi ycaoBHES BepoaTHocTd p (/] 4.0, ) He
sapuear ot I, ..., /., HO MoryT 3aBuceTs of £ Ecmi sapucu-
MOCT5H OT ¢ £CTh, TO HeIARUCHMBIC HCIILITAHMSA HA3MBAIOT HEo-
ONOpoOKbiMU, 3 B TIDOTUBHOM CHy9ae — odropodnowmu, Taxmm
oGpa3oOM, HOCAEO0BAMENBHOCID HE3AGUCIMBIX OOHOPOGHBIX UCTIbi~

mamuii onpedensemcs pasevcmeanu (1.3), (1.6) u doprgyaoré
P(®@) =D, Pysp, s LShSN, k=1,.,n, QD)

N
mezi p=L4Lp20,1=12,.,N.

IocnenopaTeILHOCTh OAHOPONHEIX HEIABHCHMBIX HCTIRITA-
HuH ZBIAEeTCA MaTeMATMYSCKOH MONENALIo CEPHM OIIRITOB,
NOBTOPAIOUINXCA B ONUMHAKOBRX YCNOBHAX. BepOSTHOCTHYIO
MoAeNb, onpeasnennylo dopmynamu (1.3), (1.6), (2.1), Ha-
3HIBAIOT TAKXQ Nosuxomuaswhol cxemoli. Yacranit cmydait
nonrHOMHEAMLHOM cxeMul ¢ N=2 HaswIBalOT cxemoli Bepuyssu
UIH ucnwmanusmi Bepryasu. JIBa Acxoga KAXOOro HCILTa~
#ud cxeMit Bepryiym Gyaem 0603HauaTh cEMBOnaMu 1 ¥ 0
WIH Ha3MBaTh <YCIEXOM» H «Beyaavetis, a cCOOTBETCTBYIOIMNE
MM BEPOATHOCTH B OAHOM HCAbITaHNH 0603Ha M GyxBamu p
" g=1-p.
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TToxaxeM, aro mobnle COOHTHA, CBAZAHHLS C PAIHLIMH
HMCNTAHUAMH HOMHHOMMATEHOMH CXEMBI, B3aHMHO HC3ABACH-
el ITyers S(f =1, ..., #) — NOAMHOXSCTBA MHOXECTRA HCXO-

OB oTHeNnbHoro menerrammd {1, 2, ..., N}. O6osnagum B¢
cobmTHE, COCTOMIES B TOM, TT0 HCXOK -1 HCTIWITAHHA NpH-
MHOXECTBY S,

Teopema 2.1. Epu‘;uodm S,1=1,.,n,
P(Bg’ Bg’ Bf;.’) = P(%D) P(@)... P(%'J). 2.2)

HoxaszaTenpcTBo. Tak Kax gp,= 1,

' BY ={(i,4..4): i€S),
BY BQ... BPp={(hiy..b): {ES,, ..., i, ES},
10 13 dopmyn (1.5) u (2.1) nonyaM

P (B B... BY)= ‘E E% .. E%p,‘p,z...p,f

N

P pﬁé 2.

N
P (BY) = 2 p Zp, &

ges, 1 5=
AHANOTHIHO NPOBEPASTCH, ITO NPH JOOHIX 33'
P (&)= p. @3)

Y3 zoxasaHHEIX PABEHCTB CIGAYET YTREPRICHHS TCOPEMEL

HNonoxwm S,= {/} 8B dopumyne (2.3). Toraa s (2.3) cymna
CBefieTCR K OAHOMY CNATaeMOMY p,, KOTOPOS OKA3EIBAETCSH
DBEPOSTHOCTRIO [-T0 MCXOAR B M Mcnuranud, Ecnu B (2.2)
nonoxurs §,= §,= ... = §,= {1, 2, ..., N}, 70 noxyauM papeH-

CTBO P(.Bg) @)SP(.@:’)P(B@, TaK XaK Bg>=...=3g:>=n n .Bg’
%’1 ...th Bé"B_g_”. AHANOTAYHO NpOBepHACTEd, YTO OPH
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aobHx 1 € 4,< 1,< ... <I Sn AMeeM
P (8.. 3;:’)= P(8Y) ... P(EY). 4

TaxuM o6pazoM, MM NOKA3ANH, YTO NPH MOGEX S, .., 5,
coburrmst BY ... Eg B3aMMHO HC3aBHCHMEL

Bo MHoOTHX-3aagaX MM 4acT0 KAIKIOMY 3TeMEHTApHOMY
COGLITAIO CTABAM B COOTESTCTEHE OTIPEACNICHROS JeiCTRITTC b
BOe THCNO, RANpUMep: BeIMMMHY BHMHIPHINA, THCHO HCXONOB
JAHHOTO THTIA B NMOIMHOMMANGHOM cXeMe, WMCIIO YCIeXOR B 22
HUCHBITAHAAX ¢XeMbl Bepuynnu u 1. 4. llyets (Q, W, P) — Bepo-
ATHOCTHOE npocTpancTso. HazopeMm ciyualivoit BenmumHodl
HelcTBUTENEHYIO GYHKUHIO OT 3MEMEHTAPHOIO COORTHAM:
E=t(®), o€ Q. 119 JECKPSTHEX BEPOSTHOCTHEIX NPOCTPAHCTE

ol BeIMINHONM MM OyacM Ha3HBaTh NPOM3BOALHYIO

SYERIEO OT 0, 2 B 00IeM cyuae, pacCMaTPHBASMOM B I'L. 5,
Ha dymxao () GyayT HanaraTiCs AOMONMHKTENBHEIE YOO~
U,
Jna » vcnuTaR#il cxemMnl BepRywTE 31eMeRTaApHEIE CO-
6uTHA YAOO0HO ¢603HAYATS LICHOYKAMH UIHHH N, COCTAB=
neHHEIMH 13 6yxs V u H: o= YYH..HHY. OGosHa1imM p, =
p,(YYH...HHY) cnyuaiinyio BennquHy, pABHYIC YHCAY YOHE~
XOB 2 nepsrrx n McnuraHwX Bepuynmu, Tak, BanpuMep, pn
2 = 4 mMeeM

p=p, (YYHY) =3, p,=p (HHHH) =0
H 7. 8. HaiigeM BepogTHOCTE CODRITHIL

{n, = m} = {(YYH..¥): p, (YVH...V) = m}. (2.5)
Teopema 2.2, Ecau |1, «= RUCAO YONEXOE @ 1 UCHUINAHURX
Bepuyaau, mo
P,=m=DP(m)=Cpg,
(2.6)

em= 0,1, 2, ..., n, ¢ = 1=p, p — eeposmnocms ycnexa &
OMOCALHOM UCHYMANUK.

HokasateabcTBo. Kaxzmad menodka MCXOJ0B, BXOMS~
mas B (2.5), cOnCPXUT POBHO m YCIeXoB A #—m neynad, Torna,
BOCTIONB3OBABINCh Popmynoit (2.1) ¢ N=2, p=p, p,=q, MK
TIOAYIHM, Y10 Jo0ast HenoYKa N3 MAEOXCCTRaA (2:5) IMeeT omHy
M TY X€ BepOATROCTD P ¢" ™, Paxmranrie nenoaxu B (2.5) or-
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JIMIAIOTCHA TONEKO PACTIVIOKCHHMEM YCIIEX0B B Heyaay, TaK Kak
ob1mee ACIO yonexos dHKCHPOBaHO, PacnonoXenue yenexos
H Heyaay ONHOIHAYHO ONPLHCNACICH BRIGOPOM M3 B MecT
MECT AV YCNEXoB. J1o MOXHO eaearh O cnocotamu. Orciona
B 13 dopMyTH (2.5) caeayer yreepXAcHHE TEOPEMH, TAK KAK
KaXaag Uenodxa B (2.5) ¥neer BepOSTHOCTD PRg™.

JAs TONTMHOMHAANLHOH CXeMBI C NTPOM3BOJLHLIM N BBeAeM
mqaﬁnmnmnmmg,pammemncxomnk, k=1,2,

., N. IloxaxeMm, 4TO .

n

P(E; M 83 = My ey By= My) = BT " B PR
2.7)

Tae My, m,, ..., My — HEOTPHIATENLHES HeNLIS THCAA, YXOB-
JIETBOPAIOINME YCIOBHIO My+my+...+my, = n. Jn18 OCTAMLHEX
sHadcHH m, nesaa qactsb (2.7) pasHa (. B xaxnoii uencmcn
¢4.. 1), ynonnermpmmeﬁ yenosmio (5, = m,, §,= s
&x m”), «I» BCTpedacTcd m, pas, «2» — m, pas, .. «N» — m”
pas. Cne,uona'menmo, BEPOATHOCTL Kaxzoili 'raxoﬁ LeNoYuKn
paBHa p, pM.."py¥ Uncno 1eNoTeK 3aMaHHOTO BHAZ MOXHO
HaiiT] cheZyIommIM obpazom: C, 'cnocobaMi MoXa10 BHOpaTh
H3 # MECT M, MCCT A7A <l»; mocmnmmcxn—m MecT MOXHO
BRIGpaTh C"* cnocoGaMi MECTa 1A «2% H T. ,n Orciona 06-
1Iee YUC0 HemoueK HYXHOTO HaM BHAA PABHO

S . S
"y Hy
o Com Gt ~xy, mim) .. "

H3 npupeacHALIX paccyxueHmnit caeayet dopmyna (2.7). Tipn
N = 2 ¢dopmyna (2.7) cornagaer ¢ (2.6).

sHa M A¢ cobuirme, cocrosinee B TOM, 410 B /-M
HCIIHTAHBH nomouuamnoﬁ CXeMEl NOABWNCT MCXOX N, H
AY = 40, Toraa, nonaras cHauana S={N}, a sarem S={1, 2,

N'l}. no dopumyne (2.3) HalineM
P (A = pp P (A0 = p+.cHPy .= 1Py
Qrcrona 1 w3 (2.2) noayauM
P (APAR...4D) = g7 (1—p—™,
ecan g,+&,+...4¢,= m. Taxum obpasom, nenouxn APAPD ... A9
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MOXHO NPHHSATH 33 «3JIeMeHETapHLe coGsTia» B cxeMe Bep-
HYIUTH © Py=p ¥ pt.. 4Py =4

Ipr # nonbGpacHBARHAX ATPANbHON KOCTH MBI MMeeM
MONHKOMHQIBHYIO cxeMy ¢ N = 6 u p=p,=..~p~1/6. Ecrm
TENEPh «YKPYNHHTL» AeMeATapHEIC coBRITIA, HalpAMEp pas-
JHYATH B LIETIOUKAX HCXOAOB B KAXNOM HCMEITAHHA TOVEKO «6»
H <He 6», To nomyuum cxeMy Bepaywm ¢ p = 1/6, g = 5/6.
Omnpaangack OT NOMHHOMHAMBHOHR cxeMul ¢ N MCXomami,
MOXHO NpH Gonee MeNKOM YKPYNHEHHHM IOMYSHTh HOBYIO
NONHHOMHPAABHYIO CXeMy ¢ YHCIOM RCX0Z0B OonpilieM HBYX.

OrmeTiM elle, YTO NOMIHOMHANLHAR CXCMA C P\™P,~...=
=p,#1/N cosnazact ¢o cxeMol caydaifHore BeGopa ¢ Bo3Epa-
1meHueM, onpefeneHHOi B § 1 171, 2 Ha OCHOBE KIacCHICCKOro
onpenencumst. Taxum o6pa3oM, onpeacncHHbe B § § 1. 2
eyalinble IHCHA MOXHO TAKXKS PacCMATPHBATE KaK PeaTH3a-
THIO HCORITAHHE IIOMIMHOMHANLHON CXeMEI ¢ PABHOBCPOSTHL~
MH ucxomamu 0, 1, 2, ..., 9.

§ 3. Ilpenenpumie TeOpeMH B cxexe Bepuyann

B NpHIOXKeHHAX YaCTO NPUXCIUTCH BLITHCAATh BEPOITHO-
CTH Pa3zTHIHKX COORITHH, CBASAHHLTY ¢ THCIOM YCIIEXOB B n
HCTMTAHNAX cXeMi BepHYH npn OomIunX 3Ha9eHHAX 1. B
3TOM CAydae BruciaeHmnd no dopmyne (2.6) craHomsTca
SaTPYAHHTENLHEIMEA. TPyaHOCTH BO3PACTAIOT, KOTAA NPHXOANT~
¢ elle CYMMHPOBATE BSPOATHOCTH (2.6). K cyMMApOBAHHIO
(2.6) ceoamrca BHMYMcACHME BepogTHOcTeli coOnrmuii Bmaa
{a<p,<b}. HeitcTRUTENBHO,

P =ZPw=m=2Pm. @1

3aTpynHERHS XIpPH BHYRC/NEHMAX BO3HHKAWT TAKXE NP
MaJbix SHAUCHHAX p HAK ¢,

Hnoraa npu Goasmux 72 ygaerca 3aMcHETH dopMyny
(2.6) xaxofi-mnbo npubnuxenHo# acuMITOTIMEcKOi dop-
mynoii. IIpuseaeM TPH NpeaciabHEES TEOPEMHE, coAepXa-
mye acHMITOTHYECKMe GOPMYIIEI ANs BepoaTHocTeH (2.6)
u (3.1) npu n—oo,

Teopema 3.1 (reopeMa ITyaccona). Ecme n > oo u p— 0
max, ymo np—i, § <A <o, mo
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P, =m) = O g™ —p, () =of &

npu sobom nocmosnnoM m, m= 0,1, 2, ...
HoxazarenrwcrBo. lonoxus np = A, mpencrasiM se-
posTHoCTE P (1t,= m) B BURE

B =m)= n(n—n...(n”;mﬂ) (2 v) (1_ _;,:_ )._.. _

- B2 2)0-2). (-2 )y

OTCI0na IPH 71 —00 HONYINM YTBEPKICHHC TCOPEMEL.
TasaM oOpa3zoM, IpH GONLINNX 7 ¥ MAJYEIX P ME MOXEM
BOCIIONB30BATHCA NpuOMDKeHHoO! dopMynol

P (1, =m) = 2o 6", 3 =np. (-2)

Hspectno (cm. 2], . 5, § 4, 1eopema 8, crp. 116), 1o
npu moboM MHOoXecTBe B {0, 1, 2, ...}

P @< B)—E', P(np) | < np?.

TIpupefenHOe HEPRBEHCTBO BEPHO % MOOLIX MHOXECTB B.
Ipu ncnonpiopauyy nputmxernol dopMyn J1g AEXHBA-
AYANBHEIX BeposTHOCTel OmMOKHM Moryr OLITh 3HATHTCABHO
MeHbpe. JIng cpaBHCHHAS TOYHHMX M NPUOMMXeHHMY IHAYC-
Huil NpHBeneM CASAYIOMYIO TAOIHIKY:

] 0 1 2 3 4 5

2.(np) | 0,1353 | 0,2707 10,2707 | 0,105 [ 0,0902] 0,0361
Plu,=m} | 0,1074 | 0,2684 | 0,3020 | 0,2013 | 0,0880} 0,0264
Plp,=m}] 0,1326 | 0,2707 | 0,2734 | 0,1823 0,0902] 0,0353

Tpn » =10 sepoarnocTu P{p ~m}erraucaent g p =1/5 (up*
= 0,4), a npu 1 =100 — zna p = 1/50 (np?= 0,04).

Ecau Mano 3sHadeHHe ¢, TC NYACCOHOBCKMM NpHOMuKe~
HHEM MOXHO BOCIIONIBL3OBATHCA JUIA IUCHA Heymad. B cay-
yae, xoraa o6a napaMerpa p M ¢ 3aMCTHO OTARYHH ot 0,
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HCnoMp3yoTcH TeopeMu Myarpa—Jlannaca (loKansHas X
MHTerpaarBas).
Boenem dyrkorm ¢{x) B O(x) m.uymm;nm PABEHCTRAMY;

1 .E
o= e s, o= etuyan.
Teopema 3.2, (noxanpras Teopema Myaspa—Jlanna-
ca; Ecau n «»00, p (0<p<1) nocmoanno, eesuuuna x,= =(m+-
np)/inpg ozpanuwena paewomepno no m u n
(—o0 <a £ x, 5 b<+00), mo
P (2,= m) = o(x, )1+ (m))Nnpg,
2de | o |KC/Nn npu x, € a,b], C >0 — nocmosunas.
HdokasaTenscTso. Koabdmment (7 b (2.6) sammmen
B BAOS
nt
= in—i* 33)
Tak kag
m=np+x,;4 A n-m“—'nq—xnﬂnpq,

T0, BOCcHonb3oBasuiuch dopmynoi CtmpnuHra
In ni=in VI%% + # In n-n+0{<), (3.4

nonyum
In md = 1m2nm+ (np+x,Nnpq) In(np+x Nnpg)—
—np-xmpz+o(L), G
In(n—m)i=1nv2n(n—m)+
+(ng~x N7pg)in(ng—x_Nnpg)—
—ng+x,Vnpg+ ().

Jlorapudmu B (3.5) npu nomomn dopmynsr In (1+x)=
= x—x3/2+ 0(x?) ’3anuiicM B BUAC
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In(np+x N7pg) = In np+n( 1+x,-\[;%)=

=In np+x,,\[ "_e; - _;'a- %+d;ﬁ), (3.6)

In(ng—x _Vnpq) =

=1In nq-xﬂ‘\!%— f;—ﬂ-”% +0(ﬂ%q—; )

VTBepEIOeHHE TeOpeMul MOXHO NONy4HTsh M3 (2.6), (3.3)—
(3.6).

ITpu xavecTBeHHON OLeHKe YCIOBuUil MPUMEHUMOCTH NPH-
Gmmrxensol dopMymax

P (1,= m) = o(x,)/ \npg G7

HYXHO OUCHHTD BE/INGMHY OCTATOYHEIX WIeHOR B (3.6). Ilpu »
-3 CYMMa OCTATOYHBIX WICHOB cTpeMETCH K 0 npy moSx
duxcHpopaHEHX p K ¢, 0<p<1. OaHaKo NpH KOHEYHKIX 3Ha~
YOHHSIX # CYMMA OCTATOUHAIX WICHOB MOXeT BLITE 0YeRk GOME-
moil, ecxn p ANA g Manu. Xopoinxe npuimoxeHus dopMyna
(3.7) paer npu p=¢=1/2. Ecnu B 3T0M CNyuae nponecTH Gonee
TOMHYIO OLEHKY OCTATOYHOIO WIeHa, To B dopMynupoBke
TeopeMB! MOXHO 3aMenuTs | o, | <C/¥n nHa | o, | <C/n. Dopmy-
ny (3.7) 4acTo Hcnone3ywT npH n>100 B npg>20. Vkaza-
HHs O IpaHHDax NpuMeHunMocTH dopmyn (3.2) m (3.7)
ABNAIOTCH O4U¢HL NPAGIHXCHHNMHE H HOCAT CKOpee Ka-
Ye¢CTBCHHLIH XapaKkTep; K HEM CHIeAYST OTHOCHTLCA C OC-
TOPOXHOCTHIO.

OTMETHM €108, 9T0 B YCIOBHAX TeopeMH 3.2 ¥3 Toro, 910 B
—~»e0, CHIGAYET CTpEMACHHE K GECKOHOTHOCTH M. BTO 3HAMUT,
a10 m ¥ 1 B (3.7) JOTDKHEI OT/INIATLCS APYT OT APYTa He OUYeHb
CHNbHO; HanpuMep, and P(u= 0) noxamsHas Teopema aaer
nnoxoe NpriamKeHNe.

TeopewMa 3.3 (uHTerpamHasn TeopeMa Myaspa—Jlanna-
ca). Eeau p, 0 <p <1, nocmosnso, mo npu n—rco

-
B, —np _ 1 »
P(as\,_._sb) Tz;‘,[e"? dx =0
pasrHomepro no a, b, —° £ a< bh< teo,
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HoxazaTenscTBO. JoxkaxeM TCOpPeMy CHauana mpH
(GHKCHPOBAHHEIX @, b, —co <a < b<+o0, OueBUAHO, YTO BEPO-

momooﬁurm(asﬂ:r:—"ﬁsﬂmoupencmmsnme

Plas -t Sb) P b= 2 P@u=m, (33

asx,5b

-“
e X, = -—-n,__ CYMMHPOBAHHE PACIIPOCTPAHACTCH HA IHaYe~
HHA m, .w,un%mpmx €[a, b]. Hpmveras K caaracMeu (3.8)
JNOKAJILHYIO TEOPEMY, TIOMYTIM

P(a, b=S5+T, (3.9)
me
=X .
x.c {a, blq’(x %
’=xhe§,’ ’ .(M) Q(x.) Tﬂ-r
o(x)= 423_ e lg
Tax xax

—mtl-mp_m—np
L >~ e ﬁ

10 .5, MOXHO 3AIIACATH B BUIS CYMMEI
Z o) ax
xala b)

KoTopag OTNHuaeTca He Gonee WoM ABYMA ClaraeMLIMM OT
HomxonsmtuM obpazoM mﬁp&gnnoﬁ HHTETpansHON CyMME,

cooTBeTCTRYIOINEH MHTerpany | ¢(x) dx. CrenoBatemsuo,
a

lim S§= j px)dx. (3.10)
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Hcenomsya onesixy ana o, (m) 23 HOKANEHON Teopenst, momy-
M

115 Z etz lomis &5,

TaxaM 06pasoM, IpH 1 —oo ,
T, -0 (3.11)

VTBepXICHNE TeOpeMH JUIS NOCTOAHHMX &, & CNeayeT B3

dopmyn (3.8)—(3.11).
W3 noxa3aHHOIO R M3 TeopeMH 2.4 . 7 cieqyeT paBHO-
Mepmas no a u & cxopumocts. IprOmxemnan dopMyna

]
P(as% <b) -! $0) dx =0(b)—0(a) G.12)
HCTIONB3YCTCH B TOX CYIANAX, KOIAA BOSMOXHO HCIONLI0BA-

HEe (3.7). UncnenHoe 3EaYCHAe MHTCIPAa MOXHO Haltra, ecmx
BOCTIONBAOBaTLeA Tabmuel 2 e dyaxmmm

- "4
Oy(x)= I ¢ Tdu. (3.13)
Dpu HeConpIIMX 3HRUYCHEAX npg npubmuxernyo dopmMyny
(3.12) nyxuo 3aMenETE cneayomeit dopmynod (em. (18], m.
7, § 2, cp. 189):
- 1
P(ﬁ*'—l\f.—ﬁ;_'.g sb) ~ Q(Hm)—-w(a- z—l\(ﬁ). (3.19)

IIpuBeaeM TabIHMEH TOYHHX A NPHOIHMeHHKX 3Ha9cHM
BepofTHocTe ! cobmmidi {m, < 1, S m}. omoxwm

P (m, m) =Pim, <p, < m} =P{xs % sc},
Fi(my, m)) = &(6)—0(x)),
(o2 )-0(x-2)
Pi(my, m) = Olx, 45 )—0\x; 2 b

e b= 1/Nnpq, x,=(m,—np)k, x,=(m;~np)h. Ucnonbaya Tabmu-
ny 2 ans d’.(x)g dlongm (ﬁ), ';lf'mlgm: ‘
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ayn=10
J m, m, 0;2 35 68 9; 10
| P(m, m)] 0,6778 | 0,3158 | 0,0064 | 0,0000
0,2 | P(m, m)| 0,4429 | 0,2059 | 0,0007 | 90,0000
P(m, m)| 0,6316 | 0,3455 | 0,0029 | 0,0000
P(m, m)| 0,0547 | 0,5684 | 0,3662 | 0,0107
0,5 | Pm, m)|0,0277 | 0,3980 | 0,2356 | 0,0057
P,(m, m)| 0,0558 | 0,5696 | 0,3651 | 0,0133
6) =100, p=0,2
m,m | 0;9 |10; i3] 16; 20 | 21; 25 | 26; 30| 31; 40 |
P(m, m)|0,0023 | 0,1262 | 06,4310 0,3531| 0,0814| 0,0061
P, (m,, m;)| 0,0030 | 0,0994 | 0,3413 ]| 0,2957 | 0,0606 | 0,0030
P, (m,, m}| 0,0020 | 0,1250 | 0,4223 | 0,3480 | 0,0795| 0,0043
B) n= 100, p= 0,5
m, m, 30; 35 36; 40 41; 45 46; 50
P(m,m) | 06,0017 | 00267 | 0,157 | 0,3557
P(m, m)| 0,0013 | 0,022 | 0,1227 | 02881
P(m,m)| 0,0018 | 00269 | 0,153 | 0,3558

QopMyna (3.12) mo3sofiseT otewirts GAM3IOCTH YACTOTH B
sepogTaocTH. IIyers p — BEpOATHOCTS Yonexa B cxeMe Bep-
HY/LH H 1, — obinee sHcno yenexos. YacTorol yerexa HasH-
BalOT oTHOWICHHe i, /n, OLEHHEM BEPOATHOCTH COOHTHA
(l -',’;-‘ --p|<A). Ec/m 1 JocTRTOIHO BOMMKO, TO MOXXHO BOC-
nonssosarscs opmynoit (3.12). Toraa

3
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p(| 22— 5| <a) ==P(-—A\{— < Bl <A'\I_)==

e
3 \é & dx=2¢o(a\f;,;), - (.15)

-A

TaK KAK @ynma}%- ¢ 3 uetnas, 3navenye d’,(A‘\{% )

Haxoaurcea No Tabme B XOHO® KHHATH.

YacTo BosHuKAeT ofpaTHAA 3a0a%a: CKOMBKO HyXHO Ipo-
BECTH MCOWTanu#, Yrobul 9acToTa |, /# OTIHYANACE OT BEpo-
ATHOCTH p He Gonsime ueM Ha A ¢ seposTHocTRIO 120 (ot
mano)? Taxoro THma 3a1a% BO3HHKAIOT IPK HCHOAB3OBAHHH
metrona Monre-Kapsio (MCTOA CTATHCTAYCCKAX ACIIMITAHHIN).
Hineq MeTONa 2AKMCY2STCS B MOSMPOBIHIM CAYIALHOrO IMpo-
necca B MOCIeEOBATeIFHOCTH HCTIBITaHMIE, BCPOATHOCTHEIS
XapaKTCPUCTHKHM KOTOPLIX BPOCTO CRA3AHA C MIOMICKAIUMY
BHYHCAeHNIO BemrdauHaMi. Ecom muoro pa3 Gpocars uray,
KXaK omicao B 3agade Biobdona (cm. § 3 m. 2), To wmactora p, /o
OyaeT Mano OTMIATECS OT BEPOATHOCTH P IISpeceIcHHA AOM
xaxoii-muGo maran. 35a9 BeHIAHY OTKNOHCHRA b, /7t OT P,
MOXHO OLICHHTD CITHOKY B ONPCACIACHIN 9HCAA X. B TakKHX
3a7a9aX €CTeCTBSHHO CUHTATh P HeHIBSCTHRIM. Torma, Srodn:
nopofpats HaUMeHSIEee R, NIPH KOTOPOM BEPOATHOCTH
OTXIOHeHHq 6yaer parHa 1—2o, HyXdHO, cornacHo (3.14), pe-
UINTH YPABHCHHE

20,(aV 2 )=1-20.

PexieHne Gyzer saBMcers OT HeH3BecTHoro p. OT 3roif
3aBHCHMOCTH MOXHO H30aBHTYCA, €C/M IOTPeSoBATh, ITOOH

Pl - 5l<a) 21-20.
Torna 13 (3.15), ucnons3yy HepaseHCTBO pg <1/4, nosxyamM

p (L - 5| <a) =20,(aV5g )= 26, (2aVE)=1~20
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H ANA onpencincHuR n GyaeM HMeTh YpABHEHMHS ¢°(2A\f;)=

= _1.‘.‘52_.“ . Ho Tabmume 3 MOXHO HaliT# ¥,, AN KOTOPHX

S (u)= l-22¢ . Toraa 2AVn = u, ® n 2 u} /442, obonsso
9ACTO HCTIONB3YIOTCA 3HaYeHud 2o, pasame 0,05 u 0,01, fina
STHX 3HaYeHHIi cooTBeTCTRY0OINNC ¥, PaBHM 1,960 1 2,576.

B 3axage ¢ mraoit BoBce He 00A3aTEIRHO HPOBOAKTS peaih-
Hble TORGpachIBaHMA NIV, MOX30 3T0T mpopece MoAe/Hpo-
BaTh; HAIPUMEP, KCMIOTH3YA CyIaliHble WM NCceRRoCHyqaii-
HuE YHeNa, HonyanTs Ha DBM nocneropare b HOCTD BeNIHH
(@p x), k= 1,2, ..., n{cm. § 3 m. 2), 3a08101HX NONOXCHHE
HIZIN, ¥ BRIYHACNTE JACTOTY HepecedcHInl,

§ 4. BecxoneTHLIE DOCNCROBATEALHOCTH HESABNCHAMBIX
HCnMTARN

B0 MHOTHX EHTCDCCHBX 3a1AMAX TPHXOAHICA PACCMATPHBATE Gecxoney-
HHe MOCHEROPATILHOCTH MCNNTAHAR, OrpaHuHMer paccMOTPERHEM TTOC-
JEROBATENEROCTH HenuTankil Bepryms. Yoemexn H HeyasuH Mul Gyaex ofo-
anavuars 1 #t 0 cooreercreenno. Ilonoxum

Q-{(‘l'zlooi’onn): ike {0; 1}, k a 1’ 2’ ..O}l (4.1)

OfoanauuM ¥ MEHHMATERYI0 O-arelpy coGumudl, TOpoOXTaeNyD cO-

ORTIOMM BHA
AFh = (i p): =8 o =) (42)

B cayuse Me3aBRCHMEIX HCIThrTanmi

PUE) = 2, p,,... B, 4.3)

TAE Py Py — BEPOATHOCTH HCXOAOB O H 1 B OTAESKHHOM MCIOETAHMH (p), Py 2
0, p,+p,=1). OneTHM 63 ROKAIATENECTEA *, W10 paseHcrsa (4.3) oaroIHad-
HO Olpeie/sioT BepOATHOCT: HA pacoMarpusaemol o-amrebpe ¥, nopox-
dewHol MHoxecrnamu (4.2). Taxum ofpason, yTRepRAZCTCS JMINE CYie-
CTBOBAHKE POPOATHOCTH; anHoR dopMynsl, noacOnoit dopuMymaM m. 2, Ana
BEMWCICHHS BEPOSTHOCTH DPOMIBOMBHOIO COGRITHA B PACCMATPUBAEMOM
e Het. BepoSTHOCTH cOURTIE 4, HacTYIURHHNG KOTOPEX ONpoNenIercs

* ITocrpoerite MPOSTHOCTHNX NMPOCIPAHCTS A NPOCTeHINHX CXeM Npo-
Befteno B D1 2. Ana GecKONEUMEIX ITOCIEAOBATEBHOCTON
mocrpoennd smoTea Gonee cnoxmanMi (e, A H. Komuoropos [§]).
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me Gonee wout & p ucnumanmit (a1, 2, 3, ...), MOXHO BErDICISTE Bo OPMUYS
(4.3). BepoaTmocTn coluTuit, KOTOpHE MOXHO IDEHCTARETR UeDesd
MOHOTOHHEN NOCHSTOBSTEALHOCTN COGHTAR A4, BEMECAMOTCE N0 opMyne
3.11).

pesxa [0, a] muzxercs “merHita. OGOSEAAM §, 90 XOODMMHATY B MOMCHY
Bpeslonk ¢ (¢t = 0, 1, 2, ...). JssuxenyeM WMCTHIM YIPAREET GeckOHCTHAT
TOTICROBETEAEHOCTE HEARNCHMEX HCIETAERE ¢ Mmysa soxomas 1 & ~1.

HO<ELm
g,—l.ewmnr-ummmmm -1
Hn>§ >0,

Ecotmt §,=° 0 s §,= # MPH HOKOTOPOM {, TO USCTHIIA HABCETHA OCTAESTCR
B 5THX TouXaX. ByneM mpennomaraTs, o E, = k.

Oﬁommpnqnepomoﬂumln-lmm

Iycth A — coOHTHE, COCTOANICS B TOM, YTO YACTHMA KOorma-HHOyAs
ttonazer B Touxy #. Hac OyAer HETEDECOBATE BEPOSTHOCTS %, = P(4).

ChopuymposauyIo 33047y MOXRO HUTePApPETHDOBATH XAK 33A9Y ©
pasopensn ¥rpoxa. Hycrs » Hauans Hrps 1-H mrpox mmeer R pyGnelt, a
sropoft Hrpox —(p—£k) pyGreit. Echm npe Gpocans¥ Mozers (Wid XOCTH)
BEmAN Tepl (W1 «6), TO MeppEdi HTPOK moayyaer 1 pyGme (310 cooTmer-
CTBYeT ARIDKEHHI0 YBCTHIN BIpARD), & B NPOTHREOM cnyyse omnaeT I pytins
(ueraxoniie CACTHUL RIeB0). JIOIMOIIeAHI0 YACTHINN Ka NPABOM KOHIE CO-
OTBCTCYBYCT BAVIPHIN WEPROIO RFPOKa.

Tiomomm £, (9 = P(E,» n). Jing paccuarpimaeMoro GryNamig A0~
BOTLHO OYCEMANO, YT0 YC/IORHAR BEpORTHOCTS columnx (.., =n] npH yono-
BHH, YTO TIOPRLIM NepeXofoM YacTHINE OHN mepexox w3 X 3 k1, panus
Geayonornofl peposTHOCTH coGLTna {§=n} B cxeMe CRAYXRAHNA, HATMHAK-
mrefics ®3 Touxm: A+, T. 6.

{ E41, ecnn B /-M HCMETARUK NOSEHNACH 1
L.

PG, =n|§=ktl) = Teein ®, “.49)
H, AHAAOTITTHO,
PEu=n|§=k-)=n_ 0, 4.5)

Joxaxes, RanpeMop, paperciae (4.4). OGoamawint Ble, e, .4, ) colini-
THS, COCTOLINSS B TOM, YTO £, €, ... €, ABTI0TCH HCXONAMA NCPINK # HCILITS-
ik (g, = ~—1; 1, 8= 1, .., ). Hooxwrw p{e) = p, ecnit g, = 1, p (€ Y=g, ecqu
¢, = —1, Iycrs uaCTHIA MaMHEIeT GnyxasHme M3 TODM K. OGosuains
C (1, v} MUOXRCTBO NMoCRNOBMTIEHOCTOR o, By, .y ¥, YIORACTBODIOIMEX
yonosume 1) =1 wm upl (=1, ..., ¥); 2) cymecrsyer s, I £ 1< v, Taxne,
gro Myt 2 p o O<Hu e < (1 £ 559).

B MOMEKT EPSMEHH § TOCTHII OXANRTCA B TOHKS 21, OCTH (€,8,..8) €C(X, ).
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Oneoriné eme, 1o P(B (¢,...e, )=, ] P (g). Hcnomsayn casawRine Inuen-

HNE, 1A MACTHIM, HauMHaminell GAYXALHEAR N3 TOUKN X, MOMyIMM
t+1

P{G =\ E =k D= P(Bley.. £, V=2 X" ] 2le)
P& =k+1}=P{B(D)}=p, (45)

PRu=nl &= kt1) = Z° I] ote,).

3necsk cHMBONOM X* 0560IHASCHO CYMMBPORINHO 710 BCEM IRNIOUMXAM (€, ...,
€y} € C(k+], H. Bt wacTita EeanHaer Gmyxaamne as K+, 10

T, o = P&,= m} = 2% [] ote), %)

e conuzanoM £** ofoammuesio CYMMBDORBAHHS N0 BeeM (e, ..., £) € C(k+1, 9.
Ouesiptuo, uro hpashe 4acTH (4.6) 1 (4.7) cosuaumor. Papencrso (4.4)
BOKA3AHO,

ITo dopMyne ROMHOM BeposTHOCTH

P&, = n) = PE, = kt+1) P(gm" n| g;' kt1)+
+PE, = k1) PE,,=n]| &= k1), “4.8)

Tax kax E,=Fk, 10 P(§, = &+1) = p, P(E, = k~1)=g, Hcnomsya I1i paseH-
CTBA K pasencrea (4.4), (4.5), sanumex (4.3) B paje

T (t+1) = pm,, (Dtem,, (D, k=12, .., rr-l 4.9)
JameTHM, 9TO
SNeEnc.cEna . no..
K 4 =\}(E=n). Taxine ofpazom, no Gopuyne (1.3.11)
r=t 7, = P(d) = lim PE,~=n) = Lim ().

t=tw

ITepexoBd K Opeaeny NpH § =3 oo B (4.9), monynos
K™ Py JHan, k=1, 2, ., n—1.

mm&—mmmwmsm
ueaameMct 93 100 K, 10 %0, x_=1. Taxde ofpaoM, BEPORTHOCTS .,
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paccUNpHEIEMAT KAK ¢YHEINS OF K, uiNerck periiehmest nieRNOm0 0AKOpOA-
HOTO YpaDHicHNA B KOHOYRHX PAIHOCINX C IOCTORHEHEME Koabdeipierramw

Pl = 0, (4.10)

YEOBICTRODANDIAM FPANNIHEM YoenosnaM f,=0, fi=1. Teopug Taxmx ypan-
serult (¢, A. O, I'emwdonx [3]) So MHoroM aHANOTHIHAE TOOPHH JRHeltg
JuGepeHINANLHEX YPaBHCHEK ¢ NOCTOSHHLINT KoXDOMITHeHTAME.
Hycrs cuwuama p # ¢. Tloacrasmn /™ A* B ypasHerme (4.10), nomynna
Patti=)tigit-lm () gt pAt—1+g = 0. Kopye 31010 YpasHeHNS ARITIOTCK

-1 A= MmN 4.10).
?Iln &, = ¢/p. Crienonaremsia, GYEKIHH Af B A} yRoRmerBopwT (4.10)

5= GAHG @.11)

mpu moGux €, G, Toxe sxmercx pemerueM. Fenonssys yonosma = 0 u
J=1L, s (A1) nput kK = O H X = 51 nonmyInM

C+C=0, C,He/prC-1.
Orcoma k 13 (4.11) naxogas
7,=(1—(a/pY)/(1—(a/pY). 4.12)

BepoatiocTd MODIOMEHHE HA JiIeBOM KORLE T, ToXe YIomieTsopaioT (4.10),
HO K3 05iMero penteHid (4.11) HYXHO BEIEIHTD pellieHHS ¢ f,= L1 f,= 0,
Ompenemas n3 oTEX yonomuit G # €, momywms

%= ((¢/p)—(a/pY/(1—(a/pPY)-

Tak KaK x4+, = I, 70 GIyXIasue JAKOMUHICH © PePOATHOCTED 1.
IIycty Temeps p=g=1/2. B 3r0M cayuas A, = A, = 1 ¥ peurenne (4.10)
HYXHO HCEATS B BHS
Ji= C+kC,.

Henonsays rpaHAuAES YCIOBRS, YONYTHM
o= &, mg=l— k, (4.13)
B cxeme GnyxnaHKs N0 LRNIHM TOYKAM NIPpAMON ¢ momontene TSRS
B Hyne (B M NODIONCHH® He MPOHCXOXHT) BEPOATHOCTE IONACTE KOIZA-
HHGYAE B # PABHA BEPOATHOCTH T, REIHCICHHOM KNF CXeMEL ¢ ROIIONICHACM
B Hyne M B 2. BepoSTHOCTR TOrO, IO GACTHHA TOCHBACT BO BCEX TOMKAX

npasee X, pania
- o’ o q a pl
m=lim ":f{ 1-(g/p, & g < p.

SToT PEIYALTAT 1R NPOTHBOPENNT AHTYRTHSHEM BpexcriateHnmd. Ecnn
XEuxeiie Bpaso Gafes MpOATHO, YSM RIEBO, TO ¢ ROJOXUTSILHON Mo~
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ATHOCTEIO YACTHIR MOXST YHTH RIPABO; B NPOTHEHOM CIIyIRe ¢ BepOSTHOC-
70 1 KonsGasua OfpaHiMeHE B NMPOHCKOANT MOMONEHMS B Hyse.

Jazaum & raase 4

1. [Isa HIpoKa NMOOUCPENHO HIBACKANT MapH (663 BO3BPAMICHKS) W3
YDHH, coacpXainett 2 Gekix B 4 JepiilX miapa. BEMTPIIBACT TOT, K10 MepAta
srover Gemnlt map, Halimw peposrTHOCTS RENTDHIS YIACTHHIN, HAMASMEro
HIpY.

2. Isa mrpoxa HOUHRPEIHO HIAEKANT Hinplt (Ge3 BOBPATISHEA) K3 YPHEL,
comepxameti 2 Cemax mapa, 4 weprix H 1 xpacanil. BengaprisaeT TOT, XI0
IreppE0¢ BEDder Sennilt nap. B mogIReTcd KPECHHH DIap, TO ofmannserca

poit yzacrank), B={nipa saxoryures Brrmo}. Haltra (P(4,), P(4,), P(B).

3. M3 ypun, comepxantelt Af Oentax it N—Af qepHEIX WIAPOR, IO OTHOMY
3 DOIPPANICHHA H3BANeXALT Boe mapH. Halitw nepoArHocTH cOGHTRiL:

A=kt wap Genealt},
B, F{&-t v FHi maput Gemmre},
C, m(k-H map gepuntlt, a Fi — Cermalt),

Yxazauue. lycrs 4 (4°) ~ coGumwe, cocroamies B ToM, uro ik
niap gephnli (Genrafty, M3 paBHOBEPOSTHOCTH SMEMEHTAPHEX COGHTHA
Agll 4" Al' ¥ tey= M, £,= 0, 1) crexyer, o P(4,) = P(4,),
BB, ) = P(B, ,), P(C, ) = P(C, ;). BocnaNsioBathe papecIpamit B, , =
= A A?), C,‘,BA(:’AC:’ H onpeAecHEeM GIydAitHOrO BRGOPA 8 TEPMHHAX
YCROBHHX BepostHocTedt (cum. § 1).

4. TIponeseno 10 HEIABHCHMLIX HOULITAHHE, XAKIO0 HI KOTOPHX 32KIN0-
YaeTCH B OTHOBpeMeHHOM HOASPACHBAHHE TpeX HIDANBHEEX kocrell. Hailiry
BEPOATHOCTE TOIO, IO B HeTHDCX ICHBITANMEX NOAENTCA B TOUHOCTH IO ABe
*‘

5. Ilpn nmepepaue cooGIMESHMA BEPOATHOCTE MCKANEHRHA ONHOID JHAKA
pasHa 1/100. B npeamonmoXeHH HCIABHCHMOCTH HCKALeHHA JHAKOS RafTi
BEpOATHOCTH TOIV, YT0 COoODmMENNe #3 5 SHAKOE: B) Ke Gyfior Mckaxeno; §)
COACPAMT POBHO QNHO MCKAXKCHHE; B} COACPEMT XOTH GLI ARI MCKAKSHHA.

6. CROpKO HYXHO BATEH cyMaliHRY ukcenr, YTOSH YHCAO «G» IOKDN.
JIOCh X0TA GH OAHYM pa3 ¢ BEpPOSTHOCTLIO, Me MeHhmelt a) 0,7; 6) 0,97

7. B Mexoropoit NoTepee BEPOSTHOCTh REATPHINS Ha 0ZMH GHIIST PDABHA
1/5. Tlpeanonarak, YT0 BSMIPHITH HA Pa3TANHES. CHIETH HMeMaBHCHMN,
ofipekeiath 9ACHO OHIASTOD A, KOTODO® HYXMO KYMNKTH, 4TOOH
seposTRocTs O (7) NomyweHHs XoTq 6K OXHOIO BHHIPLIEA GHAA HE MCHbIIS
2) 0,65; 6) 0,9; 5) 0,99.

Halime raxxe @ () B 218X Cnytaax.

8. Cpepn SAf Gunerop M eumrpennmix. Haitra sepoaraocts {2 () Tor0,
Y10 CPEAH 7 KYIUIHHEX GANETOB €CTh XOTH Ol OMMH DRHTPRMINEN. B«
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qucaere Q (7)) npi 1) A= 3; 2) M = 10 anu 5, ORpERENCHRLIX B 300890 7 B
caynx a), 6), B).

9. Haltty PepOSTHOCTE TOIO, IO B ## HCOETINRGX cxemu Bepuynny ¢
BEPOSTHOCTRIO YCIIOXA P NOABHTCE M+l yenexos, npagea /ycneXod NOSART-
o B / DOCHEXHER HCETAHNAX,

18. Jizoe GpocanT MoHETY HO 2p23. Hafith BepORTHOCTE TOID, Y10 ¥ ANX
ELIZAeT ONMHAKOBOS WHCHD repGon,

11. M3 unoxecyaa §+{1, 2, ..., »} RREpIETCH NOAMHOXECTRO A, TAK, Y10
Kaanlt aneMoRT M3 § HeIABACHMG OT OCTANLHLX ¢ BEPORTHOCTEK P EXINAR~
CICH B MHOKECTEO of; H ¢ BEPOSTHOCTED § ™ 1-—-p He BXTHMALTCE. ABAURIMY-
HEM oSpaioM HESEUNCHMO Of of, EUGApACTCE DOMMIOXSCTRO of. Haktth pe-
PORIHOCTS COBEIIGE a) of Mg ™ &; 6) MHOXECTEO o, N of; CocTONT B3 k(X
=0, 1, 2, ..., #) anoMeHTOR (T. €. ke, N o] = &); 3) b4 >Le) o p =g = 172,

Yxasanne.a)ﬂmnll{u,l L)

12. Ha otpesox {0, 10]naymﬂpomm5mﬂm
TOT0, O ZBe ToHXM TORATYT B {0, 2], omia — B (2, 3], Ave — 3 [3, 10).

13, B xpyT BuRcaH Xpaapar. KaxoBa BEpOSTHOCTD TOIO, WTO 3 10 Touerx,
GpoIneHMLIX HAYRAYY B EDYT, “ICTHDS NONSAYT B KDAAPAT, TPK — B ONHH
CETMOMT B M0 OHOR — B OCTARIIMGCR TPH CEIMEHTA?

14. Ilyers §, ~ Teno MoABieRHH HEX0Z0B X B B HCITHTAHREX TIITKHO-
sorumnoft cxead. Hafitw: 1) PR, = m,); 2) P&, = m,, ..., §,=2 mE, = m),
ecnm p,, k= §, ..., N, — BepOSTHOCT: NOARNCHEA HCX0AA X B OHOM ACHEH-~
TARKN.

¥Yxazanue. 1) Hpocyuumponars {2.7) BTN HCHONBIOBETE DIAMMIHYI
FEIABUCHMOCTS COBHTHI q:’, {’, oy {". me e~ 0,1,

3"’={n M BECIHTANMM ROARKNACA HeXOR 1),
BP={s -4 HOILTTAHKE HCXOR 1 He moxRamCH).

2y Hcnomsaozsars 1) u dopuyny (2.7).

15. M3 uriookectsa $={1, 2, ..., #} RRGHPARTCE ARA NOAUHONECTRS o, H
oy TAE, MTO KAXM BNEMENT B3 5 HCSABHCKMO 0T OCTATRHER © BEPOSTHO-
CTHD P, EKTIOUALTCS TOMLKO B of;y € BEPOATHOCTRIO P, — B 062 MOAMHOXECTER,
€ BEPOATHOCTHN Py ~— TONEKO B oy H © BEPOATHOCTLIO p,™ 1= pi—P—p; HO
BEMOYaeTSd HY B OAHO K3 mogMnoxecTs. Hality BepoAsTHOCTH coSnrmuit:
')40-‘;'0'5)%“-4 LB Mi=lg=1

B rafionue cryqaiEsy secell mudpi CIpyINEpoBATH 110 Aue. Haltta
mu&m:memummmmmm.mMMHapmmol
BCTPETHTCE He MeKee Tpex pa3.

17. Bpotitetio 6 npasmHRX WIpEIAHEX Kocrell. Kakosa seposTHOCTE
sumnenas: 1) xont 68 ofHol; 2) poreo ofuoll; 3) PoBRHO HBYX eNMHHLT?
Hallrg TOMHNS IJAAICHAE H CPABHNTE MX CO AHISCHRAME, BRMNCIOREENMY
no dopuyne Ilyaccona,

18. Cioxo H3:0M3 XOIKHA B CPEHEM CoRtepXars Gy0UKs, ‘TTOTH Be-
PORTHOCTE HMeTh Xomi Oni ofuy HaoMmHy 8 Gynouxe GLima He MeHes 0,997
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19. BepoRTHOCTS NONATAHNA B LaNs IDH KXRZ0M BCTpene pasna 0,001,
HafiTH B3EPOATHOCTE IONAZARNA 3 [X/Ih ABYMSE H Oomce RuCTpe/mME Hpst
aamme B 5000 suicTpenos.

20. Hadtry npuGnuxexHoe RHPAKEHNS TOTO, YTO MNCID RRmaAeHui «1»
npH 12 000 Gpocanull mrpantiol xocTH saxmosero Mexay 1900 g 2150,

21. B nocemxe 4 2500 xwresell, Kaxouli 23 EMX npEMepHO 6 pas B
MecHll eMTHT B ropod B, BafHpas AHM DOCIOK N0 CHymHMM MOTHMM
Hex:aRuCcHMO OT ocTameiix xereneil. Kaxnli gamentmstil BuecTaretLioc-
TEIO DOIKEH OGITATATD moe3l, YTolE O NMEPCIFONIHATCK B CPCAHCM B0 wame
oanoro paia 3 100 auefi? (Iloean uaer pas » cyTx)

22, M3 rofoar cnysaffHHE THOST OTGKPAIOT MHCNA, AUKITReCK Ha 4,
2O TOX ITOp, MOXA He HaGepercx 588. Haltryt mprGmcse 0o JHAYCHIE BepO-
ATHOCTH TOrg, YT0 morpelyerca Talnuina, conepxaman Ke Mesnure 2100
YHCETE.

VEkazargnme. Ilycts v — Wmicno wncen B Tpelyenolt TaGmine; o, —
SDICO THCST, NOMEIMEXCE HA 4, CPEXIt X Hoen Tabmuma (# = 2100). Mc-
nO/M30BaTE paneEcTRo Py 2 n) = P, < 588).

23, Putax zaGpocan cithaisy 100 pas. Kakoss beposocys Toro, 410
on notivan xors 6x oxy pRty, ecTE oA Frfa IPEXOIATCE B CPSHeM Ha
200 aa0pacsBanmit?

24. Ise Moners GpocalOT B0 TeX NOP, NMOKA He BHmAKeT repl xomx GH ¥
oxeolt 3 Hux, Hafttd sepogTHOCTS TOIO, 470 Gyiter nposexeso »# Gpocansit
(n=1,2,..)

25, MoneTty GpocanT X0 TEX OP, NOKA (63 Pa3s TORPAL ORI HO BUTIARCT
oxmolt & Toff xe croponok. Haftra pepoamHocTH cobarrhil: 1) ONET 3aK0H-
wred Ko Gosiee ueM 33 4 GpocaHMy; 2) ONHT 3AKOHYHTCA 34 YCTHOC YHCIO
Opocaunit,

26. pe urpamune koorM Gpocawica Io TeX Nop, NOXE BNEpBEE HR
HRYX KOCTSX He BEITATET CYMMA 0NKOB, MCHLIMA MecTH. KaxoBa BEpOSTHOCTE
TOT0, W0 NpH RocnexueM GPOCAHNE CYMMA OYKOB HES MEHENS TDEX?

27. Henonssyt TalHLy 7, BSHMHCATS peanmsanid Spocanuit cHMMer-
prHolt MOReTH. JUTHEY peanuiansd & mogofpats mE, 1ol ¥ACTOTA BH-
nancwuit repGa ormranack oT 1/2 we Gojies wes Ha A = 0,1 ¢ meposTHOC-
TH0, ApAMepEo parnoil 0,9, Tlo peamEamg SETHCTETE YACTOTY BhTEATeHIt
repBa.

8. Hcnomays TGy 7, ssnxcats N peamzamnit Gnyxzaina TacTs-
i (oM. § 4) no mamEnd TouxaM oTpeaxa [0, »] xo ee mormOMCHHA B 0 WM B
n. Bomroom N, n, & — HATATEHOS TIOVIOXCHHS QACTHNE, P—ERePOSTHOCTE
HepEXosa MIpand, ¢ ™ 1—p BHODATL PABHEIMM

) Nal0,m=6,p=1/6,k=1;
ON=1), n=G,p=1/2, k=1

BENECTRTS 8CTOTY MOIMOMICKKA SACTHIMH B 0 M B #; CPADHETE € BepO-

ATHOCTEMIL COOTBETCTBYRISMX Nornomenedt (cM. (4.12), (4.13)).



THABA 5
CIYYARHHE BEIWYHHEI

§ 1. Onpenenennn ¥ npaMepnt

B § 2 ra. 4 6aut0 naHO onmpeneneHne CAyJakHON BeAMUK-
HAI AN AMCKPETHLIX BEPORTHOCTHLIX NpocTpanctB. Ilyers Te-
neps (Q, U, P) — npoussonbHoe npocTpaHcTso, ChayvaiiHol
peauuuHoOM & HasopeM peiicTeurerbuyo dyHxuuio E=L{w),
® €0, TAKYI0, YTO NpH JI06oM BeHCTBUTENLHOM X

{o: E(w)< x}& W, (1.1)

Ecau 8 # Bxmoualorca Bce nogMHoOXecTpa 2, 10 (1.1) oue-
puaHo BhnonuAerca. Cobutne B (1.1) Gonee KopoTKO HHOD-
xa GymeM samucemath B puae (E<x). Tak KaKk omepanmy Hax
coOHTHAMH M3 ¥ He BHIBOAAT 3a npesensl W, 10 H3 (1.1)

CHICHYeT, 4TO .
Gzo=ECx €9,
(x, $8<) = G \ G<x) € A, (1.2)
(E=x) HQ (xst<x+ }T) X
TakuM 06pazoM, BEpOATHOCTH 3THX COoOMTHIK OnMpencneHHI.

Jia sgHcAeHUA BeposiTHOCTeH cobuituii Buma (1.2) mocra-
TOTHO NIPH JOOOOM X 3HATBE BEPOATHOCTD

Fy(x) = P(E<x). (1.3)

Oyuxuna F(x) nelicteurensHol nepeMeHHOH X, — oo <x<

< oo, ﬂasmaem gynxyuell pacnpedesenusn cnydaiitolt sesn-
yuHH §. Tak kax

B<x) = (x, $§ <)+ (E<x),

TO COI'IACHO aKkcHome A4

PE<x) = P(x; SE<)HPELN,).
Orciona # u3 (1.3) Haxoqum
P(x, SE<x) = F(x) ~ F(x). (19
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Io dopmyne (1.3.6) PE 2 x) = 1— F(x). Hs (1.3.11), (1.4)
(1.2) nomyumm

PG = » = tim (Rx + 3 )}-£ew) =
= F(rH0)=Fy (). 1.5

ITo ¢ynxuuu pacnpeseneHHa MOXHO BEMHCAHTD BEPOSATHO~
cTH mobBIX ooﬁnmﬂ Buza (1.2).

Huorza smecro F(x) 6yzem nucats npocro Mx).

Ilpumep 1. Ilnampoxa noaGpackBAIOT MOHETY. Ecmm
TpM AaHHOM nogbpachIBAHAM BEIMIAJA <repl», TO HepBhIf Hr-
poK nonydaer 1 pyOan, 2 ecIH BRIIANA «PEHICTKA», TO OTAACT
1 pyGme. Mna ONHCAHAA AXHHOH{ HIPH ECTECTBEHHO IIOJIO-
xute 2 = {[', P} u P({I}) = P({P}) = 1/2, Cnyqaituaq seau-
uyHa &, pABHAA BHIMIPHINY NEPBOTO MTPOKA, OMpencAdeTcd
cenyionmm obpasom: & = E(I) = 1, & = §(P) = —1.

Jlerko Brraumcasercs dyHkwst pacrnpenenchua F(x) se-
auaues & Ecnd x £ —1, ‘1o muoxectso {E<x} Mcma nyc-
mnemneposmlompasmo Eemy —1<xsl, 10 {E<x} = {P}
H, caegosarensto, Fi(x) = P(§<x) = 1/2. Ilpn x>1 uMeeMm
{E<x}={I', P} m P(§<x) =]. TakuM obpasom,

0, ecan x<—1
F(x) = 1/2, ecad 1< x< 1,
1, ecmu x> 1.

Hpusmep 2. Ilycth Touka A pasHOMEPHO pacitpelic/icHa
B kBanpare ={(u, v: 0 su < 1, 0 £ v £ 1}, DneMeHTapHBIMEK

BTHAMU 6 ARTAIOTCA TOUKK KBaapaTa Q ; MHOXECTBD Co-
Ourril W 3nech nopoxaaeTca KBAAPHPYEMBIMM IMOIMHOXE-
craMy KBanpara, BepoaTHocTs coORTRA, ARIAOIIENOCH KB~
PUDYEMBIM 1TOAMHOXCCTBOM, PasHa ero nmnomanu. Cryvaii-
HLIMH BeJTHYMHAME A0S, HanpuMep, GyHKIpm £ = & (o )=
= \y2+y — paccrogHue GpolleHHON TOUKH OT HaYama KOOp-
AMHAT, 11 *=1(x, ¥) =g —neppas KOOpAHHATA GPOILICHHON TOUKH
¥ T. 5. HaligeM ¢yHKUHIO pacnpeneneHust pesddHnl 1. Ilpu
0 < x< ] umeem

{(u, v): E(u, v)<x}={(u, v): u<x}.

CTropoHs! 31010 NPAMOYTONbHKKA paBHE! 1 B x. TaxkkMm obpa-
30M,
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" P({Cu, v): u<xp)=x
0, ecaE x< 0,
F:,(x)"{ X, ecrr 0 < x< 1,
1, ecam x >1.

Tipumep 3. Paccmorpum creayronwmi® onwt. ITycrs onun
pa3 noafpacumaeTca MoHeTa. Eciu BHman «repf», TO HA 3TOM
ONMT 3aKaHIKBaeTcs. EC/AH BRIANA «pelIeTKas, T0 HA OTpe-
3ok {0, 1] maymagy Opocaerca Touka. Jag onmMcaHMS 3TOIO
OITKITA BBefieM CIERYIOee NPOCTPAHCTBO SNEMEHTAPHEIX CO~
Gurruit:

a=({T; (P, ¥)},
rae 0 £ u £ 1; oc-anrebpa ¥ nycts nopoxuacTces coOHTHAMA
{THU(P, u): a su <b},
rme 0 < a sb s). NonoxuM

PUTY= 1, PUCP, u): a su <bp= 252 .

ITo BepoATHOCTAM 3THX COOBITHII ONHOSHAYHO ONpeengercs
BepoATHOCT: Ha W. Paccmorpum caydafinyio semuumny G,
ONpeHeNAeMYyI0 PABEHCTBAMM

E=L(I)=~1, E=4(P, u)=u.

Tak Kak
o, ecnn x £ —1,
(§<x)= {r}, ecai —1<x <0,
{TH(P, u): 0 S u<s}, ecnu 0< x <1,
70
0, ecaun x £-1,
P —;.. ()1 —-1<x<0,
) -”_‘2'_1 , ecan Kxs1,

-t
-»

ecau x>1,
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§ 2. Cooficrea dymmma pacupencaenas

Ilyers F (x) — dyixams pacnpeacacHna HEKoTopoft cry-
vatinolt senvawun . ®opmyna (1.3) onpenenser F (x) nmpu
mioboum pelicoureastoM X, IIpx x = 4eo i npu x = —o0
nonoXuM F (—eo)=0, F (+eo)=1,

TeopeMma 2.1. @yuxyun pacnpedesenun F (x) ofaadaem
CALOYIOULME COOUCTIEaMY:

1, Beau x, € %, mo F(x) < F (x).
2. fim F@)=F(—o)=0;lim F(x)=F(+o)=1

3 x-pli%—-oF (x) = F (x;) (uenpepmenocms caess).

HJoexaszaTenscrso.

1. Tak Kak (<x,) C (§<7g NpH X, S X,, TO HEPABCHCTRO
I"(xi) S Rx)) cnenyer na (1.3.9).

. TAK X8K MOC/ICAOBATENBHOCTh coOurmil {E<—n}, n =1,

2, ..., MOHOTOHHO yOrmaer (1. ¢. E<~n}D{EL—~n~1}, n =1,

2, ) K f.\. l{§<—u} = @, 10 no dopmyne (1.3.3) noxyunm
“ -
lim F(—n)= lim PE<-—n) =P@)=0.
=) 4 on

>+
Orciona ¢ yaeroM AOKA3AHHON MOHOTOHHOCTH dyHKIMH F(x)
MONY9aeM, mx_l_l;@_ﬁ' (x) = 0. Bropoe cooTHomEeHHE BO BTO-

pOM cBoIiCTBE ZOKAIRIBACTCA AHANOIMYIHO ¢ HCIIONHIOBAHUEM

MOHOTOHHON mocnepoparexsHocTH (E<n), n =1, 2, ...
3. Ilyerp uncnopas MOCNEOOBATCALHOCTD ), BO3PACTALT H
fim_ 3, =%, Torma

) < (€<y.+.).n_\{ E<r) = (E<x)
u no Gopmyne (1.3.11)
Jim PGS <y) = PE<x).

Orciona ¢ y4eTOM MOHOTOHHOCTH J{x) nomyanM TpeTse CBoii-
creo. TeopeMa moxazaHa.

Huorma, smecro (1.3), dyukuuo Kx) onpegendior no
dopuyae Rx) = P(§<x). IIpn TakoM onpeacieHUM GyHKUMA
HMAx) HenpeprBHA cnpana:ﬂlﬁ% oF[x) = [x,).
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JhobGaa dyrxkumsn G(x), oGranaouas TpeMa ceoitcreamu,
YKA3aHHHIMH B Teopeme 2.1, seiserca dyHKumed pacnpene-~
JIEHHA HEKOoTOpol cnygaltHolf BENUIUHEL, T. €. MOXHO IOCT-
pouTh BepOATHOCTHOE MpocrpaHcreo (2, W, P) n onpese-
mnaneuwryqaﬁnymmqm{yg'raxym uro F(x) =
=G(x). Honoxum Q={1z —eo <ux o0}, OGo3Ha MM W, anred~
pY, NOPOXACHHYIO NoNyuHTepBanam® [u,, u,). Ha 91ux nony-
HHTePBANaX 3aJATHM BEPOATHOCTH ¢ NOMOINBIO PABCHCIBA

P(lu,, w))= G(u)—Gu). 2.1
3ta dopMyna OTHO3HETHO OMpPERENdeT BEPOATHOCTD Ha
anrebpe W,*. Ecan Mu Teneps nonoxuM E=E(u)=u, To
F(x) = P(E<x) = P{(— oo, x)}=lim [ G(x)— G(~-n)]=G(x). Ilpu
HM3YUeHUM OTACIBbHONU cTyaitHON BEAWIHHLK MOXHO 32aMCHUTD
HCXOHHOE BEPOATHOCTHOS MpocTpaHcTRo (Q, M, P) Ha Bepo-
ATHOCTHOE MPOCTPAHCTBO, B KOTOPOM MHOXECTBOM SACMEH-
TApHBIX COGLTH ABNACTCA IHCHOBAA npsamas £ (1. €. MuO-
XecTBO 3HaueHmii cayvalinoili senwumHL), 4 BepOATHOCTS P
Ha noaMHoXecTBax {2 onpezeaserca dopmynok (2.1) ¢ Gx)=
=F,(x). BeposrHocts P HaskBaerca oxoHoM pacnpedesenus
cnywaﬁuoﬁ geaunun WIK OpocTo pacnpedesenuem E.

B npuaoxeHHAX MWHOINA OKA3BIBACTCH YROGHBIM OIHCHI-
BATh Pe3YNBTATHL OINTOB MJM MIMEPeHHl B TepMHHax Ciy-
HaliHeIX BeAuIMH, B 3TOM ciyyae mpH NMOCTPOSHMH MAaTeMa-
THYeCKOH MOHEAM B KAYESCTBE IIPOCTPAHCTBA HMEMEHTAPHBIX
coOmTHH MOXHO BHOpPATP MHOXECTBO JHAaYeHmil cayualinoii
BEeAMYHHB!, H ecy¥ CaydaitHag BeIHYHMHA O4HA, TO, KaK Gpino
OTMeueHO BHIIE, JOCTATOYHO 240aTh &¢ GYHKIIMIO pacnpene-
NeHnA.

§ 3. Irckperiie R aAGCOAOTRO HENPEePLIRALIS

pacupencaenun

OTrMeTHM ABA BAXHBIX TACTHHIX C)yyad 3aKCOHOB paclipe-
HeneHuit. 3akoH pacnpegesieHUs cayvaliHoR BeaHYUHEE §
HASLIBACTCA OuCKpEemHGIM, CCAH CYIICCTBYET KOHEUHOE HWIH
CICTHOE MHOXECTBO THCEA X, Xyy oy X,y ... (0€3 TOUEK HAKON-
NeHHA) TAKMX, 9TO

* Mo TeopeMe O NPOANDRERRE BEPOATHOCTH MK MOXEM SEHHCTBEHHMM
ofpalom nponomxkuTh 3amanHy0 Ha W, BEPOSTHOCT, Ha MHHHMANLHYIO
oc-anrebpy N, nopoxAacHuyo %,.
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PE=x)=p>0,n=1,2, ..; 2‘.1 r=1.
“ E

JINCKpeTHRIN 3aKOH PACHIPeNSNICHHS NONHOCTHIO Oonpele-
AAeTCA YKasaHHeM 3JHaYeHMit x,, n = 1, 2, ..., ¥ BeposTHOC-
Tell p,, ¢ KOTOPHMH STH 3IHAYCHHA NPHHHMAET caydaifHas
pesranea. CoygaftHag BeAMIMHA, MMEIOWAs AMCKPETHEHIH
3AKOH pacmpeleNcHMS, TOXC HA3BIBAeTCA Ouckpemsuoii. OT-
MeTUM TaKke, Y10 ANg MOGOro KOHEYHOrO HAM CYETHOTO
Habopa nap (x,, n), n=1, 2, ..., TA¢ X, — MONapHO Pa3THY-
Hbie AeHCTBUTENEHBIC YHCAA U

x>0, n=1,2, ...;“2_'.l x, =1,

MOXHO YKa3aTh QHCKPETHYIO CAyyaiiHylo sennmduHy & Takyio,
uato P(E™=x) ==,

HelicTBHTEARHO, MycTh @ = {x,, X,, ..., X, ...}. [ moGoro
noaMHoxecTsa A < ) monoxXuM P(A) = }; . Torna ma
E=E(x) = x, mmecem P = x) ==, e

3axkoH pacnpencicHHS cayzaitHoll BeAUMYHHHW § Hasnisa-
ercst alcoalomuo HenpepuienuiM, eCU CYIIeCTBYeT HeoTpMa-
TeabHas dynxum p,(x) Takas, o npu AoboM x

F()=PE<x) = | pladu.

—

Crnyvaitnasg sennavea, MMeIOINas AGCONIOTHO HeNpepHB-
HOe pAacTpejeacHue, HaswBaerca albcosomnuo Henpepusnol.

Huxe Mbl 6yaem scerfa NpeAInonarath, 4To p.(x) Henpe-
PBIBHA BCIOAY, 332 HCKHOYEHMEM KOHEYHOTO WHCJIA TOYEK.
Oyuxuma p,(x) HALIBACTCA NAOMHOCIMBIO PACNPEJLseHUR @EDO-

amnocmeli. OueBHIHO,

b
Pesi<t) = [ poaen,
3.1
sk (3.1)
PE=0) = lim P(asg<a+l)= tm I pdxm=o.
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Orciona crexyer, o Uit AGCOMIOTHO HENPEPHBHAIX BETHIHH
P(ast<d) = P(a<i<dh) = P(asf<d) = P(a<§<d).
Ec/m x gpseTea TOUX0M HENPEPHBHOCTH p,(x), 70 NpH Ax->0
P(x<§<x+Ax) = p,(x)Ax +o(Ax).

Bro papeHceTso creayer B3 (3.1). ITRoTHOCTD pacCipeaeneHuR
ofnranaer CAeAYIOIMME CBOMCTBAMM:

1) p(x)20, ~oo<x<oo;

2)Tpg(x)dx = 1;

3) F'g(x) = p‘(x) B TOYKAX HEMPEPRIBHOCTH py(x).

InoTHOCTs pacnpencieHust NOMHOCTHIO ONpPeASuseT pace-
npeneneHue caytaivolt penavunEl, OYEKIMA pacnpeneic-
HHA A0CONIOTHO HENpPephIBHONA BeMHIUHH, OYCBHAHO, HENIpPe-
phHIBH2,

TIpimep 3 13 § 1 NOKA3KBAET, YTO CYUIECTBYKT pachpene-
JeHNA, He NPAHANICKAIME HH ORHOMY H3 YKA3dHHLIX THIIOB.

Hetpyaso mposepuTs, Y10 Ji0fag HeoTpMUIATeABHAS dyH-
Kuus p(x), RHYErpan or KoTopoll no neeit uncnoBol npamolt
paBeH 1, ABAfSETCA TUNOTHOCTHIO pacnpelieNeHHa HexoTopol
chayqatiHolt senuunHLL. JdeficTRHTENLHO, €CIH B ONpeRc/IcHUI
a6coiobHO HENpepHBHOTO BEPOATHOCTHOTO NPOCTPAHCTRA
(cM. § 4 rn.2) nomoxwms = 1, n{w,) = p(4,), T0 IWIOTHOCTD
pacnpeseneHHA caydaliHoll BeananKER £ -i‘,(u,) = i, coBna-
aaer ¢ p(x).

IIpnBeneM HECKORBKO JaCTO BCTPEYAOINMXCH 32KOHOB
pacnpenercHud. CHAYANIA NEPETHCIHM HEKOTOPhIE RHUCKpeT-
HEE pacnpencaeHHsA.

1. BupoxcOennoce pacnpedesenue;

PE = a) = 1, a—nocToAHHAL.

2. Tunepzeomempuvecxoe pacnpedesenue (N, M, n — Haty-
panbHue yucna, M<N, nsN):
PE=m)=Cl Ci % /Ck, m=0, 1, ..., min (M, n).

3. Bunomuaasnoe pacnpedesenue (1 — HATYPAXbHOE YHCRO,
0<p<1):
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PE=K)=C p (l—pPtk=0,1,.:,n
4. Pacnpedeseniue Hyaccone ¢ nopamempon (A>0):
PE=5) -?ge-t.kwo, 1,2, ..
5. feomempunecxoe pacnpedesenue (0 < p < 1):
PE=k) = (1—p)*-1p, k=1,2, ..

Iepeamennm Teneph HEKOTOPHE AGCONIOTHO HEIIPEPHB-

HEIe PACHIPENICHMS, YKA338 UX IIOTHOCTD P ().
1. Paenomepnoe pacnpedesenue na ompesxe {a, b, a<b;

I by x € [a, B],
P { E,a x & [e, b].

2. Hopmaawnoe (RAM 2cyccoecxoe) pacnpedesenue ¢ napa-
sempamy (a, 6%) (0>0, —eo<a<e);

p(x)-ﬁ%; =

HopMmansHoe pacnpenenenve ¢ mapamerpaMu (0, 1) HasmBa-
IOT CIaROGPNMINM ROPMAALKUM DACRPEOeIeHUECM.

3. Horxasamesvnoe pacnpedesenue ¢ napamempom (A>0):

- (177 22

CiuyaaliHpie BeIHYHHH ¢ YKa3aHHHIMHA BHIUE pacnipepeie-
HIAMHA 93CTO NDOARIHIOTCA CTECTBOHHHM 06pa3oM B pasHEIX
sanavyax. Tax, B npumepe 1 (cm. § 1 o1 2) cnyvalinas sean-
YHH2, pABHAA THCAY IIApOB B BHOOpKEe, HMeeT THITepreoMer-
padeckoe pactipenencaue (cM. (2.1.5)). B § 2 ra. 4 Geina pee-
HeHa caydafinas BeAAIHHZ pasHad JYHCHY YCHEeXOB B 2
MEPBLIX HCMBITAHKAX CXeMB E:pnymm. ITa BOIMIHHA UMELT
GuHoMuanpHOe pacnpegencHue (eM. (4.2.6)).

JIna GeckoHedHoit mocAeOBATENEHOCTH Henwranmit Bep~
nynnn (cM. § 4 o, 4, (4.4.1)—(4.4.3)) onpeaenuM cryvaiinyio
BEHIMHY T, PARHYIO YMCAY HCTBITREUNA SO MEpBOro ycnexa
(uam zo nepeoro ucxoma 1) sxmountespro. Torma (+=Kk)=
=ANAD ... AGVA®, rne coburun AP onpenenenn gop-
Mynoi (4. 4 2). Orciona u u3 q:opuy.lfu (4.4.3) nonyaum
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P(r=k)=(1—p):—tp. Taxum oGpa3oM, BenMUHa T KMEET reo-
METPHUYCCKOE PACHpeneacHHe,

HopMmansHoe pacnpenenesne ¥ pacnpepencHue [lyacco-
Ha B § 3 1. 4 GLUIH MCIIOB30BAHN B XKAYECTBE pacupenese-
HHii, npROMDKaonwx OHHOMMANBHOS pacTIpefencHHe,

§ 4. ConmecTunie pacnpenencuea
HeCKOALERX CAYIANHAIX De/ER

IlycTts Ha BepOATHOCTHOM npocTpatictee (2, M, P) 3ama-
HH caydalinie BENHSKHH

E, =t (), E,=E(), ...5=§), nE Q.

KaxnoMy o 9TH BEeJHIMHEL CTABAT B COOTBETICTBHE 7-Mep-
Hblit BekTOp. Cosmecmuni Qynxuyueil pacnpedesesus (W Mro-
zomepnoii gynxuueli pacnpedesenus) semmaun §,, ..., §, (wm
cnydalsoro sekropa E=(E,, ..., £)) HasmBaeTcA BEPOATHOCTH

FO)=F, , (%, «., x) = PE;<x,, ..., £<x),
paccMarprpacmas Kax dbyaxuma 1o x = (x,, ..., X) r~-Mep-
HOrO eBKJIMROBA NPOCTpaHCeTEa R, ¢yumm(x'pacnpe'z):enem
F({x) onnosHauHo onpeaenser pepoarHoct P(EEB) ana mo-
Orix mapannenenunenob B < R, a cienoBarenrHo, M I
TOCTATOYHO HIMPOKOro Kiaacca noaMuoxects R. Tak, npu
r=2uB={(x, x): asx<a, b x,<b}

P{E,, §,)e8) =
- -F(ap bz) - ‘F(ap bz) - F(ap b]) + F(ap bl)s (41)
rae Mx,, x,)=£;l gz(Jrl, x,). AeiicrerrensHo, mo dopmyne (1.3.7)
P{(E<ay, §,<b,)) V (§,<a,, £;<b}=
=P{E,<a,, §,<b,}+P{§,<a,, £,<b,}—
""P{gl<a|s §z<bl}=-p(0p bz) + Hap bl) - F(ap b;)o

Orc100a ¥ H3 PaBeHCTBA

{8:<a;, B<b}={(§,, B e B}V
U {§1<a,, E;<b} V {§,<a,y, §,<b;}

cneayer (4.1).
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TTo MuOrOMepHuIM QYHKIMAM pacTIpeRelicHHA MOXHO Hal-
TH OHOMEPHEIE pachpeneneHus OTIesHEX Koopaunar. Ha-
TpUMED, TAK Xe, KaK B IOKA3ATeXLCTBE TeopeM: 2.1, npobe-
paerca, 410

Jim By ) = By, hee) = Ff),
i B, 1) = Fg (e, ) = B ().

AHANOTMYHO OXHOMEPHOMY CIYJAl0 ONMpeAeNaeTca r-Mep-
HOe RMCKpeTHOS pacnpenenenue. Coyuaiiunli pexrop E=(§,,
sy §,) HABLIBACTCA GUCKpemNbiM, CCAH CYIIECTBYET MHOXE-
creo {x(1), x(2), ..., X(k), ...}, MKk)=R, He MMeiOlIee TOYEK
HAKOTJICHHA, TAKOE, ITO

PE = x(k)} = p>0, 2 p,= 1.
Toraa anst moGoro MHoxecrsa B R

Pite By = L P{ = x(b)} “42)

el

Cnyuyalinsiil BeKYOp HA3BIBACTCH G0COMOMBO HENPEPLIGHLIM,
eCAM CYINeCTRYeT Takad HeoTpuuarensHags QYHKLUA p‘(x)“'
=Py.z, (x5 ..y X), HasNBACMAR cosMecmuod (WIH r-mephoi)
naomuocmvio pacnpedesenusn, 4To BAS KoGoro mapaniene-
nunena B

Pee B =] J px, o %) a5, .. i, “4.3)

Dopuyna (4.3) coxpansdercs s MOSHX KBAXPHPYEMBIX WAK
KyOupyeMueix MHoxecrs B < K. H3 dopmyin (4.3) cuenyer,
YTO HHTEIPaJ OT TUIOTHOCTH Pe(x) HO BCEMY NpoCTpaHCTBY R
paseH 1.

HaiigeM osHoOMEpHBEIe pacHpesencHMs WIS OBYMEpHBIX
abCOMOTHO HENpPEPLBHHIX H OUCKPETHLIX BEKTOPOB. AHANIO-
ruvaHee GopMyIbl MOTYT GHITh NOMYYEHS! A1 BeKTOPOB HPO-
H3IBOABHOH paIMEPHOCTH.

Nyers (§,, §,) - aGcomoTHo HenpepsiBrbit Bekrop. Tor-
Aa, monaraa B (4.3) r=2u

B = {(u, v): — 0o u < x, —00< v <eo},
HOAYIHM



86 CRVIARHEE PRTHYMHE (s

-] x
R | (L p v av)au= [ p 0 a
rae oo
p= { p, o 44

— IUIOTHOCTH PACTIpeACACHMA BenWuMHH §,. AHANOTrHYHO
HAXOANM, UTO

p= | Ry (4 ) du. (4.5
Mycts (§,, &,) — AMCKPETHLIA BEKTOp H
PE, =%, &= x) =p,20; 4,j=1, 2"““3.“."'” L

(4.6)
Toraa oo o
P, = x,} ’E PE,=x,8&= x,} "E Py
nm o0 o0
2= E Pp P E Py “.n
B s1ux obosHaueHMAX
P& =xt=p, PE=x})=p,. 4.8)

PaccMOTpHM APa NMpHMepa, MOKASEIBAIONNIX, YTO MO OF-
HOMEPHEIM pacnpegencHuaM (4.7) 63 ponmonHuTensHolt HH-
dopMammy HeAb3A BOCCTAHOBHTL COBMECTHOC pacIpenene-
HHe cnydaliHbiX peuarH (4.6).

NpuMmep 1. HyemO={l, 1), (-}, 1), (, -1), (1, —1)}
H BCE INEMEHTapHEIe cOOHTHS DasHOBEPOATHH. J1oaoXMM

E=C L N=i §=5N=) L)j=-1,1.
Ouepugo, npr nobolt nape (4, /)
PiE, =4 8=/)=1/4 4.9)
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P&, =i1=P(§, =i, §, =—1}+
+PE, =i, §,=1}=1/4+1/4 =172, i = -1, L.

Ananormaeo nonysus P{E, = j} =1/2, j = =1, 1.
Hpumep 2. ITycrs £1, §, u &, TakAe X6, KAK B ApH-
mepe 1, a
P{(1, 1)} = P{(—1, —~1)}=1/2,
P{(~1, D} = P{(1, —1)}=0,

Torxa, nanpumep, P{§, = —1, &, = 1} =0, n, caegosarensHo,
COBMECTHO® PACIPCIC/ICHHS E,,, He copnazaer ¢ (4.9). On-
HOMEDHEIE pachpenexeHud
P, =—1} = P, =1, §,=—1}=1/2,
P{§,=1} = P{§,=1, §,=1}=1/2
"
P(&,=—1)=P{t,=1)=1/2

COBIARAIOT ¢ COOTRCTCTBYIONMME PACIIpeAeeHUAMH TTpeakt-
Aymero nmpuMepa.

§ 5. HesasacmmocTs cayalimux seawamn

Caysaiinue BerTuHb §,, & .o §, HASHIBAIOTCA uesasu-
CuMvMU, eIl Iy MIOOLIX Ael CTBHTENERBIX X3 Xy o

Fe g (i« X) =K (x) o F ). (5.1)

Yacro ynobHee MCHONB30BATH CHERYIOMIESES SKBHBAICHTHOS
onpenenenne He3aBHCAMOCTH: And mobsx coburuit {€, € B,},
k=1,..,r e B, .., B —nomMroxecTsa lmcnonoﬁ
Moil, m(ee'r MECTO paneuc'mo

P, B, ... €B}=Pf,cB)..PE. B} (52
Ecm nonoxurs B, = (— oo, X}, T0 (5.1) cnexyer m3 (5.2).
Hoxaxem, gro npa 7 == 2 u3 ( 1) crexver (5.2) ana miobHx
nonxyuHTEpBanos B ={a,, a,)), B,=[b,, b))

Teopems S.I. Ecau npu awobvix x,, x,

By (5, )=Fy(x) Fe(x), (5.3)
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mo npu swbux a,<a,, b<b,
PR, € la, ), 5, € b, b)} =
=P, € [a,, a)} P(§; € [b, bk (54)

noxaaarenbcrno 3ameunM B npasoit yactH dopmy-
aH (4.1) coMecTHEIE YHKIMHM pacnpeneacHus no dhopuyne
(5.3 }E (ap ) = Fﬁ.(“') ng(b,) i, /= 1,2. Paznoxwus nony-
YeHHOE nupaxeﬂue Ha MHOXHTSIM, HaiineM

P, € (g, a),E;€ 15, b))} =
= (Fgl(ﬂg)—Fg,(ag))(ng(bz)"f"g:(bl))-

Orciopa 1 w3 bopmynsr (4.1) crexyer (5.1). Teopema noxasaHa.
MoxmHo nokasare*, 4To U3 paseHCTBa (5.4), AOKAIAHHOIO
AN MONYMHTEPBANOB, CJICAyeT paBeHCTEo (5.2) npu r= 2 i
mobex coburmuit (£, € B}, k=1, 2.
¥Ycnopue HesapucuMocTH (5. 4) yAOGHO MCMONB3I0BATE AAA
YCTAHORNEHUSA YCHNOBMI He3aBMCUMOCTH AUCKPETHRIX K abco-

JIIOTHO HeMpephIBHEIX pacnpeaciteHui. OrpaHHIHMCS YCTAHOB~
NIeHeM yCloBMit He3aBHCHMOCTH B HBYX YACTHBIX Crydasx.
Teopema 5.2. Hycms pacnpeQeaenue eesunun §,, &, duck-

pemno,uz_ll’{g, = x,p &y = X} =1 u Mnoncecmsa (x,,, Xy, ...) 4

(2315 Xy, o.-) He uMerom npedesvioix MoHeK KA HICAOGOH NPAMOIL.
Cayuaiinvie ceauyunw €, §, nesasucumse moeda u moavko moz-
0a, Ko20a npu aobux 1, j

P&, = x;, &= x,} = P{§, = x,}P{E, = x; }. (5.5)
Hoxkasareanrcrro. Heobfxodusocms. Ilycrs ans senu-

uH §, §; BunoaHserca. ycnosne (5.4). Haa xaxaoit TOUKH

(x,,, x,) BhIGepeM OPAMOYIONMBHUK {(X,, X,): 4,<x,<a), b<x,< b',}

Takol, 4T x,, € (a,a), x, € (b, b) a Opyrve 3HAYeHAs

sesrduH §,, €, He BXomAT B 9TH nmepna.m 'I‘or.ma M3 ycno-
BuA (5.4) cnenyer (5.5), Tak kak P{a<E, <a,, <E,<b} = P{g,=
o e s PlaSE 0} = Pl 3, PUKE, ) = P,

* Mg 37010 HYXHO BOCIIOIDIOBATLCA TCOPEMOiE O BPOROIDKEHER BEpO-
amvocrd {cM. $3 . 1),
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Hocmamounocms, TIyers BrmonHeno yenosue (5.5). B mo-
Bkl [a,, a,) 1 [b,, b,) nomagyT HEKOTOpLIC HI THUCEN
{xu: xuv - l': {lev xnv “-} ONOXUM
X={t x, € [a, &)}, X={i: x, & [b, b)}.

H3 popmynn (4.2), ucnonssya yenoere (5.5), nonyyum
P, € s, a), E;€[b, b))} =
= 2 P{El Xy Sa= 2y} =

=H?ZM PE,= )P, =2} =
= L PE=x,) & PE=x) =

= P{gle(ap az)}P{ng(bp bz)}o

T. €. BRITOJIHEHO Oblles JOCTATOYHOS YCIOBHE HE3aBHCHMOC-
TH (5.4). Teopema noKasaHa,

B npumepe 1 u3 § 4 cayyalinpte BexuyuHM §,, £, HesaBH-~
cuMHl, TBK KaK papeHcTBa P{§,=/, E.=j}= P{§,=i} x PE,=
BHOOMHAIOTCA Npu Joobsix , /. B mpuMepe 2 Toro xe mapa-
rpada seauannnt €, £, saBucuMBEL, T2K KaK, Hanpmep,

0=PE,=1,E=—1«PE =1 PE=—1)= .

Teopema 5.3, Hyems p (x,, X,) — niomuocms pacnpe-
OEACHUR CAVMAIIHYIX SEMIMUR § . Coymatinwe eenuvunnt §,, G,
HeIaoucMb moz20a U moasko moa@a, K020Q 60 acex mouKax

Kenpepuignocmu dynxyuti Pg dx,, x), p &,(xl)’ pg:(x,) HMeeM
Pﬁl g’(xlv xz) =P 3.(x‘) 2 gz(x)) (5.6)
HJdokaszaTtenbctso. Heobxodumocms. Ilycrs smnonte-
Ho ycnosue (5.4). Bupaxast neByio ¥ npaByio wactt (5.4) e~
pe3 NROTHOCTH PAacIpeAcIeHNA BepoATHocTel, npH AoGoM
B= {(xp xg): a, sx<a,, bl 5x2<bzl' TonyaIuM
s

8,
ognnw o= oo [p@an 61

Tax xax
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- s,
T s, ] p 6oy o= [ 5, 20 ) it o
70 M3 (5.7) Halinem

[t 00 ) — B0 pefell dq de =0, (59)

yors (x,, X;), X,, X, = TOUKM HEWpepHBHOCTH GyHKUM
&& X5 xb pg(x,), pea(x,) HyxHo nokasats, 4To B TOUKe (x,,

x,) umeer Mecto (5.6). Ilycrs 310 He Tak. Torma s cuny He-

ApepHBHOCTH NoguHTerpameoil dynxina 8 (5.8) HallgeTes
OKPECTHOCTh TOUKK (¥, X,), B KoTopoll GyHKIHS OTAHIHA OT
HYAA ¥ coXpamger 3Hax, Buibpas npsMoyronabHux B, tiemu-
KOM JCXKAIHH BHYTPH 3TOH OKpECTHOCTH, IONYIMM IIPOTH-
sopeaue ¢ (3.3).

Jocmamounocme. Tlyers Bamonneno (5.6). Toraa npu Jo-
GoM B pepro (5.8) u, cnexosarensHo, HMEOT Mecto (5.7) B
(5.4). Teopema JokaszaHa.

B cnydae HeCEOABKMX BeIMYMH MOXHO ITPOBEPHTD, 10
onpenencHNI® HesasucuMocT (5.1) wimn (5.2) pasHOCHIBHHN
CHAGAVIOLME YCHOBHA'

1) AGcoawomuo nenpepuientie pacnpedesenun. Ana mobnix
X= (X oy %) ER

3 aeny - [ . 59
B, ol %) = [ ) (59

2) Jueckpemnwie pacnpedesenus. Ina mobux x = (x,, ...,
v X,) ER

P& = % - &= 5} = T PG, = ). (5.10)

TakuM 06pa3oM, €CHE H3IBECTHLI ONHOMEpPHLIE pacipe-
AeneHus BCARIHE &, ..., §, H U3BECTHO, ITO 3TH BEAMYHHLL
He3aBUCHME, TO IO xaxnu-nu&o u3 dopmyn (5.1), (5.2),
(5.9), (5.10) MoxHO HallTH COEMECTHOS pacTipeacieHWe ITHX
BEeNHIMH,

ByaeM roBopKTh, ¥T0 HE3ABHCHMEIS CAYIAXHEIC BeIau-
HE §,, ..., §, MMCIOT MHO20MEpHOE HOPMAALHOS pacnpedeseiue,
€CAM KANIAT 13 STAX BETHTHH MMEeT OHOMEPHOES HOPMANE~
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‘Hoe pacnpenenerue. ITycrs, nanpusep, &, k= 1, ..., 7, nMe-
10T HOPMANEHOE PACTIPEACACHRS C ITapamerpamu (a,, o} ). Torna
no dopmyne (5.10), Hcnonbayn GopMyny NACTHOCTH OXHO-
MEPHOTO pacnpeaciAcEns, MOAYIHM

r (x_a

1 1
Pgl‘_g,(xp A (2»)" o,...0, xp {—sz-l £ 25 11)

OGizee onpeneneHue HOPMAJLHOIO pacnmpencacHus Gyaer
zano B § 7 ra. 6.

PaccMorpuM eltie ONHMH MPEMEP He3aBHCEMBLIX BEJIHYHH,
Huduxamopom npousgossnozo cobemus A HasbBaeTca Cnydailf-
Hasl BEIMYMHA

Lo {3 emacd 5.12)

Yucno yernexos |t, B # NEPBHIX MCHILITAHMAX cXeMbl BepHymM
MOXKO NpPENCTaBUTh B BHIE

p,™ &AL+, (5.13)

rae §,= 1 o, 1= 1,2, .., n, A= {ucnuTaHWE C HOMEPOM ¢
3aKOHIWIOLE yenexom). TToxaxeM, YTO HHAMKATOPH E, Hesa~
pucumbt. M3 onpegenenna menukatopa (5.12) caeayer, 910
{&£=1}=49, t =1, ..., n. Ilonoxum AP =A). Bubupaa B Te0-
peme 2.1 § 2 ra. 4 B xauecrse coburrmif B},,:?, «rs BY cobprria

AP=§ =g} A(g';= {£,=¢)
npu mobuix e, = 0, 1, k = 1, ..., #, MONYIHM PaBEHCTBO
Pi§,=¢, .. §, =2} =P, =¢,})..P§,=¢),
PABHOCHNBHOE ONpEHENeHHI0 He3aBMCHMOCTH RUCKPETHHIX
peanunH €, ..., §, (em. (5.10)). Takam o6GpasoM, B pABEHCTES
(5.13) cnaraemmie Hezapucumel. Hpencrasnenue (5.13) Gyzer
B AanbHeifilieM MacTO MCHONB3ORATHCA.

PaccMOTPHM TENEph MOCHSROBATCNHPHOCTE HHAMKATODOB,
CBA3AHHYIO ¢ BHIGOPOM 2 LI2POB 1O cXeMe cayuaiiHoro puiGo-
pa2 Oe3 BO3BpALCHHA M3 YPHH, cogepxameil M Genmx u
N--M weprx wapos (cM. § 2 rx. 2). Nonoxaum §,= I, , rae
A, = cofnrrie, cocToAiee p TOM, 910 k- map BHOOPKH OKa-
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aasica Genpm. Caysaitssie semrmaH £, ..., &, He apmorea
HE3ABHCHMEMHE, TAK KAK, HATIDHMeEp,

PE, == .. =& = 1) =2 —}?=E PE,=1).
§ 6. Oynxuum or cay ailnLIX PeANTHE

Hycre (2, ¥, P) — NpoH3BOALHOE BEPOSTHOCTHOS PO~
ctpaucteo u E=£(w), © € Q, — HeKkoTOopas CIYyIAlHAA BeH-
yrHa, Cynepnosuumneit aelticrsrrensHol dynxmum §, s3anaH-
Holf Ha 0, M dynxumn @(x), ’anamHoilt Ha pelicTRATERBHOMK
npaMoit, aengerca pyrxuna n=[5(w)]=m(w), 3anauman Ha
Q. JIna aucKpeTHbIX BePOATHOCTHRIX MPOCTPAHCTS dyHKIMS
N ABNAReTCH caydaitroil BenMuUMHOM, TAK KAK HEKAKHX Orpa~
HugeHUl Ha dyuxmo n{o) He Hanaraetca. JUIs Mpou3Boib-
HBX BEPOATHOCTHBIX IPOCTPAHCTB Tpebyercsa, YrobHl

m<e ™ 6.0

nipy mobom x*.

Crnpaseannpsa Cheayioliags Teopema.

Teopema 6.1. Ecau cayuaiineie eesununu §, u &, nesa-
SUCUMY, MO He3asucumvl u caysainwe eeauuns 0, = ¢,(&,),

,=9:(,)-
Roxasareasctso. Ilyems n €8, 1,8, (8,, B, — noxn-
'lit‘noxema YHCA0BOH NpAMOil) — NMPOH3BOJAbHHE COGHTHA.
oraa

P{m L= Bp n e Bz’ = P{‘P;(&J € -Bv (Pz(gz) = B;} -
=P, €9]'B). 507! (B)). (6.2)

Tak xak caysafiHere Bem4MHH §, M &, He3aBHCHME!, TO
COIMACHO OTIPEACNIEHUIO HE3aBHCHMOCTH B e (5.2) umeeM

* Npw nponsponsHolt dymxAn Qmonue (6.1) MOXeET ORAIATHCS He~
BLITONHEHHEM. ONHAKO MOXHO MTOKAIATE, WT0 (6.1) HMeLT MeCTO, ¢CAN NpH
moSom BCKOM MHOXecTBe B Muoxectso {u; ¢(u)ED8) anngerca
AEBCKHM MHONECTBOM Ha uticioBoll npaMolt (T, ¢, Nommi npoolpas ¢-(5)
MHOXecTBa B npu oTofipaxeHnu, ocymecTRITeMON dyixinedt o, AptaeTca
BOPLNCBCKAM MHOXCCTBOM). DriM CBONCTEOM ofnananT, HanpuMep, byHx-
UHH € KOHCHHEIM YHCIOM TOUCK Paspiea, TakuM ofpajoM, B NPAKTHYSCKK
BAXKHBIX CTyyasx yoroBxe (6.1) oxasersaeTcs BRIATHOHHLIM,. B samueitiven
ME SyReM UCTONLIOBATE BLPAXSHHS THIA scAyvaitHan BeANIHHA = q»(a‘,)».
He OrOBApHBAN KaXALE pa3, yTo @(x) ymowiersopaeT yehorwo (6.1
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PE,e07'(B), &, ‘P;_'(Bz)) =
=P, € g7(B)) PE, € o7 (B)). (6.3)
OuessaHo, YTO
EC eo;(B)=(v, €)eB)=@eb)
Orcioaa B u3 paseHets (5.2) & (5.3) momytaeMm
P(n, € B, nE B)=P(n, € B)P(m, € B)

ana mobux cobrrruit v, € B, 0, € B,. Teopema nokasaHa.

Ecnn Ha MCXOAHOM BEPOATHOCTHOM IPOCTPAHCTBE 3aXa-
HO HECKOJBKO caydalinux semwaun (§,, &), ..., §,), TO clox-
Hax dynxuus 0 = ¢, ..., §,) TAKKe ABIAETCA CAYIAKHON
BEJIMYKHOR A FOCTATOYHO <xopounnxs GyHkumid o(u,, i,
-ey U, ); HAOPHMED, HOCTATOYHO TOTPeGoBATH, 100K O(H,, i),
.y #,) Onina zenpepuistolt, MoxHo HIoKa3aTh CAEAYIOlUIEE
yTBepXIOcHue, oGobianiee Teopemy 6.1: ecmu €, &, ..., &,
N5 Ty -ves Ny =~ HEIABHCHMBIE CAYJAHDBIC BENHIHHE, TO CAYy-
yalinue BeTMIMHE

c; = 1’1@,, aeiy gg)a Cz- oz(“p wp “g)

He3aBHCHMEL )

32KOH pacripeAeIeHIA HOBHX CAYJAHHBIX BENHINH, ARIA-
jomuxea GyHKIMIMH OT CTAPHIX, ONEBHAHO, ONpeneNeH, TaK
KaK OHM 3aNaHEl HA TOM K& BEPORTHOCTHOM IPOCTPAHCTERE,
Moxno HaliTh dyHKIMIO pacnpefieNeHus HOBOK caygafiHoi
BeAYUNBE N=¢(E). Jng 37010 JOCTATOYHO 3HATH TONHKO dHyH-
knuio pacnpepencuansa E. delicreutensro,

F (x)=P{op()<x} = P{§ € ¢~(— oo, x)}. 6.4)

BeposarrocTs B npaeoit wacta (6.4) Moxer GbIth BRUHCACHA
no F(x). AHAOTUYHO HaxoauTcs QYHKUNA PACTPEACNCHUA
HAK TUIOTHOCTD pacrpemeieHHA (6CM OHA CYUIECTBYeT) Be-
sl =g, ..., §,). PaccMoTpHM OIMH PAXHBIH HaCTHBLIHA

Teo pema 6.2. ycms n=(v,, ..., n,) = g(§), roe £=(E,,
ey 8,) — cayuaihinii aGeomomno nenpepuieruili eexmop ¢ He-
npepuisHoll naomuocmulo pacnpedeserus p(x), X = (X, .y X, ),
g(x)=(g,(x), ..., g(x)). Ecau omobpaxcenue y =g(x) esaumno
odnosnauNo, Henpepweno dudidepernyupyenc u AXoOUGR
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Toym pEL2E w0,

mo pacnpedesenue eexmopa vy abCoAIOMNO HENPEPNEHO U
2,0 = p(g () | Hg'()) |, 6.5)
2de g~'(x) — npoolpas x.

JAokazareanscrso. [lyere B - npouzsonsHas o61acTh
npocTpancTea R ¢ Kycouno-rnagko#t rpammneit. Torma

PmeB =Pge g‘-l(m}-‘j:,‘“’f 200 dx..dx,

Mepexona B NOCACAHEM HHTEIPANS K HOBHIM MEPEeMERHBIM
y = g (x), nonyaum

Pin < B} =J.J n@oN | HONH &

Orciona cornacHo onpeaencHano (4.3) crenyer, Yro NOXBIH-
TerpanbHasd GyHKUNA ABIASTCH [UIOTHOCTEIO PacHpeNeTeHUsR
BEeKTOpa 1, TAK Kak obnacrs B Moxer OHTB, B T4CTHOCTH,
mobuM napatenermnesom. TeopeMa Bokasana.

OTMeTHM, UTO B XoKasaHHo# Teopeme TpeGoBaHuZ He-
NPEPLIBHOCTH p,(x) U AudrpepeHIMPYeMOCTH g(x) ARILAIOTCA
JMIHMME,. OHH GBUIH HEOOXOMHME TOABKC AAS TOTO, YTOOK
BOCTIONB3OBATHCA TeOpeMOl O 3aMCHE NEPEeMEHHEBIX, H3BECT-
Holf 13 Kypca MATCMATHIECKOTO AHANAMIA,

IIpuBegeM OBe TeOPEMH, B KOTOPHIX YCTAHARIMBASTCS 32~
KOH pacnpeneneHH GYHKLHE OT cayyaliHBIX PeIMIHH B OBYX
YacTo BCTPedalOMMXCH CAyIasX,

Teopema 6.3. Ecru caynaiinas eeswama & umeem rnop-
Manshoe pacnpedenenue ¢ napamempamu (a, 6%, mo cayuaiinas
senwuna WAL B, A # 0, umeem nopmassuoe pacnpedesenue ¢
napamempamu (Aa+B, Ac?).

Hokasatensctpo. Ilycts cHagana A>0. Torza

(e=B)/A

F(o=P(AE+B<n=P(e< 22k )= | pluydu.

Orcioza, TaK KaK p(x) HenmpepniBHa HpH A0GoM X, crexyer,
970 CYHICCTBYET
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rmEx=n(Z7) (SN =d () 69
Ecan A<0, 10 -
R+ B=plp> 50 ) = |

rio=— 4 55>

O6reaunas nocnemmoio dopuyny ¢ (6.6) H ucnonssya dop-
MYAY IUIOTHOCTH HOPMANBRHOIO PacTpefieNneHHst, ToXyIHM

v Ll (=2
- ey
1

TAT Grg e ¥ V256, ¢
e a,= AatB, o,=|Alo.
Teopema 6.4. Ecau caynaitnwie eesswunw &, u &, abco-

AI0MKO HENPEPNERE U KESABUCUMY, MO CAYATIHAR eeattuna B +E,
moxce GOCOMOMKO HENPEPUIOHA ¥ €€ NAOMROCMYb PACNPetescHuUs

oupe&mnenmmgbomgme

2, 0 I p, () p, (—3) da. (67
noxaaareubcno Haﬁ.ueu cHavana

Fy @ = PEAED) = P&, &) € D),

e D -{(u, v): u+v<x}. Tax Kax N0 YCAOBHIO TCOPEMEI BesIH-
YHHH §, B §, HE3aBMCHMB, TO HX IUIOTHOCTH COBMCCTHOTO
pacnpencnieRua cornacHo (5.6) pasua

p  (v)= P, (u )pg’(?),
U, CIEIOBATENBHO, IO dopMmyie (4.3) Halinem

R =
-II B, @) B, ) du dv = Ip @ ( I P (v)dv)
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Orciona, momaras v ™ Z—u, MOAYIAM
Fe g (0) = _L P, (u) du _L Py (Z~wydz =

= _J, ( __.,[ P () p, (=1 du)dz = _{ P D A

roe

(x)= _.L ng(u) pgz(x—-u) du.

TeopeMa ZoKasaHa.
OrMetum, uro BMecte ¢ (6.7) BepHa dopmyna

pmgx)= _.L P ﬁ,(x-") pgltu) du,

Hcrionssya dopmyay (6.7), MOXHO MOXA3arh, YTO CyMMA
HEIABHCHMBIX HOPMATBHO PACHpeACACHHBIX CAYIaHHBIX Be-
JNYMH HMEET HOPManbHoe pacnpexeaeHue. B . 7 sror dakr
GyIeT YCTAHOBNEH IPH TIOMOIIH XapaKTepucTHIeCKHX yHK-
i,

PaccMOTpHM CIeXYIONHE TIpHMep.

NMpumep 1. Ilycrs crydaitusie BetHunHn &, u &, Heaa-
BHCHMBl M MMEIOT pACIIPEIENIeHHs COOTBETCTBEHHO paBHO-
MEpPHOE H NOKA3ATENBHOE:

1, ecmxeijo, 1],
pg(x)"' 0, ecmuxe|[0,1],
e*, ecmux20,
2. (=] 0, ecom x < 0.
2

Tpebyerca HaltTH Pg 48, ().
ITo dopmyne (6. 7) nonyunu
Py =1 I P (1) p (x—w)du = f P (x—u)du.

Honuurerpanbﬂan byHxuus pga(x--u)>0 ecnd 0<u<x u
P g,(x""‘)=° B OCTANBHHMX caygaax. Takum olpazom,
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npr 0<x =1

By 0= f et gy = 1

u upx x>1 .
2y 1 = | et du =(e~1)e

OXOHYATEABLHO MOAYIHM

0, ecnn xS 0,
p. (0= 1—e, ecmu 0<x< 1,
Eit% (e—1)e>, ecmu x > 1.

3apaxm kK raase §

1. ITnotHoeTs pachpenencHua £ samana dopmymamu

2y =C/At (x 21), p) =0 (x<1).

Haitmit nocrosnMyIo C, RIOTHOCTE pacnpeaenesd 7 = In £, P(0,5<n<0,75).

2. Cnyuaitiag sennavta & pasHoMepHO pacnipefencHa Ha orpeake [0, 1),
HailtTq nAOTHOCT, pacTpeasneHus peanTkH: a) n, =25+1; 2) n,=—In{1—§).

3. Cnyuatinan BemAMHA § HMELT MOKASITEALHOS PACHIPSACICHHS ¢ NAOT-
HOCTBIO PACTIPEASACHRA Py(x) =ae—= (x>0). Halirn nnoTHOCTH pactipeaene-
HHA CTY4AliHBIX BETHIHH: /) T} l-\E; 6) n,=§4 B), = -&- ng; ryn =l—ed,

4. Cnyqalinai BenwuAHa § pacnpeficieHs HOPMANLHO ¢ NapaMeTpaMi
a = 0 n ¢®=1. HaiftH IIoTHOCTH pacnpeaefeHRS BeANYHN: a) 1, = £2;
6) 1, = ¢! (TorapudMITIECKH HOPMANLHOE PACHPEASAEHNE).

5. Touxa P paBHOMEPHO DACIIDENE/ICHA HA SAMHIYMHOM KBagpate ARCD,
Haifrit RAOTHOCTS pacnipelieNeHHA IOIANN £ RPAMOYTONEHIKA ABPDY, rae
B'u D' ~ ocHoBAHKA NEPNCHANKYISPOB, CMYIICHKEIX M3 ToukE P HA cTOpO-
HH AR 1 AD cooTseTcTBENHOD,

6. Oyvinama pacapegeneHES F{X) BEIHUHHHN § CTPOTO MOHOTOHHA H He»
npepbisHa. Haltret 3aXoH pacrpeaeteHis ReaHyuHE n=HME),

7. Cayvaitusie sennuMus &, ¥ §, HEIaBHCHME H MMCKT PABHOMEDHOE
pacnpencncHue Ha orpesxe [0, 1]. Halite naorsocTH pactipenesicrnsd Bemit-
wm: a) §,+8;; 6) £,~E,: 8) §,/7%,

8. CryuaiiHuie peauvyHt §, H §, HESABUCHMM, OTHHAKOBO DACTIPEASIC
HE M HMEKOT ITORASATEALHOS PACTIDEACICHIS: 1&,(""1’:-,,(")'“"’ x>0, Half~
‘I IOTHOCTE PACTIDGASICHEA HX CYMME,

9. Cryuaitisie seomirauii §, o §; He3aBRCHMY # HODMAJILMO pacTipeasiec-
B ¢ napaMerpaMu (0, 1). Hailti naoTHOCTR pacnipeaccHEs BEIMYHN, a)
n;;-gﬁg}; 6) n,=arctg §,/%,; '5) coRMecTHYIO ILIOTHOCTS pactipegencHiss (n,,
“ L]
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10. Hamneomnmemmenmmn,-JHZMQM(zﬂ,)
n,=V—2 In &, sin(2a£,), rae &, » &, pacApescneRnl TaK Xe, KAK B 383240 7.
11. CopmecTioS pacnpeasiens crysaiimux semrnm §,, §, 22nan0 1al-
el
g 5 | 0 1

—i 1/3 1/12 7/24
1 5/24 1/6 1/8

B X0TOpPO HR fiepeceyeHRN - cTpoKNK ¥ j-ro cronbua {({= =1, 1, /= 1,0,

1) npuscxera pepoaTHocTs p, <=P(E, =/, §, = ji. Halinw: a) omptoMepisie

33KoEM pacnipepererns §, H §,; 6) xoH pacipessnennag =% +§,: ¥) sakon
ernA N, = £ 1) P(n, = 0, w,=1).

12. Bemrmnst &, u &, nesapucuMur; P(E =0}=P(E =1}=1/2; E, pasno-
MepHO pacripeacnena Ha otpeaxe (0, 1). Haftte saxon pacnipexeneHud £, +5,.

13. Hailtrit 32K0H PacnpeReIcHIT CYMMEL IBYX REJARMCHMEIX CIYIANHEX
BTHYHH §, W §,, KAX1AT M3 KOTOPHX HMeeT pacnpeaenenme Ilyaccona ¢
HEPAMETPOM A; H A, COOTBETCTBEHHO.

14. OGozHauu T CHe AcnuTaMil 8 cxeme Bepryam: Jo noamiexns
nepeoro yonexa sxmonmrensso. Halima 3ax0H pacmpenesenus 1.

15. Beasanna ' papRa TRCAY HeOHTAHKE B cxeme Bepryanu 1o nepro-
1O YOTIEXA BRAKAMTENLHO, 13 ~ YHCIo HCIIHTAaHK, TPOIeIIMX KOCAe Hep=
BOTO ycrnexa xo Broporo ycriexa. Halttu corMecTHoe pacnpegencaue tih), 10,
Anngiorca aH 9 B 79 HEdaRRCHMEIMY?

16. Haii™a 30KOH PACTIDEZSNEHRA BEITHYHHN 1™, paBHoll YHETY HomaTa-
HHIT B cXeMe BEpHYIM 10 NOARNCHAK Mm-T0 YCOSXA,

17. Virpamssas xocts GpocacTes A0 TEX NOP, IOKA BICPRLC HE BhMALCT
MEHEIE NETH OYKOB. OG0IHawNM 6 WHCNO OMKOB, HSNIMEMINX TIDH IOCHe~
AHeM fipocaHyns ErpansEcil XoCTH, | yepes v — micko Gpocarmii kocrw. Halmg
COEMECTHOE pacTipeneieHie 6 B v. SIangrorca ni 6 ¥ ¥ HERBACHMEDGA?

18. Ha 2 craHxax OEHOBPEMEHHO Haganacs obpaborka a aeraneit. IMpen-
fnonarag, 410 BpeMeHa ofpafores AeTancit MEIMRMCHME M RMRIOT TOKAIA-
TeALHEE DACTIPSTENeHUS ¢ MAPAMETPOM (1, Haltth pacnpeneeHHe BNEMEKH:
a) go noyIcHRS nephol obpaborannoil eTany; 6) no oxorTAAR oSpalor-
XH BCEX geTaneif.

19. fMycms §,, &, ..., §, — HesapMcHMEIe, OARHAKOBO PACIIDSESTCHHEIS,

Wmmmmﬂtw-ﬂx).ﬂx)mx)
Ipis xaxzuod o pacnosoxas qacna §(e), & =1, 2, ..., n, B NopagKes Boapa-
CTaMHs B HEPEHYMEPYSM: NS, £ .5 1, Taxmm obpasom, 1,(0) samtercs
MapMeHbIINM K3 qeeex (§,(0), ..., £ (@), % (0) — panSomuamns #3 Tex xe
wyucen W 1. A. Haltmit wwiorHocTn pacnipenesensit: 1) ng 2) v, 3}, 1<m<n;
4 (1)

23, Mammna cocroxt gy 10 000 aeraneit, Kaxaag zeTans HEInBECHMO OT
BPYIHX OKAIHBACTCA HEHCIIPABHOR ¢ BEPOATHOCTEIO P, MpiYeM Zn8 »,=~1000
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perwicit p,=0,0003; wia #,=2000 gerareit p,=0,0005 7 pra n,=7000 nevanch
£=0,0001. Mamwna ye paGoracr, ecmn B Hell Hemcnpapus Xord Gi xBe
mﬂmmmmmmmm
Gyaer pabotats.

¥xasanue. Bocnonmpsoparees reopenoit yaccona.

21. CoBMSCTHOS PACTIpEIEeHHE BeTNHH §,, §, ABTACTCA PABHOME PHEIM

B Xpyre {(x,, %,): x-+x<1}. Hah‘nnepoamocn?[m](\-&l [g.J(TzL] SIena-
mmmmnu&,,g, He3ABHCHMBIME?
22. Crysafivan BEMINUHA § © PREHOMEPHIIM pacnipeXencanent ua [0, 1]

SATHCHBACTCA B BHAS GeckoHewsoR xecaTAwHON Apobs: th E 10,

0s§, 59, Hmmmnmmmmmnummgpgr
Sanswores i §, §, HezaBHCHMEIMH?

23. Henoneays a6, 7, sumncars 10 peanasammit mensransit, onwcan-
;m::nz’agwm 17. Haitra uacrorsa coburrait: (8 =k}, k =1, 2, 3, 4; {v =i},

24. Hcnormaya 1aba. 7, BRNACATE peamaaaniio 5 Re3aBHCHMEIX eayMaii-
HLE BETHYHH, DABHOMEDHO PACTIDENe/IOHHEIX Ha orpesxe [0, 1]. Yncnonme
JHATEHNA R24TH ¢ TOTHOCTEIO Ao 102,

28. Mycrs K2} — HenpephRHAY CTPOTO BO3PACTAIOMaA (YHKIHA pac-
npeaeaeREA 1 F-1(x) -- oiparian X Bedt yuxmng. TToxasars, 9r0 coyuaitnag
BermitHa =), rae § paBHOMEpDHO pacmpeasicHa Ha orpeaxe [0, 1],
MMeeT cposit dyukmuelt pacnpenenenna Fx), Yikazanuoe cpolicTeo Moago-
ARCT 19 peanviamii pARHOMEDHO PacTipeReASHEEX BENTIHH NONYYATS Pea-
JUI32URE BEAMYHH ¢ QyHxuwelt paciipenenenns Fix). (C. Taxke sanaqy 10,
nmgoﬁwmpmmnmmmpmmmpmmmm-
JOIMEH,




THABA 6
MATEMATHYECKOE OXMNIAHME

§ 1. Onpeneaennn

QDyRKOHA pacTperc/IcHHA TIONHOCTHIO ONpPEfiensneT SaKOH
pacnpegeneHns caydaiinoil Bearamrnsl. ONHAKO IaCTO MOX-
HO OTpaHmIMTECA Gonee mpocroii XapaxrepucTuxoii. Onxoit
3 paxHelllnNX XapaxkTepHCTHK cnydaliHOM BEMTHMHE B~
eTcq ee cpeiHee IHAYCHNS, MIH MATCMATHICCKOS OXHAAHHES,
MareMaTHUSCKOS OXHIZAHHE JISTKO BLYHCNAETCT | ofnanaer
TIONE3HKIM CBOlcTBOM: apupMeTHISCKOE CPERHES ONHHAKO-
BO PacCHPeIeICHARIX CHYIaiiHNX BenmuuK OMH3K0 K MATeMa-
THYECKOMY OXMIARIO, OnpefencHne MATEMATHYSCKOTO OXH-
NAHUA CBI3aHO ¢ OGLIIHLIM NOHATHEM O CPeAHeM 3HAYCHNM,
Ilycts, HammpamMep, Q={o,, @), ..., 0,}; P{o)=1/N, k =1,
vy N; £ =((0,) =x,. Torna MareMaTavdecxoe oxupanue ME
cmyqaitHoii peiawHE £ onpeaenserca dpopmynol ME=(x,+...

X )/N JN x+.. +Tl\rx1“ Ecmu mepostroctH P(o,) =p,

ormaHm or 1/N, TO cpoamee 3HAYCHHE £ CCTECTBCHHO BH~
aucaaTh no dopmyne Mi=px +px . o,
YAOGHOS H IIPOCTOS OOpelelieHne MATeMATH~

YeckoTo OXHAAHHA NPOM3BOABHOM caydalivoil BermraMHE
BBOAMTCSE XIPH NOMOIM BuTerpana Jlebera.

Mamenaniunecxum oxcudanuem caydalinolt semmamnur &,
3anaHHO# Ha PEPOATHOCTHOM NpocTpascree (), W, P), ma-
3EIBACTCH MHCIO

Mz= ‘{ &() P(do), (1.1)

ecxr uuarerpan JleGera, crommui B mpaBoil YacTH pabeHCTER,
cymectsyeT (c:. [2], cTp. 74, 319—324),

M He GyreM NoMB30BaTECH TEOpHel nATerpana JIebera n
OTpaARNYNMCH ONpPeeICHIEM MATEMATHICCKOTO OXMTAHNA Js
CAyHAlHELIX BeEMUH, 3aXaHHHIX Ha AHCKPETHOM H abcomoT-
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HO HeNPepPHIBHOM BEPOSTHOCTHHIX HpOcTpaHcTRax (cM. §§ 2,
4 1. 2). YToOH NOMyInTh MHTCPECYIOIOHE HAC ONPEeASNCHNS
VIS YKA3AHHKIX NPOCTPARCTS, HYXKHO B NHCKPETHOM CIYyJae
saMeHuTs 8 (1.1) cumson {¥a T, a o M P(do) Ha 0, U p,; B
abcoOMmOTHO HenpephIHOM cry9ae HyXHo B (1.1) noroxurTe
P{dw) = =(u,, ..., u) du,, ..., du,, @ =(w,, ..., ).

{IpmBeaeM nomusie GOPMYIIIPOBKY OTIPERENSHE,

Mamemamunecxum oxcudanuem ME caynalinoli eesununse
E=E(w,), 3a0annoii Ha GUCKPEMNON GEPOSITHDCIMNOM NPOCIMPGK-~
cmee € Q={w,, 0y, 10y @y o}, PlO) = p, k=1, ., B, . (EM.
§ 2 m. 2), nazwsaemcn wucao

M = Z & (@) 2 12)

ecau psd abeomomno cxedumcesn, Ecny xe pan (1.2) He cxonur-
cq aGcoNIoTHO, TO TOBOPAT, YTO MATEMATHYCCKOS OXMIAHHS
cnydalmoit BeMYMHL £ He CYIIECTRYET,

Mamemamuuecxum oxcudanuem WE cayuaiinoli eestmunw
§E = &u,, u, ..., u), 3a0annoli Ka A6CONOMNO HENPEPWBHOM
aeposmuocmuom npocmpancmee (Q, %, P} (em. § 2 . 2), ka-
INEACMCR HUCAO

Me=J . T e o 1) 7 Gy o ) dy el (13)

ecau unmezpan abCoMOMHO CXO0UMmcea.

Ecm murerpan (1.3) e cxoznres alcomoTHO, TO I'OBO-
PAT, YTO MaTeMATHUYCCKOS OXHIaHue caysaiiroll Beymramun
£ He A
IIpumep 1. HaillpeM MaTeMarmicecXoe OXHOAHH® BH-
UTPHIIA NCPBOTO MIrpokKa B npumepe 1 § 1 rn. 5. B aTtoM
npuMepe

Q=(T, P}, P({I'}) = P({P}) = 1/2,
§N =1, §P) = —1.

Iio dopmyne (1.2)
Mz = £ (D) P(D) + £(A) P (P) = 7 1+3 (~1) = 0.
IIpumep 2. IlycTh B ARCKPETHOM BEPOATHOCTHOM IpoO-

cTpaxcree Q={1, 2, ..., k, ...} ¥ P(¥) = p, = 1/k (k+1). He-
HOCPeACTBEHHO IpoBepsieTcd, YTo
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- 1 1
k?lpt _kgl(E - —k"T]. ) =L
HC::IM §1 =§1(k)=("" l)ks §2=§2(k)=(_l)t k. Tax xax pan

k;_} 1(—1)"/k (k+1) cxommTca afconiotHo, To ME, cymecTsy-
er. ITo dopmyne (1.2)

= 3 — S 1 ] _
M= 25 0p= 2 (41— 71)-

S (=DF, R (M - 3 (1
PR G -1 2
Orclona, HCTIOAL3YS pasRoxkerke — In (1+x) = kz,l (—1¥ 2tk
np# x = 1, noayuum Mg, =1--2 In 2. Ognmno ME, no onpe-
_ —1
JeNCHHIO He CYHecTByeT, TaK KaK pankgl —1):k] HED)

PACXONHTCAH.
IIpuMmep 3. Ilycts B alcomoTHO HENPSPHBHOM BepOAT-
HocTHOM npoctpaHcTee (O, W, Py {em. § 4. ) m=1,

Q={w: 0<ugl}, nle) = 1 (0su<l).
PaccMorpum cnyuaiiniie Beamumiu: £ (w)=u (0su<l);
L=k (Eku<d, k=1,2, 3 ) =0 0su<1/2),

E(u)=1 (1/2 su<1), o dopumyne (1.3) ME, = ‘{ &) () du.
OTtcrona

1 11 243 1
M§1=!udu=l ;Mg,n!du+1£zdu+,!33du=2;

12 ]
M§3=Iu’du+5da= ¥3/24,
o 12

OrMeTHM, YT0 B AAHHOM NipEMepe BemmuuHa £, aGcomorHo
HeNpepHBYa, §; — RHCKPETHA, a §, -~ CMeIIaHHOIO THIA,
H3BECTHA IDIOTHOCTD pachpefencHHA caydaiinolf
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BefIHMMMHE! KN 33aHEl BEPOATHOCTH SHAICHAN FACKpeTHOHK
BENMMHHE, TO MOXST OEA3ATHCH, UTO MATEMATHIECKOS OXH-
AsHBe ynoOHee BLIHCAATS He N0 ¢hOpMyANMPOBAHEMM BLINIES
onpenencEuAM, 2 no GopMynaM, KOTOPHS MK LIONYIHM B
KAIECTBE JACTHRIX CYIAcB CASAYIOMIHE ABYX TEOpeM. .

Teopema L1, Iems & = (5, &, ..., §,) — Ouckpemusi
caysaiinssii eexmop, 04 KOmopoeo

P = 2(B)} = 2,50, %(8) = (fyp v %) € R,
- kgl p= 1.
Ecnu mkgll g(¥(K))\p, cxodumen, mo cayuaiinas eeausuna n =
= g(€) = g,, ..., £,) umeem momemamusecxoe oxcudanue
Mn = Z g (G, o %) P (1.9)
Teopema 1.2, yems § = (§,, ..., £, ) ~ abcosiomno ne-
npepucHbii CAYNalinbil 6eXmop ¢ NIOMHOCIIBI0 paChpedeseHR
PLx) = p (%, <y X). Ecsu unmezpas
] » §1 85 v 23 | BEis wor %) B, . i,

CXODUINCR, MO MamemMamiseckoe oxcudanue camalinoli eesusu-
wos n =g(5,, .., §) cymecmeyem u

M=/ P J 86ty wor %) 2,05 oy %) OBy o k. (L5)
Orciona, nonarad # =1 1 g (x) =x, nomymM GopMyIn Wist
BRYHCICHMS MaTeMATHICCKOIO OXHAAHNA cny3aiinoii pemu-

YHHE IO IIOTHOCTH PACTIDSASICHEA HIH 10 BePOATHOCTAM
ana'!etmﬁn AECKpeTHON carydatinoll semuanaLl,

Ecmkgll’tg =yx, J=1, 10 u3 popMmymt (1.4) nomywmm

M -glx, PE = x,). (1.6)

Ecaxt p(x) -~ nnoTHOCTH pacnpefecnacHud §, To n3 Hop-
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mynu (1.5) cnenyer, uTo *
Mz = | 1,0 v wn

HoxaszaTenrcTso TeopeMH 1.1 IIposenenm noxa-
SaTGALCTBO WA CAYYas, KoTaa cAayuajinsie pe/muBsH §, &,
sesy &, 3ANAHB! HA ANCKPETHOM BEPOSTHOCTHOM NPOCTPAHCTEE
2, 9, P) (cM. § 2 . 2). Tlo onpeneaenmo cayTalinedi Bex-
TOD HA3ILIBACTCA AHCKPETHRM, €C/AH CYHICCTBYET TAKOES MHO-
XKecTBO ToUeK MK) = (Xy, Xppy ooy X), K= 1, 2, ..., 110

‘;IP @ =Xy o0 &, = x,) =10 1.8)

3anuchiBag MareMATHISCKORS OXHAaHKe caydaiiroil penm-
:HHH "'I="'I(°). )=g(§1((°u )’ ey gr (mu )) no @pme (1‘2)’

Mn = 2 g2, (©,); s §(00)) Plo, ). (19)
ITpeoGpazosanue (1.9) K Buny (1.4) oCHOBAHO HA «IIpHBexHe-
HHH AONOOHHIX WICHOB». BEeJeM MHOXKCCTSA

4, = {m: ¥(e,) = x (B)]. (1.10)
Ouesunyo, yro mobaa mapa 4, n 4, (I=k) He uMeer obupx
INEMEHTOB H mkU IA‘* ={1, 2, 3, .., m, ...}. Ecne My cyme-

cTBYeT, TO pazx {1.9) cxopuTcs abcoMmOTHO U 850 WISHK MOX-

HO NPOH3IBONLHO ICPeCTaRIATh. Torga (1.9) MoxHo 3ammcarh
B BHEOE

D> P(o, ).
M= & & 66, Pe,)
Orcrona, yaurssas (1.10), naxomum
* HUcnonsiy® mxrerpanr Cruwrbeca, MOXHO 3anucatsh obGmyw dop-
MYZy AR BEIHCTENNA ME, aHanormunyn (1.6) u (1.7), B puRe ME =
« | x dF .
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M =2 (s(x(8), X, Pla, )

B npeanonoxeHHy cymecTropanns Mn dopmyna (1.4) aoxa-
3aHA, TAK mEE P(o,) = PE = x (X)) = p,. Ecnn abcomoTHO
cxonmred paa B (1.4), To, Hauas ¢ (1.4), MOXHO aHATOIHIHL~
MM PACCYXACHAAMYE NoNysuTs dopMyny ana Mn B enae (1.9).
Teopema 1.1 pokaszana B ¢Nydae, KoIfa BEKTOp § 3a/aH Ha
BRCKPCTHOM BCPOSTHOCTHOM NPOCTPAHCTRE,

Hoxasarenberso (1.4) st carygas, KOraa XHCKPETHELE ¢y~
waliHEIl BeXTOp 3aaH Ha aGCOMOTHO HEIIPCPHIBHOM BEPOAT~
HOCTHOM HNPOCTPAHCTBE, A Takke AOKAIATENLCTBO TEOpEeMEl
1.2 npuBenentl He SyayT. STH JOKA3ATENLCTBA NIPH YCIOBMM
HCTONL30BAHU TONRKD $AKTOB H3 Kypca OOKTHOIO aHAMM3A
ROTPeOOBANH Ohl BREACHHAT AOTIOIHUTENLHAIX JIMIIHIX Orpa-
HMMCHMI{ Ha paccMaTpHBacMile caydaitanie pemranan. IIpn-
BENCHHOS U RUCKPETHAIX IPOCTPAHCTB AOKAIATCIBCTBO AACT

ROCTATOYHO XOpollice npeAcTasnenne o ¢raar dopmyn (1.2),
(L3} c (14), (L.5).

Bocnomesyemca dopmynavu (1.6) u (1.7) pna seramciac-
HHA MATCMATHISCKHX OXBAaHHAN cnydalinex Bemud, uMe-
IOMUX pacnpenencHng, npeseacHHne B § 3 . §.

1. Hopmansnoe pacnpedensenue. Tlonerannaa B Gopmyny (1.7)
IVIOTHOCTh HOPMAJNILHOIO PaclpeAesIcHHA, TOTyTHM

@ P
M§=J,,2?-_L(cy+a)e Tdy =
-~ an yz
g Ity rde [ e¥a
21

Tax xax dyHKuus ye"'r HCUeTHad, & 5= e"'F ARNAETCS

IDIOTHOCTHIO HOPMANBHOTO PACTIPENS/ICHNA ¢ N2paMeTpaMH

(0, 1), 10 nmepBoe cnarasMoe B NpABO YACTH IIOCNAEAHEIO
pascHeTBA paBHO {, a Bropoc g. TaknM obGpasoM, ecnm cay-
gaifHag penryEHa & pacnpelcneHa HOPMANLHO ¢ MapaMeTpa-
MA (a, o%), To ME = a.
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2. Ioxazamensvrioe pacnpedeacrue;
M: = o) de= Jonew e =1

3. Pasnomepnoe pacnpedesenue:

b
=1 = ath
MF,———-b ‘,!xa'x———z—-.

HalineM Tenephb no dopmyne (1.6) MareMaTHIeCKue OXH-
BAaBHUA HEKOTOPHIX AHCKDCTHEIX CAYIAlHLIX BeNAINH,
4, Bunomuaasnoe pacnpedeaeriue, s dopMynz

Mg = 2 mG' o (1—py,

BOCIIONB30BABUIACH paBeHCTBOM mG™ = nCy™y’ , TonyumM

Mg =np I CI7 gt (1—py—= = np (p+(1—p).

TaxuM oGpazoM, ME = np
5. Hyacconoecxoe pacnpedesenue. Tax KaK

i - s w1
M B'Zom %;.fr’- = M—’-nz_:i fr%:T)!“ e g,
0 ME =M.

§ 2. CpoficTEa MATEMATHICCKONO OXHAINNN

IIpuBeneM OCHOBHEI® CBONCTBA MATEeMATHISCKOTO OXH-
Teo peMa 2.1,
1° Ecau C — nocmosunas, mo MC= C,

2°, Ecau C — nocmosnnas, mo M(CE) = C ME.
3%, Has moboix seatssun &

Inagl < M) 51
A, Jas srobuix cayuatinswe eemweun &, n &,
ME,+5) = ME+HME,
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Ecru cywecmeyiom vaxue-nubyos 36a u3 ynacmeoeaeuuux ¢ pa-
BEHCMBE MAMEMAMUNECKUX Odcudanull, o cyusecmayens mpe-
mbe.

5°. Ecau caymaiinsie eeswwurnv &, u &, nezagucumss, mo MEE =
= Mg, - M&,. H3 cywecmeosanus WX GeYX MamemMamuyec-
Kux omcudanuii CVILeCB08aHUE MPENibe20.

HoxkasarenncTBo, CeolicTea I* — 4° crenytor u3 co-
OTBSTCTAYIOINMX CBOMCTB MHTEeTpANA M paja, JloxaxeM, Ha~
npaMep, ¢BoiicTBO 4° AN BeMIMMH, ONpEAcNCHNEX B abco-
JIOTHO HETPEePHIBHOM BOPOATHOCTHOM NPOCTpaHCTBE (CM.
§ 4 . 2). Ilycts €, &, 337aHLI KA BEPOATHOCTHOM ITPOCTPaH~-
ctBe (Q, ¥, P). Torna cymma & +£, TakKe ABnsgeTCA CIydali-
sHoli penwunEBOI, onpenenennoﬁ Ha TOM Xe BePOSITHOCTHOM
NpOCTPaHCTee, | 1o dopmyne (1.3)

ME,+E) =I o I(E;(")+§¢(ll))z(a)du,...du,=,

=] - | & uyncudu,...du, +§ o | 2,0) = (W)du,... du, =

=MEHME, (4 = (1, s 8,).

3ech MM BOCTIONBIOBANYUCH TCM, YTO HHTEIPAN OT CYMMH
ABYX GyHKuMiE paseH CyMMe HHTEIPaNOB.

NloxaxeM cpoficreo 3°. ITycts, HanpuMep, &, u £, — abco-
NIOTHO HeTpepHEBHEE BeIMTHHE 1 E&(“’ ¥) — HX IUTOTHOCTh

pacnpegencnus. Tak Kak £, # &, He3aBUCHME, TO p%(u, V)=

ng“)l’é")* Ho dopmyne (L.7) ¢ n = 2 1 g(x;, x,) = xx, nony-
M

MEE, = _{o -.L "‘“’g.(“) Pg,(") dudv=

= _£ up, (W)du - w0 av=mg, oMz,

H3 csolicts 2° 1 4° N0 MHAYKUWH CCAYET, UT0
M(CE+ .. +CE) = CME+ ... +C ME, Q.1)
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IpuseacHube Bhiie cBOHCTBA MOMOIAKT NPH BHITHCIS-
HHIM MATEeMATHYCCKAX OXHAaHMIL. PaccMOTpHM iBa mpHMepa.
IMIpumep 1. Ilyers E nMeeT ROPMANBPHOE PACTIPEACICHEC
¢ napamerpaMn (2, ¢?). B § 1 Ouo nmoxasano, aro ME =a.
HaiizeM MaTeMaTHISCKOe OXBAAHES BeMYKBHEL 1| = AS+B.
Mn = AME+B =Aa+B,

TaxuM obpazoM, dopMyna mna Mn xaer npocroe obGnacHe-
Hue GopMyNH ANS NApaMETpa 4,.

IMpumep 2. IIycTs p, — IUCHO YCHEXOB B # UCITITAHKAX
BepHYNINH ¢ BePOATHOCTHIO P YeIIeXa B OTACALHOM HCIITA~
HHH. 9732 BeIHUMHEA HMeeT CHHOMMANBEHOS paclpelcicHHS.
B § 1 Onino noxasaHo, Y10 cAy9aliHag senmIHHa ¢ OMHOMHA=
aNbHEIM pacripefiecicHHCM MMCceT MATCMAYHIECKO® OXHUNAHHS,
paBroe np. [lokakeM, Kax STOT Pe3yALTAT MOXHO NONYIHTD
?spxsx il;;aom NPEACTABNCHUSA 1, B BHAC CYMMBI HHARKATODOB

e = Ett il
rae £, — He3anMCMMOE ORMHAKOBO PACHIpEACHICHHNE Cydai-
Hule penmanie ¢ P, = 1) =p, P(§, = 0) = 1—p. Ilo dopmy-
ne (2.1)

Mp, = ME+ME,+...+ME,.
CnaraeMule JIeTKO BRMCAAI0TCA o dopMyne (1.6):
ME,=1-p+0-(—p)=p, k=12 .., n
Taxum obpazoM, Mp, = np.

IMMpuMep 3. U3 ypuu, cogepxamett M Gexx # N—M
YepHMX IWAPOB, IO CXeMd cny4alinoro smbopa 6e3 Bo3Bpa-
IIeHHUs HaBaeKaerca n wmapoB {cM. § 2 r™.2). Hycte & —
ancno Genux mapos B BuOopxe. Haiinem ME, Obo3nauny
A, cobuTHE, cocToflllce B TOM, Yr0 K-it mmap B BuOOpKRe
okasancs GenniM. IlpeacrapuM & B BHAC CYMMB MEANKATO-
poB £, ==I‘,‘, k=1, ..,n

g = g5t . @2
Ta:q KaK =1) =M/N (cM. sanaqy 22 r1.2), o ME, = M/N
NI = g0 A

B xauecTe emie ONHOTO HPHMEpa HCTIONBLIORAKNA CBONCTR

MATEMATHNECKOTO OXWAAMES AOKAXEM CAGAYIOIIYIO TCOPEMY.
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Teopema 2.2, Ecau A, A, ..., A, — npoussossitie cobi~
mus, mo

P Ua4,) =

m~l

= 1) p! P A )
ngl( l)Ml Sk, <k, < ... <k, <n U, )

Hoxaszarenbcrso. H3 pasencrsa U-!Z, = (A cne-
ayer, wro " »e

P(VU 4,) = 1—p( QIA,) @.4)

Hycrs ‘1:=IA, (k =1, ..., n) — manuKaTOp cobuITH 4,. Torma

cayuaiiEad Be/IMHA N = H (1—n, ) npunmEMaer ABa 3Ha%C-

HHA: 3HauCHue 1, ect Bee 7, = 0, M 3HaYeHMe O B OCTANL-

HEX caydasx. CoGumhe {n, =n, = ... = n, =0} =44,..4,
Crienosatensno,

My = P(4,4,...4). 24)
Tax Kax

n= 1- '§ (—1)‘&1 z 'lkl"‘ 'lk“s

1gk<.. <k <n
]
=1 1$k<..<k Sn
Ouepngno, uro

— _f 1, ecomoe4d,.. Ak.,
ek M, I‘k,*“k. { 0, ecmao eli... Ay
oaromy
Mnk’ﬂk“"“k. BP(A&A‘;‘ . Ak. ). (2.6)
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Y!g)epMenm TCOPEMHL CHEAyeT Temeps 3 dopuyn (2.3) —
::.;I;l;nnenenm B Teopeme dopMyna oGobmaer dopmyny

§ 3. Amcuepeun
Hucnepcueii DE cryuatinoli BeHavHE £ HAIKBACTCH YHC-

1o
D5 = (M(E — M), @.1)

CCHH MATeMATHICCKOS OXHMAAHKS B mpasol wactd (3.1) cy-
mecTByeT. Jincriepcns ARiseTC Mepoit pacceaARHA SHAYCHKHR
cny;mﬁnoﬁ BE/IHIHHEl OKONO €6 MATEMATHICCKOTO OXWAa-

HA3HBAKT CPEOHMM EPAIDATUISCKEM
o'rxmuenaem
Ecap BOCHONEIOBATHCA CROHCTBAME MAaTEMATHYIECKOTO

CXHIaHAA, TO NPabyIo 4acTh (3.1) MOXHO MPHBECTH K cleny-

0MEeMy BUAY:
ME — MEY = M(E? — 25MEHMEY) = MSZ—2ME - MEHMEP.
Orcioga u 73 (3.1) cregyer, Ir0

D = Mg — (ME). 32)
Ecnu cnyvaiinas sermroma & abcomorHo HENpepHBHa, TO,
nonaras B dopmyne (1.5) n =1 m g(x,) =(x,—ME)3, nomym

0= | (x— 2P 5 . (3.3)
Jna pucxpernoit seymrinar: £ B3 (1.6) Haliznem
Dz =3, (s, — MY? P =), G4

e . P =x,) =L
ffpmeucmanepcn
Teopoema 3.1,
1°, Hzm moboii caynaiinoii eememinm & umeen DE 2 0.
20, Ecau c—nocmosnuas, mo De =0,
3. Ecau c~nocmosnnazn, mo D{(ct) = DL,
4%, Ecau cayuaiinwe eeswnunst &, # &, neaagucum, mo

D +2) = DEHDE,. 3.5
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JoxazaTenrcTBo. CrolicTsa 1° — 3% cnemynor me-
NOCPENCTREHHO M3 OTIpElCACHNS B CBOMCTE MATOMATHISCKO-
ro oxunannd. JoxaxeM csoiicTao 4° ITo onpemanesino (3.1)

DE+Ey) = MG, +E) — ME 5] =
=M, —ME)+E—ME)F =

=M[(§,—ME,)*+(§,—ME,)+2(5,—ME ) (E,—ME)).  (3.6)
Orciona, Tax Kax caydadimple penwumnsl & -8ME, £,—ME,
HE3aBHCHMEL B
M(E,—MENE—ME)=M(E,—ME) » MG,—ME)=

=(ME,—ME ) (M, —ME;) =0,
caeayer, 110

DE,+E) =M(E,—ME)P+M(E,—ME)=Dg +DZ,.

BruraucanM AMcnepcHE HeKOTOPHX CAYIAHHEX BeIHTHH,
1. Hopmaaskoe pacnpedesenue. 11o dopyyne (3.3) Haxomam

e | are” B
Orcioza, nonarag x =oy4a, NoNyInM

Dt = o’ T.v’ dy = —03;15-]'?4(6’"‘“)

Hpnuggm topMysTy MRTEIDHPOBAHKA NIO YACTAM, HAXOXHM

B § 6 rm. 5 610 noxazano, Yro Juuelinas dyuxmus
n=4t+B or HopMaTHLHO pacTpenencHHol caysalinoli pemm-
uyHE § AIMEeT HOPMANLNOe pactpesencHue. B § 2 6um yxa-
saH cnoco® BoumHchenns My, He CRE3aHHRIE ¢ JoKA3ATE b~
CTBOM HOpMANBEOCTH 1 (cM. opuyny (2.2)). Haﬁmn:empen
Dn. Herpyamo noxasats, 910 ¢nyqaiiHas BeHYHHA, SRSTIOMA
#icA MOCTOAHHOM, B3IMMHO He3aBHCHMA ¢ ymoboii c.uyqaﬁnoii
senymeoit, CrefioBaTenbHO, IpH BarpicacHnn Dn = D(4E+B)
MOXHO BocTiONbaoBaTrea dopmynodi (3.5). Torna

Dn = D(4+B) =D(4)+DB = ADE = A,
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2. Pa*enouepm pacnpedesenue. Tlo tbopuyne (3.3)

D§ I (x""' ath ) g(xm -b—a I (x""' b )2‘#
Orciona D = b“’ .

3. IIyacconoacxoe pacnpedesenue. Haiimem cEauana
M[E,(ﬁ—l)]. ITo dopmyne (1.4) ¢ r =1 u g(x) = x (x—1) nonxy-

Ms G—1) = Z'. m (1) e = 32 Z( ),e"' =x,

Tak xax ME (—1) = ME—-ME u ME =), To ME2 = A2+A,
IMoacTasnan 910 BuIpaxenne B (3.2), noayuum DE =A,

4, Bunomuasenoe pacnpedesenue. Tax Xe xax B npuMepe 2
H3 § 2 , BOCTIONB3YeMCA TEM, YTO THCHO YCHCXOB i, IPEACTS-
BEMO B BHAC CYMMEI HE3aBHCMMLIX MHAHKaTopos (3.5.13).
Torza Dp, = D¢, +...+ DE, u DE, = hf]&’----(hﬂl,’,,:)2 =
—pt = p(l-—p) Taxum oﬁpasou, Du,=np (l—p) OrMeTHM,
qr0 B GOpMyIHpPOBKY Teopemul Myappa—-Jlannaca (TeopeMa
3.3 m.4) exomuna cnywaiinag memmvMnHa (U —np)/Vnpg. Te-
nepb MH MOXeM 3Ty Xe BEAHIHHY 32IIMCATh B Buae

(n,—Mp,)/ ¥Dy . Taxoe muneiinoe npeoﬁpmnanue caygsaii-

HOH BeSIMIHHL RCHONLIYETCS AOBONLHO Yacro. Ecomt § —
OPOM3BONEHAA CydaliHAg BeIMYMHA, TO LT caygaiinoi Be-
mroEe =E—ME)/VDE mveem

Mn =0, Dn =1.

B nprioXeHmax fnA OLEHKE BEPOATHOCTH OTKIOHEHHS
caydalinolt BeXMIHHE OT CBOSIO MATSMATHYECKOINO OXHAa-
HHR YacTO MCTIOML3YIT «JIDaBMAO TpeX CHIM», COIMACHO KO-
TopoMy cobuTHe | E—ME | >3V DE npaxTHYeCKH HEBOIMOX-
HO, T. €. €70 BEPOATHOCTDL ONCHEL Ma%a. D10 HeHCTBHTCNRHO
TaK, CCIM & pacnpeAcicHa HOpMaMsHO. B 3TOM cayuao

P{ §—Mg| > 3VDE}=

_p{%l >3} "'JTI & e <0,003.
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OnHaxo ecny pacnpeleVicHMe & OTIMUHO OT HOPMAIBHOTO,
70 BOIMOXHHN OOJIbLUNC 3HAYCHHS BEPOSTHOCTH TAXOTO OT-
KnoneHus (cM. 3azavy 19).

Yacro H3YyIAeMYI0 CAY9AHHYI0 BEIMTHHY yAzeTes Ipea-
CTABHTR B BHIOE CYMMHE GoJice ONpPOCTHIX, BOSMOXHO 3ABHCH-~
MBIX, chyealinex penyms, [lyers, HanpuMmep,

N, =55t 3.7

rae cnyuaitanie pexraunn £, £, ..., §, 3aBHCHMBI B KAX2aq 13
HIX BpHHANMaeT 3HadeHua O u 1. B aToM ¢Iy9ae MoX¥o Boc-
noaR30BaTRCcA GopMyNOi

Mn, = ME+ME+. 4+ ME.
Onpsaxo Dn_ yXe He paBHa cymMe Qucnepemit Bna srI-
YHCHSHHEA ﬂ'n,, MOXHO NcToib3osaTh dopmyny (3.2). Tak xax

o) = &, (@), 0 =0 (nelicTBuTeNBHO, £, (@) = 1 HIH
£.(®) = 0), 10

n n
m=Zat Dok = BorLeg=qt+l gl G8)
Takum obpazoM,

Dn, =Mn—(Mn,? = % MEE+Mn,—(Mn,).

5. Tunepzeomempuvecxoe pacnpedesesne. BocnonbzyeMcs
dopmynoii (3.8) ana BHYACACHNUS ANCHCPCHH BENHIMHH &,
HMEIOMIeH rHnepreoMeTpiieckoe pacnpensnenne, Jma uH-
AuxaTopoB &, B cymme (2.2) mueeM (cM. 3auaqy 22 T 2)

Mzz, = Ple= &= 1) = 20D,
Orciona 1 13 (3.8) HaxogrM

= — M M—1
M2 =ME+ “5 Mgs, = nog +n(n—1) %ﬂl

CrnegobarensHo,

Dt = nn—1) -yt +nl—nll,
Hocne HeCNOXHEIX NpeoGpasopanmilt NONYTIM

o= n 2 (1 20) 2. 69
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§ 4. Kopapnanna. Kozddumuent zoppeasmm

IIpn poxasarenrcyse dopmynu (3.5) nau norpeGomanocs
ssramcmaTe M[(E,—ME )(E,—ME,)]. DTo wACHO HaakBacTCs
Kosapuayueil cnyIaliuux senuaun &, § M obosHavaeTcs
cov(§;, £,). Taxnm obpasom,

cov(f,, &) = M[(E,—ME )E—ME)]. “4.1)
Orciona, HeNOM3YS CBOHCTRA MATEMATHYCCKOTO OXHMAAHNY,
JIETKD NONYIHTS Chaexyomyn dopmyny:

covEsys &) = MGE—ME, - L, @2)
Ouesmano, 410
cov(s, 5= DE.
Hetpymuo NpoBepHTH TaK¥e CACAYIONIME PABCHCTBAS
cov(f,, E)=cov(5, &), cov(cE;, &) =c cov(§y, &),

Ine ¢ — ndas DOCTOARHA.
A3 pasencrs (3.6) n onpeaenenni (4.1) sarexaer dopMmy-
2 N KECNCPCHM CYMME ABYX MPOH3IBOMBHEIX CAYSAHHEX

BENIIMH;
D) = DEADE +2cov(E, ). 4.3)
Teopema 4.1. Ecau das caywaiinuix sesusun &, &, o, &, €Y=
wecmayiom cov(f, Ey=c,, i, j =1, ..., n, mo npu X BOCIIO=

SHBBX Cyy Cyy s0sy €, UMEEN
D(ct, ek, +.. e k) =‘;E_Ic§ g - 4.4
HoxazaTeascTno. Ilonoxum
n = cI§l+c,§2+...+c,,§,.
Herpynsio npobepats, 110
n,—Mn, =Z ¢, (—ME)

M —~Mn ) = . "-' <5 (E;—MQ@‘“EI)'

Briuncnaa MareMaTHICCKOS oXunaane or obenx yacreii noc-
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JICITHETO PABCHCTBA, NOAYINM YTREpXAeHHAE TEODEMEL.

IIpazyo =acTh (4.4) MOKHO PaccCMATPHBATh KAK KBagpa-
THIHYX OpPMY OT MEPEeMEHHMX ), € «., €, TaK KaK NpH
IOGHX ¢, &, ..., €, NACTICPCHA B JIEBOHK YacTH (4.4) HeoTpH-
maTeNsHa, TO KpajpaTAyHad $opMma B npasol gaca (4.4)
HOOTPHIATERLHO onpenenena, Ksaaparuanas dopMa HeoTpH-
DATSILHO ORPEXSICHA TOINAa B TONLKO TOINA, KOTAa HeoTpH-
UATS/ILHEL BCS INABHSIS MUHOPE MATPHIN, COCTARNCHBON B3
ee xoadbdmmenTos. Taxme ofipaszoM, B3 TeopeMsl 4,1 nony-
YK CIeAyIOINee YTBEpKASHAC: ompesenurens [D[E]] mar-
pumut DE] = DBI(,, ..., &)1 = llcov(§, &)l mpm mobom
m =1, 2, .. mA mobHX cAysaliHHX BeAHMH §;, &) .. &,
YAOBCTBOPACT HePABSHCTEY

[ DGy s 8N 2 0. 4.5)
Ilpr m = 2 BepaBeRCcTRO (4.5) HMCCT BUA

WV?;% E) mgé;%) |- DE,DE,—cov(%, &) = 0.

Orcroxa

feov(E,, &) < VDE,DE,. 4.6)

B noxasaremctse opmynn: (3.5) Orino nomyrHo noxyde-
HO, IT0 AT He3aBHCHMAIX CAyIaiiniX senrn &, £, mmeer
MECTO PABCHCTBO

m(ﬁp gg) =0, @7

Taxan ofpasoM, ecrmm cov(,, £)»0, 7o pexaauan & u &,
JaBHCHME. B xagecTBe KOMMICCTBSHHON XaparRTepHCTHKA
CTeNCHH 3aBHCHMOCTH CAydalHKX BenmanH &, u §, MCHOML-

syerca Koadpumuent xoppeasnun p(;, &), onpenegemuit
pEy &) = %% 4.8)

I% p€, Bl < L.
20, Feau &, n &, nesasucumu, mo p(§,, &) =0.
3%, Ecau &, =A%, +B, ede A u B — pocmorwnse, mo

PEE) =L
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Hoxasarensrcerso. Cpolicteo 1° caeayer u3 (4.8) u
(4.6); cpolictno 2° cneayer u3 (4.8) u (4.7). JoxaxeM cpofi~
creo 3% Honoxmm ME, = a, DE, = o% Toraa

ME, = Aa+B, Dt=Ac,

cov(e,, &) =MIE—a)G—ME)]=
=M[(5,—a)(AG,—a))]=ADS, =Ac?

H, CICHOBATCABHO,

Aot _ __A_
p(ngm-—ldﬂ .

TaxuM obpazom, pE,, &) = 1.

OTMeTHM, IT0 PABSHCTBO Hymo koad:danueATa Koppens-
HUH He SRIfgeTcd JOCTATOYHHM YC/NOBHEM HE3aBUCHMOCTH
caysaiinex eenaaRd. W3 pasercrsa p(§,, &) =0 ne creayer
nesam;cmocn caydadHeX BeamyuH (cM. 3azady 10 aroit
TAABHL).

Hapsaay ¢ paccMOTPESHHRMH BHIINE YHCHOBHIMY XapaKte-
PUCTHKAME CHYYAHHEIX BEAWYMH HacTO MCIONLIYIOTCd MO-
MCHTI! §0Nee BLICOKHX Nopaakos. Momenmon nopadka k cay-
yaiiHoll BexuumHH E HasuBaercs aucao ME: Ymcno
ME—ME) HaSHIBASTCH KEHMPAALHIM MOMERMOM ROPATKY K.

Hycrs sazar cayuasitnnik sexrop (), §,, .., §, ). Benn-
YUHE

Mgk . &, ME,—ME ) ., —ME )

He3BBAITCA HHO CMEUAHINIM MOMEKIMOM nopsd-
Ka k= Kbk, B CMEWAHNYM UERIMPARLHOM MOMENMOM NO-
padka k. Brawcnars MoMeHTHI Goiee BHICOKMX NOPAIKOB
Moxdo 1o dopuynam (1.4), (1.5). Hanpmmep,

mEhiss =J; L{a %72 pes, G, %) dx, d,,

OrMeTiM TaxKe, Y70 M3 CYINCCTBOBRHHA MoMenra ME=
BEITCKACT CYIICCTBOBAHWE MoMeHTOB MEE, k=1, 2, ..., m—1.
3710 yTEEpENEHAS CICAYET H3 HEPABEHCTB

@)t < R +1, 0€Q, k=1, 2, ..., m—1.
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§ 5. 3axon Goasmux ancen

Bo Beemenmu OHUT OTMEMEH BKCMEpUMCHTANBHEIN dakt,
cocToMIMt B TOM, 9TO B AMHHHON CepHH ONMKTOB HACTOTA
NoABNCHAA cobNTHA A cOmIXaeTCA ¢ ONpeAeNeKHEIM “HC-
JIOM, KOTOPO® MOXHO PACCCMATPHEBATS KAK BEPOSTHOCTE CO-
OwrEa A. B MaTeMaTHUeCKOH MOASAH CepUH ONBITOB 3TOT
daxr moxazan. CxHagana noJydHM HEKOTOPEE OLEHKH pac-
TIpefeneHu cnyJaliHLIX BeIMIHH

TeopeMma S.1. eme E= 5(0)20 npu mobom v <Q. Ecau
ME cywsecmayem, mo npu arobom €50

PE2s)s M, 6.0

Joxka3zatenkcTBo. IlpoBeneM AOKA3aTENLCTBO B CIIy-
vae, Koraa £ zajaia B a6coMmoTHO HeNpepLIEHOM BEPOATHOC
THOM npocTpaHcTse (cM. § 4 rn. 2). [lo onpeaeneHIGO MaTe-
MATHICCKOIO OXBIaHUST HMeeM

ME = | i I E((uyy ooy u) = (g ooy ) du, du, ... du,,

Hycts
Q, = {(u,, ..., w): &(u, ..., 1)) 28}c Q.

BeeaeM cryqaliHyio BETHIAHY
n= { 0, ecom (ul, " eO\Q,

s, ecnmm  (w;, .. €0,

IIpw moboum (x, ..., u.)r-_'n meeM £ 2 n. YMEOXHEM 06 yac-
TH STOTO HEPABSHCTBA Ha ®(W;, ..., U,) ¥ NPOMHTEIPHPYCM
no Q. HonysuM, uro ME 2Mn. Orciona cheayer yInepxic-
HHS TeOpeME], TaK XaK

Mn = sP(Q) = sP({ 2 5).

Hoxasannag TeopeMa TO3BONAST JEIKO IOMYIHTh HEpa-
BeHeTRO YeOunena,

TeopeMa 5.2 (HepasencTro YeGmuena). Eeau cayuaii-
Nas eeausuna & umeem ducnepcuto, mo npu siobosm £>0

P( §—ME|2e) <25,
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Jorasarenscrso. Crysaiinag pemrmman = E—ME? 20
npa BeeX © €, 1 Mn = ME—ME) = DE koreudo. Cacxo-
BATENbHO, MOXHO BOCHOML30BATECA HepaseHCTROM (5.1). Ta-
KnM obpasomM,

PO M| 20) = P (n2e) s 21=05.

HepapeHeTBO YeOHIneBa NO3BOMACT CHSHHBATh BEPOST
HOCTH OTKNIOHeHM 2navenuii cnyTaiinoiil BeAYAHE OT CRO-
€70 MATeMATHYISCKOTO OXKHIAHUSA.

Hycts, BanpAMep, HYXHO OOSHATh JoM0 GpakoBaRHEIX
nanemiii B mapTHM, cogepxameit N usgemit. O603HATHM YHC-
no GpaxosanHKX Magennit M. Ilo cxeme cayualinoro snGopa
Ge3 Bosppamnenua ordepem n magennit. Ilycrs cpeam oto-
OpapHnX naneml £ GpaxopanmiX. Cnysaltnag senwanna £

IEnepreoMeTpHaecKoe pacnpeaeinenue (M. § 1 m.2).
B §§ 2 u 3 6510 noxasano, 910

M = ndf, Dg = (1. 3 )AL
Orciona

m() =4 o(5) =1 X (-4 42
Bocnons30BaBIMIMCE HepaBeHCTBOM YeGrnnera, oMy M

p{li—Fl=a} e 0-FIEL -

JdpyraM nprMepoM NONE3HOTO NpUMeHeHU HEPaBeHCTBA
YeGumera sungercd ONCHKA OIMOKN NpHGMIDKeHHOTO 3HA~
yeHnd H3Mepaemoil pemyauHsl IlyeTs mpoBouurTca 7 He3a-
BHCHMEIX M3MepeHV HeXOoTopol HeH3BecTHOH BeAMUUHE 4.
Ournbxn usmepenud 8, 8., ..., 8, GyneM cuMTaTh CIyJAKHEIME
BemrmHaMd. Hpexnonoxum, 5o MS, =0, k=1, 2, ..., .
3710 yoNoBHe MOXHO PAaccMATPHBAThL KAK OTCYTCTBHE CHCTS-
MaTHuecKolt onmbin. Iycrs eme DS, = 52, 3a sHaveHHe He-
M3BECTHOH BE/MTIMHE! @ IPHHMMAIOT OORITHO CpeaHee apud-
METHYSCKOS PeIynbTaToB n3MepeHnmii. Torza onmtbka B om-
pefeneHNH 9ucna ¢ OyaeT paBHa

B, +3+...45,
n
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H 1 »
Dn, = 1(D6,+...+D5,) =, Mn, = 0.

Hpeanonoxum, 970 HAM HYXHO, YTOOH ommGKa n, He mpe-
BOCXONHJA A ¢ AocTarouHo Sossmol BepoaraocTeio. Hanpn-
Mep,
P( n, | <4)>099.
D710 HEPaBEHCTEO MOXHO 32IIHCATh B SKBHBAJICHTHOM BH1E
P( n,|24) 50,01 5.2)
Ylo mepaseHcTBy Yebrnuena maceMm

P (n,l28)0p =5,
CnezoparenbHo, (5.2) Gyaer BEOIONHEHO, €CIH
B <001, wm n 21005

Taxomm obpasoM, MBI NOMYYMIH OUCHKY UMCIA M3MepeHMmi,
HEOOXOMUMOTO AN NMONYYeHHA 3afaHHol TounesTH. B pac-
cMaTpuBaeMoll 3anage OUCHKR A / SIBICTCA 3ABRINCHHOM,
Ee MOXHO YAYYINHTDH, €CHE BOCIIOMB3OBATECA TeM, UTO 1,
ARNACTCH CYMMOll HEIaBHCHMEIX cyualHEX BemrmH,. Byaer
noxazano {(cM. TeopeMy 4.1 1. 7), wro npe GonpiuMx 1 Be/mI-
SHHA N, MMeeT pacnpeaescHMe, (IH3KOS® X HOPMANLHOMY.
Oznaxo ecan o cayualinol BeNIARe HEYETO HE M3BECTHO,
EPOME MATCMATHYCCKOTO OXHAAHNAA ¥ AHCNEPCHA, TO OUCH-
RY, KOTOPYIO JaeT HepaseRCcTRo YeOnnnesa, ymyyimiTs HeMbas,
VxaxeM pacnpeAcneHHe cayvaiiHoll BeMMYHHE, ANT KOTO-
poii BepasencTso Yebnmmena npu AamHBX b2 = DE u e>b
obpamaetcs B papencTso, Ilycts

PE=0=1-5 Pe=—)=P@E=0=5.
Torna
Mg = 0, D = Mg = (~e)iy +etd5 = &

Pd&lzs)%-

Herpyaro nomyurs ewe pal NONC3HEX HEPABCHCTE THOR
RepabeHerBa YeGnnnera, IIycts Ax) — HeyGupawmag neo-
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TpunarestHan ¢yaximg. Ecan cymectsyer MAE), 10 npn
mobou >0
PE25) s%)- .3)

JoKa3aTeNLcTBO HPOBOAHTCA TAK X6, KaK JOKAJATE/ILCTBO
TeopeMml 3.1,
TeopeMa 5.3. Ecau cayuaiinsie cesuntrivr &, &y v &y oo

RONAPKO HE3ACUCUMBE U
n

L1 -
tim 7 2Dy, =0, (5:4)

mo Aas mobozo s>
lm P (Sl MEMEE. MG, | )

HoxasateanncTro, Iomoxme

n= §!ﬂ+...+§! .

Y’rgcpxncnne TeopeMul paBHOCHIBHO TOMY, TO NPY A0boM
e>

lim P §n,~Mn,|2¢) = 0. (5.5)
AP

Tax xax cmyqaliisie BenwauHn £, ..., &, NoNapHO He3aBHCH-
ME1, TO

n
Dn, =7 2 D%,. 56
Tlo nepasencrsy YcGumena '

P (n,—~ Mn,[2¢) s%".
Orcioza, pocnoymb3oBapikch (5.6) 1 (5.4), nomyamm (5.5).

TeopoMa AoKa3aHa.
€ BCIHIMHB 51' ey +n« HAIBIBAIOT nemppe’m-
POBRHHEIMH, €CIH » &) = 0 npu mobux i, j, § #J.

B ycnoeum TeopeMul 3.3 MOXHO BMECTO HODApHONK He3a-
BHCHMOCTH BEMIMH &, &, .y E,, ... HOTPeGOBATE, TTO6H OHR
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OLUTH HEKOpPEAHPOBAHHEIMHE, TAK XKaK NI HEKOPPeIHPOBAH -
HEIX BSTHYMH coxXpaHured dopMyna (5.6). Ecnu ot pemumn
Eps oo &y -v BRIIONHEHO YTBEPXACHHE TOOPEMHE 5.3, TO TOBO-
PAT, TO K HUM NPUMEHUM 33K0H GOMBIIMX Yucel.
OTMeTHM HEXOTOpHE SACTHEIE CIYIAH 3TOH TeopeMyl.
Teopema 5.4 (TeopeMa Yebrnena). Ecau caysaiinwe 6e-
ausunnt £, £, oy §y o NONAPHO HE3AGUCUMY U

D, <C k=1,2,.., ;.7
2de C — nexomopan nocmosnnas, mo npu msoboxn >0

i ity M,

Teopema 5.4 cnenyer a3 TeOpeME! 5.3, TAK KAK K3 YCNOBHS
(5.7) cnenyer (5.4).

Teopema 5.5. Ecau cayuaiinme eenvaunst §,, ..., £, ... 60U~
HaK060 pacnpedesenss, NONAPHO HE3ABUCUMB U LMEIOM KOHeH-

Hue ducnepcuu, mo npu sobom >0
limP (|25 a<s J=1,
20e a = ME,.

TeopeMa 3.5 cacayeT w3 Teopemut 5.4, NelicterTentHo,
DE,, k=1, 2, ..., CYIMECTRYIOT H PasREl Mexuy coboil. Cre-
JOBAaTeNLHO, BEUIOAHERO yeroBue (5.7). B . 7 TeopeMa 5.5
OPH NOMOINH XapakrephermiecKux dyaxumit 6yner Aokasa-
Ha 0e3 NpeaAnoONoOXeHNs] O CYIIECTEOBAHKE ARCTICPCHH.

Teopema 5.6 (reopema Bepuynwm). Iycmo p, — wucao
ycnexoa 6 n ucnwmanusx Bepuysan u p — seposinnecnd yonexa
e omoeavuoms ucnimanuu, Toeda npu mobom >0

mp{lﬁ,‘:_ﬂ <e}=1.

Aokasarearcrbo. BocnomayeMcs s t, IpeacTaB-

JICHHEM
n, = E4E 4.,

me &, k=1, 2, ..., n, nesasucMu B P (€, =1) =p, P (§,~0)=

= |—p = g. OueBuano, Y10 ME, =p N ANCICPCYH EeNHTIHH £,

KOHSYHH.
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TaxuM obpasoM, AOKRIHBACMAT TSOPEMA Cpa3y Caenyer
3 TeopeMH 3.5,

Cxema BepRyE SRASeTCHE MATCMATHISCKOHR MOZEABIO
CEepHH ONNTOB, MOBTOPAIONMXCE B HEHIMEHHEIX YCIORMIX. B
KAXIOM OIINTe MOXCT HpoH30UTH coGHTHE 4, XOTOpOe MBI
Haspanu yenexoM. CoracHo eopems Bepuyiu 2acrora p, /»#
HACTYnNCHNd COORTHI A COMIKASTCH ¢ BEPOATHOCTHIO P, DTOT
xo¢ Gaxr YCTAHORICH SKCOCPHUMEHTANHHO,

MareMarHyecKolf MOASHBY TOCICAOBRTENLHOCTH N3 2
#a3MepeHEt HeHIBCCTHOMN BONMNAAN ¢ SBAFeTCA CyIaliBRiE
BexTop (£, %, . &), e &, K l 2 oy M, HESABHACHMLI,
OIMHAKOBO pacnpque.lmm, M D§7 =P, ITo Teopeme
5.5 cpennee apudpmermaeckoe (§,+...4L,)/» npn Gomnmux »
Ma%o OTNHYaeTCH OT nauepmem BEEIHHME ¢ BEPOATHOC
THI0, Gmuskoii K 1,

§ 6. Yenozme pacIpencACHES H YCAOBELIC
MATCMATHICCKNE OXHEIAHAS

TIycts B mpocTpaKcrse {0, #, P) ompenenen cayyafiHuik exrop (5, n).
B3cacl MOKITHE YCIOBHOIO DACTIpEACTIOHHN RE/INUMHEL £ YIPH YCIOBHH, YTO
SATAHO IHAMCHHE 7). PACCMOIDHM CHEYMIR puceKpeTHHE cmyvall, Ilyvers

-]

PE=xn=))=p, 20, 2, p, ™1,
hi=i

o
PE =x)= 22,5 20, Pa=3)= 3 ;= 2> 0.
D §1m 36nm;m;m onpenercite yonormolt nepogTROCTH. o STOMY
ONPEAIEHIIO
) B2 % 2 5)
PE =x)In=y) Pt = 5) _p {6.1)

Ecii QHXCHPOBATS ¥, (W J), TO BeDOATHOCTE (6.1) MOXHO PACCMAETPR-
BaTh KGK YCAOSHOR PACHDEDCAENUR SRANGINN § NPl YCr06KI, Wno WY, Yeaos-
NUM JAMeNIMURCORUN Oxcidanues cayaiinold senuvinu & npit yoioeus, ymo
7=y, HA3LBASTCA "DICTO

ME In=3)= 35 7 62
=t

Ecnit essie yactit (6.1) u (6.2) paccMarpuBey, E2K HYHXIHH 01 J, 10
MOKHO CUNTATH YCHOMOE PACIIPEASASHHES B YOIOEHOO MATEMATINIACKDS QM-
BaEne cAydaftiniMl BOTHIHHAMY, OIPORCVIOHERMIE B HCXOSHOM BOPOATHOC:
THOM HpocTpaHcTBe (£, ¥, P). Toraa yonosHOO PacIpeNeaIcHHD B YUIORHOS
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MATEMATHYECKOE OXKTaMMe £ IPH YOIORHH 1) OTPEACTAIOTCE COUTRETCTRCH-
Mo doprynane
PE=xlW=PC=x|n=3), ecmacSin=j),j=1,2 ..
MEIn=MEIin=3, cemo€in=yhj=112,..
me PE=x|n=3) ME|n=y) onpenencuns Gopsysascn (6.1) n (6.2).
Chnpasermss cIenyicmian Popkyna {(opuyia BoIRC20 METIENSITINECKOLD

oXCuGarin),
RME = M[ME] o)l (6.3)

3xecs YCHOPHOS MaTEMaTHISCKOS OXKNAHES B KSiIPATHEI CKOGKAX PacCMAT-
PHB2ETCH KaK cydatinan semroeia. Tipasenns Gopuyny (1.6) k cmysalimolk
pemrerne MG | 1), Moxuo (5.3) sanKcaTh B crenyomeft IKSHBAMCHTHOR

Me = 2 P(h = y,)ME| n = 3). 6.9

Homoxem (pop)qmy {6.4). Bocn onpeaenenneM (6.2), no-
Y IHM

EP(n=J})M(§ln =y= ZP(n y)zn’—%'%’l’—=

=S 5P s =T 5 & P &= ).

Li= T
Tax mff}ll’(t =% N=3)=P{§ =X), TO HPABAT FaCTH NOCIENHETO PABCHCTES

pasAa ME. TToxaxeu, yro 13 Hopuyn (6.3) K (6.4) crenyer dopyyna nor-
sHolt BepogTHOCTH. IlyCcTh

{ , ecmmocAd,
E=1 0, eccmoc4d,
=Y, el o L= Bpf= 12, ..,

Tae BB, = @, i+j, U B, = Q. Totma
)
Mz = P(4), P(n = 3)) = P(B), M |n=y)=P4] B).

Tlogcrannas oTn supaxenus B (6.4), nomyms GopMynTy NOHONK BepOATHO~
CTH ¢O Cyernoit cucrenoit cobutphi B, B, .., B, ...
o0

P(4) = %P(B") P(4] B). (6.5

Honoxiu B (6.5) A=(E€ O, B={n=y,), me OS{x, X, oy Xp b (% 3)
-~ amavesnd (5, v). Torna npx mobou C

PEeC)=)Y, T, Pn=y) PE=x) | v=x). (6.6)
bl xec
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CpoiicTBa YyCNOBHOIo MATECMATHYECKOTrO
OXHAOAHHA:

1 Miqp(n) | 11’ (6.7
2°. Mlp(n) & n] = ¢(nzM(§I 7). (6.8)
30, M[§1+§z’ nl = M(‘:l n +M(§3 |"'|) (6 9)

4°, Ecau £ u v nesasucume:, mo

M(E | n)= ME. (6.10)

PapeHcrea (6.7) — (6.10) seprma npm moboM o 0. Pasencrna (6.7),
(6.8), (6.10) cieayonr HenocpeieTReHIO M3 OMPATNCHILT, artanornioro (1.2),
(1.3).

TIcpefiaeM X paccMOTpeHHI0 aSCOMIOTHO Henpeprmuoro aexropa (&, n).
Tak xax B 3roM cnyuae P (3= )) = 0 npw pofoM §, T0 ME He CMOEeEM
BOCTIONBIOBATECA OMPEAVEHHEM YCIoBHON BepoRTHOCTH (2.1.1), Kax 510 ME
CIENANH B AHCKpeTHOM cayuas, Hasosest yesoswold naomuncmuio pacnpedescun
BEPORMNOCIIEL BEMIANUNY € IpUl YOAOSU, ¥IMO 1= ¥, CIEEYIOIYI YRR

prin=yp= g2 6.11)
f dp, @) du

Yeavesoe MOMeEMamuNecKoe Gokudonue & nplit YeA0GUN, ¥Mo = p, onpedernent-
€8 gopayaoil

ME |1 =) = ] aptx| =) d. 6.12)
Ha (6.11) HeTpyAHO MOIYIKTE, lrrt;npn JOOHX d H B
Pasts b= p ool v &) v (613)
Jerx0 TAKEe mpopepseTcd opMyia, auatorndHadt (6.4);
ME=J pOWE] n=1)) dy. (6.19)
¥oma pacesmarprsars (6.11) ¥ (6.12) xax cmyualisine pemINE
Pxln)=p&ln=)), eccnuo & (1=}, y €(—n, x);
MEIW =ME|n=)), ecmn e € =73}, y € (—x, x);
10 HopMyIR (6.13) 1 (6.14) MOXHO JAMHCATS B 3UAL
]
Pasts )= M(f o nits)

H 8 Bge (6.3) coorBeTCTReHHO. NI YENORROTO MATOMATHECCKONO OXMXAHNT
afcODOTHO HeNEPEPHEHRHX BEJOTEHH COXPAHAKTeH caolicrna (6.7) — (6.10).
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§ 7. MBoronepnoe HOPMATLEOS PacOpeeReHNe

IOycts &= &, o §,)’ ~ r-McpHSIi chysaiineiii BexTOp-
cronGen®. Nonoxmm

n, =|=z.:; e ta, i=1,..,m, (7.1)
HIH B BeKTopHOoii dopme:
_O;.I.a (7 2)

e 4=(n, . M) a=(ay, ..., @)’ B C=|| ¢, = (m xr)-maTpu-
1ia. 30ech BEeXTOD @ H MATPMIIA C'nocmmnu Tak Xe Kax 1 B
§ 4, 6yaem o6osnagars D[E]=D[E,, ..., £,] xoBapualMonHyO
marpany fjeov(,, § ). Crenyioman Teopema sprnsterca 0600-
meHNeM TeopeMnl 4.1,

Teopema 7.1. Hpu sobvii nocmonrriod mampuye C e (1.2)
HMeeM

Din] = C D[E]C? (7.3)
HoxaszarennctrBo. M3 dopmyms (7.1) caenyer, aro
n;— Mn, =l§lcu &, — ME)
H r
(—-Mn)n—~Mn) = T €0, (GME)E—ME,).

Brraucaan or o6eux YacTeil MOCASAHETO PABEHCTBA MATEMA~
THIECKOS OXMIAHNE, TOTYIHM
r

cov(n, 1) = 2 6 SOV, &) ¢y

3¢ ¢;; = ¢, Teopema .t:omaana.

Mﬂomcepnm HOPMaAvKbMe pacnpedenciuem m CAYUAINb
eeauuun msompacnpga(e;’n?)me semoﬁ n= My wun,)’, 20e

onpedesens GopMya0 , @ CAYNQUNBIE GEAURUIYI -
‘11 « &, HE3ABUCUMB U KANCOGR U3 KUX pacnpedenena xop;um%o ¢
mpaamrgpauu ©, 1).

Ecnm m = r n onpeaesmrens | Cl # 0, 10 HopMamHOe
PACTIpeAiC/ICHNE HA30BEM HESMPONCOCHH WM, B ADPYTHX CIY3AAX

* Mu OyiieM »MepHEe BOKTOPH PACCMITPHEATE KAX (# x I)-MaTpHItH.
3uakoM * Gymex 060IHaYATH TPARCIIORHEPOBAHME.
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MOXHO IIOKA2aTh, UTO PACIIPERCCHHE 1) COCPSAOTONCHO Ha
NOATPOCTPAHCTBE PasMepHOCTH, MeHsmeH m. OTMeTHM He-
KOTophe o01mue cBolicTBA MHOrOMEPHOTO pacnpeacneHus.

amﬂ{wma aexmop N=(M,, ..., N, )’ pacnpedesen nopmassio. Toe-
1%, Odromeptsie pacnpedescrus Koopounan v, 36ARIOMes Kop-

MARBHBMU, ECAU Dq

29, Jlioban auneiinas dynxuus naA,n,+.. +A,n,, umeem nop-~
Maashoe pacnpedenerue, ecau Bn>0

3%, Jloboe auneiinoe npeob'paaoaauuec; An, 20e A — no-
&W MAMPUKA, WHEEIT MHOZDMEPHOE HOPMANGHOE DACHpE~

HUe.

Bce 31H cBolicTBa HENOCPEACTBSHHO CCAYIOT M3 onpene-
7ICHHA H Toro $axrTa, UTO CyMMAa He3FaBECHMBIX HOPMANBHO
pacnpeencHHRX BeMIHH pacupelesicHa Hopmamsno, Hop-
MANBHOCTS: PACTIPSACAECHHA CYMME! MOXeT GLITH ZOKA3AHA DPH
nomoity GopMyns (5.0.7) 1A HpH NOMOITY XapaKTepHCTH~
geckux dynxamit (M. § 2 m.7).

Teopema 7.2. Heaupoidennoe r-4epnoe HopMasbnoe pac
npedenenue ABARCTNCA QUCONIONING NENPEPLIGHbM, U €20 HAOM=

HOCmb pacnpedescnus umMeem euo
= = ---;l—..-_— —‘}M
p‘ (x],) vy xr) (211:)"“\”3 I € ] (7'4)
aaan magmvﬂam(rxr)—mwbmov(n&,m),

~— onpe&!!mmeab mampuyws B, x = (x,, .., x,), a = (a,, ...
a,), a=Mn,, O()=L¥ixx, — Keadpamuunas opma, magr-
Wuwtmug xomopoii obpasyiom mampuyy |6 |l, oGpammyro x

e B.
onaaareubc'rno. TinoTHOCTS pacnipefieteHH BEH~
o § = §,, .., §) EMeST BAX r
1
.Pg(xp seny I.J =( ™ e ¥

Tax xax [C| 20, To mpeo6pasoBanme y = g(x), e ¥ = (¥}, vs
J',), x= (xp ey x,),

Y= gfxy o X) = El"n xta,
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SBNSCTCHA B3AHMHO OXHOSHAYHHM M V1A BLMHCICHHA IVIOT-
HOCTH DACIPEACHCHUA M MOXHO BOCIIONB30OBATHCA (Hopumy-
noit (5.6.5).

Hocxonhxy—%=c,,, TO 'gxoﬁm npeobpasosannsa J

mucer pux J = |C| m x,= X 6'()—a), mo ¢;'— anemenThy
MaTpHIfHl, obparsolt X C. W3 dopmynn (5.6.5) nomywmu
2, s ¥ =T plg0)) =

=R ICH €%, (1.5

py:
20—~a) =k}31x2 Sggx (Iglc;x Or—a, ))2=

= — — 1 1
:,,l,z- 1 0"1 ‘1)0": 'z)(gz-:x %y c;’) .6)
Orcona cneayeT YTBePRACHHAS TEOPSMEL

Deficteurentro, Dit] = E (E — equAndnas MATpHIA), B
cornacHo TeopeMe 7.1 mMeem B = CD[(]C'= CC’, Crenona~
vemseo, I =B-1= €y 0 = | £ e gl miBi= IcP.
Bamensa B (7.5) 5 (7.6) |C| nkZ_'l ,"'7}1 €, HAlIeHHEIMY Bhipa-
eHuaMH, nonymM (7.4).

Taxuy obpaloM, HapaMeTpHl HERHPOXESHHOTO MHOIO-
MEPHOTO EOPMANLHOTO DACHDENC/ICHAN ONIPSACATIOTCS Nep~
BHMHE H BTOpRIME MoMcHTaMmi. B § 5 6nino moxasano, aro
D2BeHCTBO HyNIO KOBADHAIINH ABNAETCH HEOOXONAMEIM Y-
JIOPEM HEZABHCHMOCTH CiyJafiHex eenusud. Ecnm b, =
=cov(n,, ;) = 0, k#, 70 (7.4) pacnanaercda Ha IPOK3BETC-
HHe OMHOMEPHBIX IDIOTHOCTCH pacnipeacncHRd, TaxuM obpa-
30M, paBeHcTBA b,= 0, & « ], HcOSXOANME B FOCTATOTHN JIA
HEZaBHCHMOCTH KOODAKHAT CIYIaiiHEIX BEKTOPOB, MMOIONMX
IVIOTHOCTH pacrpeacnenus (7.4).

ITpn HeGoNEUMX 3HAYEHMAX 7 MOXHO ABHO BEIPA3ATDh Be~
mrmeH 83 gepes b, Ilycts, Hanpamep, r =2. Toraa

( o] Pﬂ,c,) Bt 1 /0% -p!c,c,)
powo, o I 1—p* VNploe, Ve 7’
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| B| = 1/(1—p?0?0? B, CNEnOBATENbED,
= 1 —4 o s, 3-a)
Pon, (%1 ) 2x0,0,V1-p* € ' @n

Ime
el . ¥ 2
Q‘yp yz) - i_p! (;l;x"l'-é - 6,0, ygyz)-
¥Yxe orMedanocs (cBolictea 1°, 3%, 9T0 KaK OBHOMEPHLIS
pacTpeReAcHHA BE/IMIAH 1, K W,;, TAK H COBMCCTHOS pacnpe-
A¢JIeHNe BeMHIHE
G = catepmy & = emtom,

HopMansHH. M3 onpeacncHus HOPMANLHOCTH BONUIHH
(n;, n,) mueer Mn,=a,, Dn,=c}, My,*a,, Dn,=0}, 1, cie-
AOBATENHHO, MOXHO BRNHCATE (DOPMYNA! AN ONHOMEPHLIK
mnotHocrelt §; u £,. Hcnombsys cBolicTBa MAaTeMATHMECKHX

OXVMIAKNIA, HCTPYRHO HaMTH IAPAMETPLI pacIIpeesicHys BeK-
opa (G;, &)
HeitcreHTemuHO,

ME, = ey, teps,

I e

DS, = g} oitq, al+2ey,0,00,0,

DC, = & 6H+c, G4 26,6,99,0

cov(G, &) = cucuqq' 05 Heyentency) po,o,

Ecnu cnyuaiinue pemrmEE 7, 1), HE33BHCHMH, 0, =0, ¥
MaTpuna € OpTOroHaNbH2, TO BEBIIAHH §,, §, HE3ABHCHMS,
TaK KAk p = @,

%y = &t =1, eyeytenc, = 0

H, CHGNOBATONBHO, COV(Z,, Z,) = 0.
Moxato HaliTH B YCIOBHYI0 INOTHOCTE PACTIPEASNICHIA 1), IPH YCIOBNE,
wr0 duEcuponane n,. Fia dopMyan

=_1 '%’E
by ()= e
1 Gopyx (7.7), (6.11) momyms
Py, | my) = p,, 0y, X)/p, () =
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o, 2

‘FaxuM O0paIoM, YCAOBHOS paclipeseneH e OXA3ANOCE HOPMATEHED K
M, | n) = &% Z2n—ay),

B, | ny) = (1—p)a.

3amaun K raape 6

1. HaitTR MaTeMaTRMeckoe OXWIAHNS BOTHYRHE t, onperemenHol B 3a-
made 14 o, 5.

2. OGoaHadNM £ HOMeP HCMWTANNA, B KDTOPOM HOABHICE HyRHE Xmod
{cM. mprep 3 13 § 1 111.2). Haltrr M,

3. Pemurs 3anauy 2 B oywae ¢ Boahpamennes xmovelt.

4. Haitrt Mv™ pemrpnm %, onpenesenuod 8 sapate 16 oS,

5. B sagate 17 m. 3 cGosHAMMM ¥ BpeMA cEOGORHOTO IPOGeTa MONCKYIIHL,
Haitru Mz, Dr.

6. Haltre M(E,+£,) H D(§,3%,), e &, &, onpensnenit B axnage 22 oLs.

7. TIyctn & = ymcno KoMGunammi HY 3 rt] sermrrannax cxemu Gep-
mywm. Hattru ME, DE.

8. 12 100 xaprouex ¢ smeaamu 00, 01, 02, ..., 98, 99 HayRavy REHMMa-
erch ofHa. JIYCTs v, ), — COUTBEICTBEHHO CYMMA i MpOHIReneHHe IMdp Ha
aunyTolt xaproaxe. Hakire Wi, W, Dy, Dn,.

9. muwnmg‘,gg, ONpeASNeHHEX B 332290 11 LS, waitrn ME,, ML,

D-';p D%,. cov (§, &)
0. ConmecTHOE pacnpmmm permney £, £, onpereierca dopMymasnx

P (g.wo, g=1) = P (£,=0, £,=—1) = P (¢,=1, £=0) = P (5,=—1, §,=0)=1/4.
Haitrat ME,, ML, DE,, D&, cov (5, §). AmawTea BM £, E, HE3aRHCHMEIMY
BOTHMHHAMM,

11, Cryuatinsle senvwHu €, &, &,, £, E, Heaasncumer; DE= of. Halttu
EOSOOHIMEHT KOPPLTALGM BeJCIMH 8) &, +8,, 818, +HE,; O)F, e, +4y, &, 15,48,

12. ITycTh (£,y &3 «oes Ep) — RHCXpETHEIN CAYNANHHIN BEKTOP ¢ NOJIIHO-
MHAMHHEM pacnpegencittier (4.2.7). Haltri M5, covig,, &), &, I=1, ..., N

13. Ana pesnrasns p,, Ompenenennoi s satave 13 1.2, madtre Py, = 0).

¥Yxazague. Iycrs 4, = {k-g svelixa ocramack mycroit), k= 1, .., N,
Henom,3osath pasercTs0 {p,>0)=A, +4,+...+4,

4. And seinTIs B, ONpeNeseHRON B 3anae 13 . 2, Hatimu My, Dy,

HaitTH acHMITIOTHYSCKHE GOPMYNHT MpH N e, -%,-u- const.

15. B 3axaue 9 1. 2 ONEHUTs ¢ TouyHocTEe Ao 0,004 sepoATHOCTH p
MOSATSKKA XOTH OH OXMH Pa3 TAXENHX NOS3A0R B HAEYX COCSTHHEX RiTEp-
Banax.
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¥xaaan He. JlokasaTh, Y10

r
5 P B PUA) S P4t +4) < T PlA),

18. Tlo ummw-mﬁmpwmmunmpmw
TeM. HallTH BepoaTHOCTS TOrO, IO X0TH GH OHO MHCHMO NMOTIATET CROEMY
aapecaty. Halttel npegen 5roll BPeDOSTHOCTH PR -0,

17. B aagawe 16 HalfTy MATEMATHUOCKOS OXIAANHE H NHCTICPCHIO YHCNA §
MHCEM, ITONANIKL CBOCMY ampecary.

Yxajanue. Hpeacranurs £ B BHAG CYMME MHIAKSTOPOB,

18. B N amuxos cnyzalisio H He3aBHCHMO APYT 0T IpyTa GPOCAIoT NIapH,
I0KA HE¢ OCTRHOTCS HYCTRIX amuxroD, OGo3MaynM v Uxcio GPOMOHREIX ma~
poB. Hajimzx Mv.

VKasan ke, Hpeacranurs v B puae CYMME BPOMeN MeXAY JAMONHSHH-
fiIMH HOBEIX ADIMKOB.

19. Hattri P{ie—Mz]>3VDE}, ecomu £ Hueer: 8) HOPMATLHOS PACTIDETS-
nense; 6) MOKAZITEALHOS pacHpenesicHie; B) pasmuepnoe pacnpenenem
sa otpeaxe [~1, I, ) P E=—1) = P (E=1) =5 l'(ﬁ'o)'g'n)pacnpe-
Aencuke Ilyaccona ¢ ME=0,09.

20. Miorna B NpHIGKCHAIX CJIOXHYX QVHKIHWO OT CrydafiHRIX apry-
MeHTOB (B, &), ...) SaMERMOT JuHeHHON YacTsi0 e6 pavioxkeEHs 1o dopyyms
Tefinopa B OKpecTHOCTH TONKH (ME,, ME,,...). ITycTh cmyaafinsg penusuna §
PACTIpefieNeHa HOPMamsHO ¢ IapaMerpaMB ME = 0, DE=o? U fiE) = E+HAE7,
&>0. Cpasuwrs sepoamaocTH P (JE <z 6) = 1=2a 1 P (AZ) |<u0):

1) BarHeIMTRE BTOPYIO M3 9THX BepoaTHoctel, ecmm a) g = 0,05; o= 2,
k=10,% 6) a= 0,05, ¢ =0,1, £ = 0,25,

2) lpeamonnxns, oro ko Mano, HalTH EpROIGCKeHUES 3HAYCHHS TTd
pemenns Hepasercrea | §+AE2 [Ku o u sepoatHocTH P{ fB) | < u,0).

21. TOURH €, Gy ...y €, HEMBHOHME H MMCKOT DUDHOMEPHOS PacTIPeieio-
HEe B Xpyre X emgHRAYHOTO pammyca. ITyers cyuaiiHoe MHOXeCTBO A COCTO~
KT M3 TeX ¥ TONRKO TeX TOYEK KPYTd, KOTODHe HAXoXaTcs Gnaxe X HCHTPY
KPYTa, YeM K IPANKIE H K ool M3 TOMEK €y, ...y ¢, HaliTH MATOMATHICCROS
OXHITAHNE MLROIMARH £ MHOXECTES A

¥kazauue. Ilycrs X = {(x, y): 2*+)* 5 1). HTonoxum x(x, y) = 1,
ecnit (x, ¥) € A, 1 x(x, ¥)=0, ecnn (x, ¥} € K\A. Hcnome308aYs PABEHCTRO
&=le x(x, y)dx dy.

22, Dyers ME =a,, ME,~a,, DE =q,,>0, D, =a,,>0, cov(}, £)=a,, Hail-
TH & ¥ P, MPH KoTOphX BRpagesse (S, ~of ~f) MuRUMATBHO.

23. Ilycte chyvalinas BeymuwHa € HMeeT HOPMANEHOS PACTIPEAETCHHS C
Rapamerpami (g, 6*). OneHKT: Io Hepasencrsy Tebumena P(le—d>2a), Cpan-
HHTDh ¢ TOENM 3JHaYelHHeM 310 BEPOATHOCTH.

Z4. TIpuMerHy I 3aX0H GONboMHX YMCeT X MOCTCHOBATEIIHKOCTH Heda-
BHCHMEX c:mmﬁmwmm;,gg,_,gp iy SCTTH

PE= VB =P (&= —B =L, P =0 =1-1?
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25, Npmuenyd mt 3KOH SONBIINX TICHT K NOCHSTORSTEROCTH He3a-
BUCHMEX CTYRRHEX BmrmH &, £, ., &y <.y €CE OHE HOPMANILHO PACTIPE-
menentt ¢ Mg, = 0, DE, = ¢&%, ¢ > 0, 0 > 0 — HCXOTOPEI® NOCTORHHEIE?

26. Hoxrasars, YT0 X NOHSIOBATSIEHOCTH &y £y v &y, ... TIDHMEHHM
saxon Gomeminx yncen, ecmu | cov(t,, £,){ S Cang scex X, 1= 1,2, .. »
cov(g,, &) 0 mpx [k—~1],

27, Cnyuaiinie pememas &, &, ..., 5y HESBUCHME B DACTIPOICICHE 110
saxcHy JIYRCCOHA C IINPAMETPAMIE Ay Ay vy Appr :

) PR T M| Lty = 2);

o)me.hm:.&wnm

28. Cryuaitisee BOMMHNE £, £, §, HOIABHCHMEL H DACTIPEACISHE HOP~
mxocmpaumam(o 1). Hali®t [UICTHOCTE PACAPETICHIA BeITMNHE
n = (G E)NIE.

¥rasanne. HaliTH YOIoBHYI0 WIOTHOCTE PACHpeCSHHA 1) APE YCI0-
BUH, Y0 $HKCHPOBAHD E,.

29. Noxazars, 410

DE=M(D( | n))+P(ME | n)).

3. B aanaue o cryniinom Gnyxmanew, paccxorperHol B § 4 L, 4,
COOSHAYHM T BPEMA KO MOIMOMEHHE B TouKax O ot ». Hatira n, = M{c| &=
= k), 7o £, — EDODAHASTA YaCTHIH B MOMEHT Bpesteris 7.

VYxajaune, CocTaPHTh YPARHCHHE B KOHCHMEIX PASHOCTAX JUI M,

31. Tlpesmonaraeres mposecTit 10 saamepennlf x,, X, .. X,, HeroBecTHON
BUEMHHM &, CYNT2A X,, ... X,y HESARHCAMEIMH HOPMANIEHO PACIIPE/TSIOHHE -
O cryualiHiIMe BemruHaMH ¢ My, =g, Dx,=0.01, noxofpats A TaX, TTo6H

p (Bttt} <p)=0,99.

32. Crymiinsle sesmvHEL &, 31 K, HEMAMHCHME M PacTIPAIeNeHtl Kop-
MuhHO ¢ nNapamerpaMd (0, I). ANMEIOTCH I HE3ABHCHMBIMH B&/DIUIRHE
0545 5,57

33. Cyualinan sersaiens £ pacripeaenesi HOPMATHHO ¢ DapamMerpasas (0,
1). Monoxs n = &, eam E| s1, & q = —&, e |&] > 1. a) Hatirw 3axou
prenpenenenys 7. ) Awmercs v pe/nromHa B+ HOPMATIEHO pPacupemerieHH0N?

3. Haitry cpegHee apRdMeTHICKOS PEATHIAURN S0 PAHMOMEDHO Pac~
APSICHONHEX CTYURBHEX BN, MOMYYCHHOHN B samawe 24 ot 5. Cpan-
RIS ¢ MATCMATHUCCKHM OXMAAHHeM caydaiiHod BONMMHN, pPaBROMEPHO
pacnpenencHuoli #a o1pesxs (0, 1).

35. Nomywnts 10 peammzaunit oayIaiidore Cryagamia RO DO 16~
JEAM TOTKaM orpeaka [0, s} (cM. § 4 1. 4). Halitd 4acToTH NOIMOHICHME
vacTAIE B Towkax 0 ¥ # . CpasHNT: ¢ BePOSTHOCTAMNY, Halliennrvy B § 4
1. 4. Haliv cpestee apHMETHYSCKOS BpeMeH Gy XAAHUL B0 TOLMNINCHHA.
Cpasnurh ¢ My | &, = &), ualizermeim B samade 30, Ionoxurs & =1, # =10,
Paccmorpers cysar: 8) p =1/6, ¢ =3/6; 6) p =¢ =1/2,

36. [Ina crymeHTOR Py RallTi YRCHO MeCATIes, H3 KOTODER Hé fPHX0-~
JXHTCH HH OO0 ANA poskuetind. Haltri MareMATIocKoe ORI mHs | Inciep-
IR0 YHCcNa AKEX MecAneR. (BocnormIoBaTHCY peSYALTATOM 30AH 14.)
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OPEJEIBHHNE TEOPEMEE

TIpaKkTHYecKoe SHAUYCHHE NpPeReAbHLIN TEOpeM COCTOUT B
TOM, 9TO OHH NO3BONAIOT ANMMPOKCHMUPOBATE pPacIpexcne-
HUS JONpPeACHEHMX BEJIHDIH NPeAcALHLIMY paciipeReIcHuA~
MH, AaHAUIMTHISCKAS 3AIMCh KOTOPHIX HaCTO OKA3LIBACTCS NPO-
e BLRIpAXKCHEN ana gonpememHEX GyHEumil pacmpenene-
Hud. B mase 4 M NpaMBIM BRHYHCACHESM HONYYHIR npe-
zensuyw Teopemy IlyaccoHa m TeopeMus Myaspa—Jlamnaca,
KOTOPHE HCIIONE30BAIHCH Ml ANNPOKCHMALNY pacnpenene-
HUs IHCa YCHEXOB B cxeme BepHym. B nawsol mape Mil
BOCRONB3YeMCA A1 NONYYCHHS] NPSASNDHELIX TEOPEM aAHANH~
THI¢CKMMHE METOAAMH, OCHOBAHHBIMH H2 HCHONL2OBAHHE
CBOHCTB IPOH3BOASIIMX WIH XapaKIepHCTHICCKUX ShyHKIIIA,

§ 1. ITpomssonsmue GyRKoHE

Ecnu cnyvalinag peauasHa £ IpMHEMACT TOABKO IIC/NIO
HEOTpHIIaTeLHEIS 3HATCHUA®, T. €.
a0

Eol' E=n=l, (L1)

TO npouasodnuieli gynxyueii pacnpedesenun £ HaIHBaeTCA HyH-
KOouda

¢, () = Mxt =:§'ax" PE = &), (1.2)

rae x ( x| < 1) - meficreMTenrHAg HIM KOMIUIEKCHAA Nepe-
MeHHad.

TeopeMma 1.1. Ivems ¢.(x) — npoussodswan gynxrus,
onpeﬂuel:max Ppoprmyaoii (lzfg(Toeaa:m

%:. P, ?3 onlpeamena e xaxdoid mouxe ompeaxa [—1, 1].

) =1.

30, C‘oomeemcmene, yemarnasausaemoe opmysoié (1.2), mexc-
dy muocecmaons npoussodsux Gyrxyil @, (xX) u MHONCECEOM
pacnpedenenuit {p,} REAREMCR 83AUMKO OOHOIHAUHWM,

* Taxme cyuaiinele 2e/AYHNLE HAINBAWT O0HUHO NENOMHCTICHHEIMN,
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HoxasaTenscTBo. IlepBoe YTBepXACHHES TEOPEMED
7010, 70 crenenHol pax B (1.2) MaxopupyeTcs
mpH | x| £ 1 cxonmurames psagoM B aeroli wacta (1.1). Papen-
€180 @, (1)=1 copnanaer ¢ (1.1). Tperse yrecpxxcHue Teope-
MI! ANIZETCH CACACTEHEEM SAMHCTBCHHOCTH PAIOXCHUA GyH-
xupH B pan Teitnopa. Teopema xoxasana.
Henom3ya dopMyma ana koaddmmenror pana Teiino-
pa, MOXHO SBHO YKA3aTh pacnipeacicane {p, }, cOOTBETCTRY-
Piliee BePOATROCTHOH npoussonnnelt dyaxim ¢,(x). Hue-

o 1
2= (0}, £=0,1,2, ..
Npumep L. Iycre caywaiinag semuansa £ nMeer 61HO~
MBaNLHOS paclpeficieHue
PE=m) =Clp"¢"™", m=0,1,..,n
Ho gopmyne (12)
@0 =Z G ¢ =xte.  (13)

ITo npomapoaseil HyHXIUN NeIKO ONPSACTHTE MOMEH~
TH cnyqaiinoll pemruoinl, OcoGeHHO NPOCTO HAXOOKTCH Ma-
TEMAaTHYECKOe OXHAAHHE

M, £ =0,1, 2, .., (1.9)

e EW = E(E-1) ... E—kt1). MaTeMaTHIeCKOS OXMIAHHS

(1.4) Gyncm Ha3LIBATD K-M PAKMOPUAALHOIM MOMErRMOM, JHAs

HAJILHBIC MOMEHTH NEPBOTC M BIOPOTO IIOPARKOS,
MOXHO HaifTH nucnepcuio no cneaywueit dopmyne:

DE=ME(E—1)+ME—(ME). (1.5

Teopema 1.2. Ecau xoneuen k-ii dpaxmopuanvhviti momenm,

MO CYUECMBYEIm AL60CMOPORKAS Npou3s0oHan q)‘,‘?(l) u
Mz = o (1), (1.6)
€ NaCmHOCMHY,
M =g, (1). an

Hoxazatenscrro. Ipu moboM | x| <1 dpyukuuo
o, (x) moxuo AuddepeHIIHPORATE CKOMBKO YIOAHO pa3. Ta-
KHM ofpasoM, npu moboM k onpenesiexa k-s1 MPOH3IBOXHAA,
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o () =:§ mi# xm-t PE =m), (1.8)
Ho ycnoprio TeopeMnl KOHedeH k-# daxropuamunilt MoMesT
M = & mit PG = )

asaspowmaiica cymMoit paga (1.8) » rouke x =1, Cneno-
BaTeNIbHO, N0 TeopeMe AGens ¢f*(x) HempepuBHA B TO%-
Kex=1n

lim o0 (9 = £ mi% P = m) = ot (D).

x=>»1-10

IDpumep 2. Halinem M 1 DE cayualinoit pemmstl £,
pacnpeaeqcHHO o GuHOMHMaNMEHOMY 3akoHy. Juddepen-
uupya (1.3) aBa pasa 1o x, NOAYIAM

@, () = np (px+q)*1,

9y ) = n(n—1)p*(px +q)*-2.
Orciona, nocnamonanmucha(l.G), npa x = 1 nonyanM

ME-= ¢, (1)=np(p+q)*~! = np,

ME(E—2) = (1) =n(n—1)p*(p+g)"=n(n—1)p%.
Iio dopmyne (1.7)
D¢ = n(n—1)p2+np—nip*=np(1—p).
Jlerxo srrqucaserca k-ii daxropnanpHLi MOMEHT OMHOMH~
anpHOrO pacmpenencHud. Tak xak o (x)=nl¥(px+g)*-*,
°
MEH=pltpk, (1.9)

pmMeHenue nponssoamuix GyHKIMIE K HIYIeHHIO CYMM
HE3aBHCHMEIX IIENIOYHCACHELIX CTyJaliHRIX Be/THIHH OCHORA~
HO Ha caeayioueH Tecpeme.

Teopema 1.3, Ecou cayuaiinme eesuuunw &, &, ..., §, ne=
3a8UCUMb, MO

Doy = D (D o @, (D
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JoxazaTenscTBo. BocnonnsyeMca 1pefcTaRNcHUEM
npouspopmuell GyHKIIUM B BAe MaTeMaTHHCCKOIO OXHAA-
ang (1.2), Torza

%lh*(x)‘—‘ﬂxﬁ*m‘ﬁ=u(xh... xta), (1.10)

Cryuaiinee semaannet X%, x*2, ..., X% HE3ADHCHMEL, KaK
GYHKIMM OT HE3aBMCHMEIX caydalinnx pexmmand. Cnenosa-
TeNLHO,

“(x‘ll.l xg’)' ngloll ngu‘
Orciona ¥ 13 (1.10) cnenyer yrBepXIeHNHS TEOPeMH, TAK KaK
Mx'lb“-‘cp“ ).

Ilpumep 3. Halinem npomspoamuyio GbyHgumo SHHO-
MHANLHOTO pacTipefesieHus Np# noMomy reopemss 1.3, Ync-
JIO YCHeXoB p, B cxeMe Bepryanu nmeer OHHOMMANBHOE pac-
npenencHEe. IipeacTasuM p, 8 BHOC CYNMMH HE3aBHCHMEIX
CJIAraeMEIX:

By = St . 45,
rae P(E, = 1) =1-P(§,=0) =p, k=1, 2, ..,, n. Ilo Teopeme 1.3

9, =9, M) o, .. 0, ().

{{p’snammne dynxamu craraeMux noaydnM no GopMyne

qh(x) = xp+x°q = pxtg, k=1, .., n.
TaxuM obpasoM,
9, () = (-t

HaiineM npoussoamnyo GbyHXIMHIO cAyYaiHOTO SHCIA CIy-
YAl HLIX ClIaraeMEIX.

Teopema 1.4, ITycms yeaouucaennse Gesusuns v,
Ei» £ 1oes &, He3asUCUMW npu Ao n =1, 2, 3, ...; &,
k=1, 2, ..., odunaxoeo pacnpedzaenw. Honowcum

g, = £t #t,, G0,
Joz0a

9, (%) = o [, (9] (t.13)
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HJdoxasaTenncTBo®. BeposTHocTs coburna (§,=m)
JIPeACTABHM B BHEC

P{=m) = gP(v=k, &,=m).
"Tak kak (v=k, {=m) = (v=k, {;=m) u coburua (v=k),
(G, = m) ue3aBHCHMEI, TO
P(v=k, G, =m)=P(v=k, {;=m)=
aP(v=k, §+. 48 om)=P(v=PE +.. 45, = m).
Torna

P,=m) = Eop(wk) P&+ +... 48, =m).

VMuOoXMB 06e JacTH 3TOTO PAaBEHCTRA Ha X™ M NMPOCYMMHPQ-
BaB mo m =0, 1, 2, ..., nomyaam

o, (0) = £ P(v=k) ( ..z-oxu P(§,+...+§,,=m)}.

Pan B XpyrAnx ckoCKaX spngercs npon3poasaineit dyaxumneit
pacnpenenenns cyMmsl £+ .. +5,. Tak xak cmaraemme

* Ecitit 30CHONLIORATHCA VIOBHEIME MAYEMATHYSCKHMH OXHIAHKAMYE H
dopuynolt ONHOMD MATEMATHUSCKOTO OXHIAHKA (6.6.3), TO MOXHO IATH
Gojiee KOpPOTKOS HOXAIMTEMLCTEO TeopeMEs 1.4, Heficrairrentto, no dopuyne
{6.6.3)

Py, (=M= M(M(x1v)).
Tax xKak
M{xs[v) = M(x4.,, x‘v[v)-[cp“(x)]',
™
‘P;'(x)‘"[‘P;l(x))']"l'.[%l(x)]-

B HaMeYeHMOM AOKA3ITENLCTRG OCHOBHAN TPYAHOCTE 3AKTI0YASICH B IPOBSp~-
Xé PAaBeHCTRA

M(xty* - iy }=(Mabh)»
AN SKRHBANCHTHOIO €My paBeHCTRa
ME( x5yt - o]y iy Mgty - +88,
EOTODOS HRTYRTMBHO H¢ BH3HIBacT COMHEHMH,
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E, I=1, ..., k, He3aBHCHME ¥ ORHHAKOBO PACNIPSACCHE, TO

Zm Pyt =m)=gy o (D=[o (]
CliegoBaTensHo,

¢, =% P(v =09, () = {9, (I}

TeopeMa 1OKa3aHa.

Ilpu poxalaTenkcTe mpeAe/ILHLIX TeopeM HACTO UCHONb-
3yeTcs CBOHCTBO HENPEPHBHOCTH COOTBETCTBHA MHOXCCTEA
npomponsumX GYRKIHE MHOXSCTBY pachpeaeneauii.

Teopema LS. Iyeme npu mobom duxcuposannom n,
n =1, 2, ..., nocsedosamensvnocmo {p(n)} aeasemcs pacnpedene-
Huem geposmuocmeti, m. e,

pn) 20, Ep,(u) =1, (1.12)
Jn mozo umobw npu moGom duxcupoeanrom k
lim p,(m)=p, (1.13)
u o
Eop, =1, (1.14)
HeobxoOumo u docmamoxro, wmobu npu sobox x € [0, 1)
limeg(x) = ¢x), (1.15)
Hepod
20e

Py(x) = Z p(m)at, o(x) = L ppx*, o(1)=1.

HoxasarenscTBo. [ycrs pruinomueny (1.13) u (1.14).
TIpencrasaM pasHOCTD @,(x) — ¢(x) B BHA®

P (X)—e(x)=

-

=é @ (n)=p)x* + 2 p(n)x* —,ilp,x*,

rae N — nexortopoe nenoe wacao. Ilyers x [0, 1) ducxm-
poban. JoxaxeM (1.15). Tax kax 0< p,(n) <1, 0sp, <1, TO ANA
moboro ¢uxenponanBoro £>0 MOXHO nonoSpaTh J\f TaK, 1001
npa noboM n
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o0 -] L.
$ pmrs T wct, $ ot
LeNe] E=N+1 Eupr]

Toraa npy ganHoM N

N
loua)—9 ()l s X Ipum—pxt+ .

CyMMa B npapoii 9aCTH 9TOT0 HEPABEHCTBA MOXeT GLITH CAe-
zana MeEsbIne g/3 NpH AOCTaTOUHO BOMMIIMX 2, TAK KaK CO-
ACDPXHUT KOHCTHOES THCIO CTPEMAIUUXCA K HYTIO GRAT8eMEIX.
Pascucrso ¢(1) = 1 cneayer n3 (1.14).

Ilyets Teneps sumonmeno (1.15). Hoxaxem (1.13) or npo-
rrekoro. HpeanonoxuM, 910 (1.13) He Bamommeno. Toraa
MOXHO NIOKA3aTh, ITO HaliAyTCA NABE NOCAEAOBATCALHOCTH 72,
¥ B, BAA KOTODHIX

Jim pdng) =B, lim pln)=,, (1.16)

Fome s

npuseM {7} u {7,} He cosnanaor. Toraa no RoxasaHHoMK T2~
CTH TeopeMH B3 (1.16) cnenyer, wro

Jim 0, 09 = ¥ = 2t

Jime () =§6) = 37

R §(x) # (x). D10 HEBO3SMOXHO, TaK Kax npeaen (1.15) cyme-
creyer. Teopema AoKazaHa.

IIpumep 4. ITycts i, ~— 9UCA0 YCIEXOB B B HCNLITAHA-
ax Bepryanu u p, — BEPOATHOCT YCIEXa B OAHOM HCTIH~
TAaHHH. ByaeM NpeANONaraTs, 9T0 CYUIECTBYET li'_ﬁnp, =2,
0<i<w. Bocnonpayemcs Teopemoit 1.5 Ang BLYMCACHEAR
Eﬂl P(p, = m). Honoxnum A, = np,. Ilo popmyne (1.3)

9, 0 = (Spxt1-2a) = [1432 6]

CneaopaTenLHo,
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i = D= AT

Orcxmanompeue 1.5
| -= = Al A
lnnP(u.. M) —re—.

Taxum 06pasoM, TOAYDUTH HOBOS NOKAZATCILETRO TCOPEMEI
Hyaccona,

§ 2. XapaxrepacTHueckHe $yERHER

Hponspomaumne GYHKIMU ONpeAcnAcHH ANA BeNOTHCACH
HBIX CYuANHHX semmamH. [ HCCAcOOBAaHHA pacmpeacie-
HH# MPOHIBONBHEX CAyuallHBIX BEIMYMH BRONATCHS XapaKTe-
pucTideckue Gynxunn. KoMmrexenosnaunoli coaygalino pe-
mrsunol Oyaes HasuBaTk GYHKIHIO & (0)+i% (@), e 0 €Q,
(&, &) — cnyzaiimmit sexrop. Ilo onpeneneHMO NOAOKHM

M(E,+iE,)=ME,+iME,. @1

Jna MaTeMaTHYeCKOro OXUNAHNSE OT KOMIDIEKCHOSHATHOMN
chyuaiiHoMH BENMMHHEE NETKO NpoBCpsioTesa cBolicrea 19 — 49,
npusesennue 8 § 2 m. 6. B gamueiizeM Mu BEMu Oyaem
TONL30BATECA 6e3 JONMONHUTE/ILHEX OroBopoK. [longrae He-
5aBMCHMOCTH A9 KOMIUIEKCHOZHAYHEIX CAYYANHLIX BesraH
He GyaeT BBEAeHO, U cBolicTBO 5° Mcronn3oBaTecA He Gymer.

Xapaxmepucmuuecxoii giynxyueii peficrsrrensroli cayyadi-
Holf peyraaHE £ HajkBaeTcH

£(1) = Mel®, @.2)
IIe ¢ — BelicTBUTEAEHOS YACN0, — o < 1 < o,
“Ew?cnyqam{aammagnncma, TO MO TecpeMe
.1 m.6,

M(cos £) = I cos (&x))P(E = x,),
k=]l

M(sin £) = é: sin (X )P(§ = x,).
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Orcona 1 #3 (2.1) nonyaum
=2 e=PE=2x). @3)

Henomsaya reopeMy 1.2 m1. 6, ana xapaxrepucTudeckol dbyn-
Kumuy abcomoTHo HenpephBHoH BeHINHM £ OyaeM MMeTD

S = __L e p(x)dx. @4

Ecmi cny4aiinasg BeXsriNga £ onpeacncHa Ha ANCKPETHOM HiAN
a6comOTHO HENPEPHIBHOM BEPOSTHOCTHOM NPOCTPAHCTBE, TO

50= Eesenr g, P =, @9

"
L= j oo [ €8O e 0 v(uy, ooy u) duy o du,.  (2.6)

Teopema 2.1. ]chmaf(o xXapaxmepucmusecrkasn yv-
KUUR cayuatinoti eeaudtin §

1°, £(!) onpedesena npumodau re(—-oo, ).
f«» = 1, [f(nlsl.
c.m n= E-!-b ede a u b — nocmoannwe, mo f,(f) =

= e"’f (af).
t‘oomenmue, yemanaesusaemoe Gopmysoli (2.2) mexwcdy
Mnomcmean xapaxmepucmuveckux gynxuuis f(f) u muoxce-
cmeom QYrKyuli pacnpedesenus, Aaifemes 63auMNO 00RO3HAY~
BN,
Joxaxem 1°—3°, Tax kax TIpH M0OOM BEACTBHTEIBHOM ¢

le'™|s 1, —w<x<w,

TO JOKA3aTeNILCTBO NIEPBLIX NBYX YTBEPXACHU JIETKO CAeAy-
eT us dopmyn (2.3)—(2.6). Tpete yrBEpXACHHE HOJIY‘IHM "3
CReAYIOUIHX PABSHCTR:

() =MD = gopeitn = eilf(af),
Jns pUcKpeTHHIX H aGCONMIOTHO HEMPEPHEBHLIX BEAMYHH 1O
dyHKUAN pacnpcACIeHHA ONPEREALIOICS COOTBETCTBEHHO
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BEPOATHOCTH 3HaYeHMH H TUIOTHOCTD pacnpesencnns. Torna
no dopmynam (2.3} u (2.4) onno3raTHO onpenensetca £, (9.
OfparHoe yreepxacHue caeayeT u3 dopuMyns obpameHns

N
Fe)—Fe=gim | SSF =0 @D

-N

JokazaTenscTBo 210l dopMynn: npusoaurcd B Bosce mon-
HBIX Kypcax Teopny pepoaTrHoctelt (oM., nanpaMep, A.A.Bo-
poBkos {2]).

HaiineM xapakrepucTiicckne GYHKIUH HeXOTOPHIX pac-
npeacIeHuH.

IIpumep 1. IlycTs £ — nenowmcneHHan ¢aydaiHas se-
AMdUHA ¢ MpousBoadned QyHximed ¢ (x). Ovenunno (cM.
(1.2) u (2.3)), wro f,() = 9 {€").

Mpumep 2. Ecmm PE = a) =1, 10 no dopmyne (2.3)
HaxozmM: £ () = et

Hpuumeéep 3. Iycrs £ HOpMansHO pacnipeieneHa ¢ Napa-
MerpamH (0, 1). Torza

2= gz €% 0= g [

Tak xaK mpu moGoM { B CHNY HEYSTHOCTH NOAKNHTeIPANLHOMK
dynxnm

e =
| €%sin & @ =0,

'mj;(t) uMeeT neifcTBUTSMLHEIG 3HAYEHHUA U

L%
L@ = ﬁ;_ue cos #x dx.

HOpu dopmansHoM auddepeHIUPOBAHHUY 3TOTO panbﬂ-
CTBA IO { cIIpaBa MOJMYYACTCA HHTErpal, cxonasmniics pas-
HOMEPHO N0 t € (—w, o). CnegosaTensyo,
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e [ arFain e ae
j:(t)—-—m-wxe sin #&

Orcioza MHTETPHPOBAHUEM HO YACTAM NONYIHM

1 f _Z
RO= g= | sinode T g0,
Taxum obpasom, byrKoMA £(F) YROBIETBOPACT YPABHEHHIO

5 el

H HavEHOMY yenosuio £(0) =1. Orciona
5o =¥,

Npnmep 4. llycrs crymalinas senmmamna £ pacnipeaeiieHa
HOpMambHO ¢ NapameTpamu (a, o?). Hafinem £ (). Tlomoxama

‘l,_‘jc_a Cayqajisan BeNHIUHA 1} HMSET HOPMANLHOE pac-
npeznenenue ¢ napaverpas (0, 1), |, crenosarensuo, £ () =

= e"g' . Toraa no yreepxacHuio 3° reopemu 2.1 monysiM
O Loy = (ot =T,

TaxumM obpasomM,

S =T, @.8)

3Ha XapaKTepHCTHICCKYR GYHKIIMIO, MOXHO MeTKO HAlTH
MOMeHTH ¢aydaiiwoll BenMINHLL.

Teopema 2.2. Ecau cywecmayem k-ti momenn M & <o,
k 21, mo cywecmsyem nempepwsnas k-3 npouseodnas f,(f) u

J3°(0) =g,

HoxrasarenrcTBo. JoxaxeM TcopeMy, HanprMep, Ina
afcomoTHO HenpepRBHEIX BenyunH. Ecnm cymecreyer &~
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MOMEHT, TO CYIIECTBYIOT BCS MOMEGHTH MEHLIICro HOpAIKa.
Tak Kax

_L ixeop (x)dx|< __L |xip,(x)dx = M| & [< =,

TO MHTerpan B JIeBoif JacTH HepaBeHCTBA CXOAUTCH PaBHO-
MepHO N0 £, CriegoparTentHo, MOXHO ruddepeRNEPOBaTE NOK
3HAKOM HETCTPaa:

L

=i _L xe'ep, (x)dx, £0) =M,
HycTs Teneps CymiecTBYeT NPOH3BOAHAS Nopsaaxa J, KKk, n

2 @ =it | xep s,
Orciona -
S () =i | x*ieiep (x)dx,

TaK KAK HNHTErpal B NpaBoii acTH NMOCHCAHCTO PABCHCTBA
CXOZHTCH papHOMepHO No 2. Taxum obpasoM,

j}’*”(ﬂ) = I+ IMEMT,

TeopeMa poxazana

MIpumep 5. Ilycts & inMeeT HOPMATLHGS pacnpenene-
HH¢ ¢ napaMeTpaMn (g, o?). Torna xapakrepucTEdeckas GyH-
KIS BeSTMIMHE n=E-—4 paBHa

50 = ¥ =3 0 (5 g

Tax xax fEA5(0)=0 n
feny= G grr(—1y1=
= (—1)¥2k—1)(2k—3)...3 * 1a%*,

T0 no TeopeMe 2.2 mony4acy LCHTPANLHBIC MOMESHTH £
ME—a)2ti=0, ME—a)?*=(2k—1)(2k—3)...3+ 1+ %,
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B caeayomeit mase HamM noTpeGyiorcs pasnoxeHmd Xa-
paKTepHcTHICCKON GYHKIME 1O cTeneHIM { B OKPCCTHOCTH

Toukd = 0. Ecrm cymectsyer ME, 10
£(8) = 1+iMg+1e(1), 2.9)

rae e(H)->0 npu 0. Ana poxmzaremsersa (2.9) npeacrapmmM

J,(9) n Bage £ (0 u(fy+iv(t). Hs cymecrposanna M crenyer
cymecmaanua £(0), a Taxxe &' (0) u v’(0). Ilo q:opuyne
Telinopa ¢ ocTaTountM aneHoM B dopme [feano

w(f) = u(0)+1u'(0)+ie,(0),

v() = v(0)+10°(0)+ e (t),

rae 8,(f), e, ()~ 0 mpu > 0. CknaguBag Asa NOCNEAHUX pa~
BeHCTE, NonysuM (2.9), TaK xak f(0) = iMg. Asanornuno

NIPOBEPACTCH CHEAYIOLICS ymepxmenm Ecnr ME? cymecTny-
€T, TO

70 = t+img— £ MEr+es(), @.10)

e s($)-> 0 npu t-» 0.
B npeanonoxenMy cyuiecTeomanus ME xaamM Apyryio
- OLICHKY OCTATOTHOTO WicHa B (2.10).
W3 paserncTBa

e“—-l=I e du

CHICHyeT, UTO |e‘*—1|s'T du=|x|, Tax xax |ie*|<1. Hcnonpayn
HakAeHHYIO OLICHKY ;‘l' panenc}'na
il ix = a’ (¢—1) du,

el—ix +5 =i [e—1-t) @y, ..,

TIOMy4HM
let—1—in] < B, [er—1—ixa g |< B,

Orciona, B 9aCTHOCTH, cnenyerz;cm
eiv=] +lrx—“§" +R,(t, x),
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IR (¢, 2)l<5exft.
3amMecHUM 3NECh X HA £ ¥ BEIMMCAHM MATSMATIMECKOS OXHIA~
ane. MNonyanM caenyomee pasnoxXeHne:
() = 1+itME— £ ME+R(0),

IR(ls L nagepe.

Jna xapaxteprcTHYecKHX dymanidi uMeer MecTo Teope-
Ma, aHanorHgnaa Teopeme 1.3,

Teopema 2.3. Ecau cayxaiinwe eeauwunss §, &y, .., &, He-
3aBUCUMI, MO

Frpns® = F O D £ (.

@.11)

Joxa3aTenscTso. JocTarodHo HOKA3ATH TEOpeMY IS
n» =2, Tak KaKk of1nee yreepRAcHNE MOXHO Oyaer NMOAySHTL
7o uHAyxoud. Ho onpepencHuio xapakrepacTuieckol ¢yH-
KInp

fh ﬂ,mg“eﬂh%ue& ™=

=M(cos £+ sin &,) (cos &,+i sin £,).(2.12)

Janzine HyXHO CAeRATH CeAYIOWee: 1) nepeMHOXMTEL BRpa-
XeHF#A, CTOAIINEG B ckoOxax, ¥ mepedT¥ K cyMMe MaTeMaTH-
YECKHX OXHOANAL, 2) MATEMATHICCKUE OXHIAHNS OT IIPOM3~
BeAicHUH 3aMeHNTDL HA IPOH3BSACHNA MATEMATHISCKHR OXH-
BaHn#i {370 BOIMOXKHO, TaK KaK DYHKUMH OT He3aBHCHMEIX
BeIHIHH SRIIOTCA HEIABHCHMEIME CTyIaliHEIMHE
BeIIMHAME); 3) DOMy9eHHOe BRIpAKeHNe BHOBb PassIOXMTh
Ha MHOXHTe/M, B pesynnrate 3THX IpeoOpazoBaHMIl 3HAK
MATEMATHYECKOTO OXHIO2aHUSE B npaBoii wactu (2.12) mogsuT-
cA Nepen KAXIniM caaraeMeM B ckobGxax. Takmm oGpasom,

e, (0= (M cos £,+M sin £,)(M cos £,+M sin %) =
= Mt « MéS =1, ()£, (0.

TeopeMa JOKa3aHa.
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IIpumep 6. Ilyers &, u nesamcmmnx;opmno
PACTIpOACACHE ¢ NApaMeTPaMu (a,, 0%), ( 03}) Haiinem pac-
npeaencHue cymus £,+8,. Tlo dopuyn a(i

LO=F, fo=F
Orcrona mo Teopeme 2.3 monyanM

.ﬁ
SO = OO =5

e a = g, ta,, 0 = g}t+ol. Tak Kax nonyweHHAs XapaxTepy-
cTMIecKas PyHKImR snnnmn Xaparrepucrayccrol dbynx-
el HOpMANEHOIO Pacnpec/icENs, T0 Mo Teopeme 2.1 (49)
CyMMa § 45, pacnpencnicHa HOPMANLHO.

ITycTh 3aaHa HOCTCZOBATENLHOCT: GyBKnmil pacnpene-
Jenusa F(x), n=1, 2, ... Hocnmommmocn {F,(x)} caabo

K dysxuay pacnpenencuns M), ecnu
Jm F(x) = Rx)

NpH MOHOM X, ARIA0meEMc Toukol HenpephiBrROcTH Fx).

Teopesma 2.4, Ecwu pocsedoeamessiocme dynxyuli pac-
npedesenun F(x), n= 1, 2, ..., 4360 cxo0umcs K nenpepoienots
dynxyun pacnpeaanenm F(x), mo F(x)->F(x) npu n- paeno-
MEPHO M0 X & (—w, +w).

noxaaareaac‘rno W3 MOHOTOHHOCTA M OrpaHHIcH~-
HocTd dynxpu Kx) caexayer, 3ro ang moboro >0 cpenu
TOYCK HEMPEPHBHOCTR JX) MOXHO BRIODATH KOHCTHOC IHC~
70 TOUCK X, <X,< ... <Xy TAK, YTOOK HA KAXIOM H3 CICAYIO-
BX MHOXSCTB

(—o=x, X1}y (%55 X3)s ooy [Xpp Xpyy = +0)
npupamenne dyuxamn Mx) He npepocxomwio e. [Iycth x €
€fx, x,,,). Tak xax

,(x)-F( x) =
= (F(x)—F(x))+(F(x)—F(x.))+(F(x;)— F(x))
|
|F (x)=—F (x)] € F(x),,)—F(x) <
A F, (%) — Fxp N+ F(x)— F (x )1+ F(x,., )~ F(x,),
|F(x)—F(x)] S F(%,,)—F(x,)
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B cuny MoHoToHEOCTH F (x) ® HX), TO
IF.(x)'-F(x)[ < IF .(xu»x)""F (xnl)l'{'
+2|F (x,)— F(x ) +2(F(x,,.)— F(x,)). (2.13)

IIo yenopmio TeopeMut F( Fx,) npu p—»o. CrepoBaTeNb-
HO, K3 (2.13) ¢ yaeroM [x x,,,) monyqM, aTO

IF.(x)—F(x)l< S¢
npa n>n,(k). Honarax n,=max n(k), nonyamm |F,(x)—
—F(x)|<5s mpu n>n, 1 moGux x. Teopema AoKazaHa.

Ilpusenem GopMymApOBKY TeOpeMEl O HeNPEPHEBHOCTH
COOTBETCTERA MHOXCCTBA XapaKTepHcTHicckux bymxuwii
MBoxecty dynxamii pacopenenenna. Ilyers f£,(f), » =1,
2, .., = HOCHASHOBATEIHLHOCTE XAPAXTSPHCTHUYSCKHX YHK-
mufi 1 F(x), n =1, 2, ..., — NOCACAOBATENALHOCT: COOTBET-
CTBYIONHX PacTIpsAe/icHHA.

Teopema 2.5. Ecau f(->6) npu n-rw daz mobozo t u
KD nenpepwena npu 1=0, mo

1) Af) — xapaxmepucmuneckasn Gynxyun, coomaemcmayio-

Qynxyuu pacnpedesenusn Rx);

2) F(x) caabo cxodumcs x F(x) npu n-»», Obpamno,
ecau F(x) caabo cxodumces x ynxyuu pacnpedesenun F(x),
mo (- R), ede Af) — xapaxmepucmuueckas dyweyus,
coomesmemayiowan Gynxuuu pacrpedesenus I(x),

Bra TeopeMa Oyner HCIONBL30OBAHA ANA KOKA3ATE/ILCTEA
ICHTPANLHOR npeaemnaol TeopeME!.

IlpuseaeM ewme ABS TeOpeM, KOTOPHE YACTO HCHONBIY~
I0TCA IPH NOKA3ATONLCTRE NPeNSAbHEIX TeopeM, ITycts

F=PE.<, n=1,2, ..,

— FIOCJICAOBATENEHOCTE dyHKunit pactpenenenng. OSo3na-
anm miP= MEEL

Teopema 2.6. Ecau npu ecex k, k¥ =0, 1, 2, ...,
ﬁ.ﬁrn‘f =m®<w, mo cywecmeyem Gynxyus pacnpedesenun
F(x)=P((<x) maxas, wmo m® =MEt*. Ecau smomy ycao-
eur yooesemeopaens eduncmeennas pynxyus F(x), mo F (x)
npu n-yo caabo cxodumes x F(x).

HEBOraa nocjaeioBaTeALHOCTD CAyIaliHIX BeJHIHH §,
(n =1, 2, ...), A1 KOTOPOIi HCCICAYETCR CXOXEMOCTD GyHK-
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muili pacrpesencHnsI, yAaeTCH NMPEACTABHTE B Buge { = +n;
TIPH 3TOM CXOZHEMOCTD byHK It pacnipereneHud BeMINE
yXe H3BeCTHA MIH €6 MOXHO JIETKO YCTAaHOBHTH, & BEMTH~

HaMy 1, MOXHO mpeHeOpewn. Crenyiomaa TeopeMa JacT yo-
NOBMA, NPH KOTOPHX MOXHO BOCHONB3OBATHCH YKASAHHBIM
NPEACTARICHUEM,

Teopema 2.7. Iycmo , = §.+q,, n =1, 2, ... Ecau
hm P{l'q J> e}=0 dus moboz0s> u nocaedosamensuocny dyn-
xumf pacnpedeacnus (x)—P(§.<x) caabo cxodumcs x (pynx-

yuu pacnpedesenus F(x), mo nocaedosamensuocms Qynxyuii pac-
npedeserun G (x) = P(L, <x) moxwce caabo cxodumesn & F(x).
lloxaaa'rensc'rno ITycTh X = TOUKA HeNPepMEHOCTH
dyuxuun Ax). MonoxuM

A4, ={§,+n,<x}, B, = {{n]<s}, e>0.
Tak kak A, = A B+AB 8 AB, <B, 10
P(4,B,)s P(4,)< P(4,B,)+P(B)).
Or1cio/la B 13 COOTHOIDCHMH
{(¢,<x—s¢) NBYcA4, B, {t <x+s}
noayIHM
P{(t, <x—e)\B}<P(4,)<P{t <x+s}+P(B,). (214
13 uepavencts (2.14) n HepapeHcTBa
P{(,<x—s) NB} 2 P{t <x—e}—P(B)
CHERyeT, 9TO
F,(x—e)—P(B,)<P(A,)< F,(x+s)+P(B).
BribepeM ¢, e” €[s¢, 2¢] 12K, o6 x—~&" ¥ x—e” GLIH
TOYKAMM HenpephBHOCTH dyRxumu F(x), Torza u3 mocnie-
AHUX HEPaBEeHCTB IIOyIMM HEePaBCHCTBA
F (x—s’)—P(B)<P(4,)<F (x+e)+P(B)).
Orc108a, TaK KaK o YeloBmo TeopeMst P (B )-»0 nipit 5o,
HaxonnM
F(x—28)sF (x—s")<limP{(, <x}<
sl._i‘:;:P{g.<x}sF,(x+s N<F (x+2¢g). (2.15)
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H3 (2.15) npm 50 NonyINM YTBEPEACHHC TCOPEME], TaK KaK
X ABngeTca T09Kkoldl HenpepuBHOoCcTRH Fx)

Jna AccnenoBAHMS PacTpPENESICHHH BEKTOPHLIX cmyaali-
HEIX BeEHH, TAK Xe XKaK H B OXHOMEDHOM CAYIae, NONC3RO
HCTIONB30BATh IPOASBOAALINE H XapaKrepacTHIecKHe QyHK-
. Hpouseodsugue u xapaxmepucmunecxue QyHxulins Sexmop-
Hoex cayuaiinox eesuwwun £=(§,, ..., §,) € R* onpepensiored
COOTBETCYBCHHO (hopMynaMK

0z o) = Mzb ..zt (g2, i=1,.., R),

fé(o =):(tp we 1) = M exp {itt)},

1me 1= (hy . ), 5= 15+ o HE, —ao<(<, 5=, .., K.
Hx cpoiicTPa aHANOIrHYHN CBONCTBAM NPOHIBOAAIIMX H
XapaxTepHCTRISCKAX PYHKOHK OXHOMEPHEIX CAYHAlHEIX
penwunH, Hanpusmep, ecau M| E, |1 ... | §, [*<w ana ne-
KX Py ..oy 7, 20%, TO

(2.16)

ot

B iaic SR -
;. o B z‘)L-“.-,.-n Mg, £,
ﬁ Sty s 8) | mprett MES ... BN,

5= 40

Ecne n=C+a, e & = (§,, ... £), 1 = (M o ML)
a=(a, ..., a), C=||cu||-- (mxr)-marpuua (¢ ¥ C nocro-~
SAHHE), TO
f( = e (). @17
HatizeM xapaxTepHCTHUecKY GYHKUNIO HOPMAaTbHO
pacmpeaenieHHOTO BexTopa nn = (v, .., 1,) - [Io ompenene-
Huio n, = ¢ ettt fta, k=1, ..., m 00 &, .., E —
HE3aRMCHMEIE HOPMAILHO pacHpefeneHHble BeJIMMIHN C NIa-
paMerpamu (0, 1). ITo onpeaenenno (2.16)

50 =W e rod =M e {13 ( 1) 541 5 v}
3

* OTMeTHM, IT0 U CMOIMAHRKX MOMCHTOB H3 CYIECTBORAIA MOMEHTA
mopanka £t ..t 1, HO CRIGAYET CYNIECTBOBAHNE MOMCHTA MEHBIIEIO ROPAK~
Ka,
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Orciofia, HCNONL3YSE HEIABHCHMOCTS &, ..., §,, TeOpeMu 2.1,
2.3 u dopmyny (2.8), nonyaum

50 = o 1) Tme (2 10) e
= exp (ifa) 1:{ exp {—%(é t,cu)z}=

= exp (ifa) exp {_%k,.%-l ‘qrﬁ( E: e c‘)]
Tak xak

,
Beyy =00¥(ng, M) = Z €, 0y,
TO OKOHYATEJILHO MMOMyJ9asM

so=ewln—t = bannl @

§ 3. 3axor GommEX WMeen

B atoM naparpade Gyaer AoxazaHa TeopeMa 5.5 . 6 Gea
TIPEINIONIOXCHHA O KOKSYHOCTH AucnepcMr. Chayqalinne se-
JMHHEE GeckoneaHON MOCACAOBaTeNbHOCTH £, £y vy €y o
HA3LIBAKICH HEIABMCHMBIMHE, €C/IH IIPH AI000M 1 He3aRNCH-
MH BETHIAHM §, &,y ooy E,0

TeopeMa 31 Ilyemo cayuaiinve seaununnt £,y o €5 .o
He3asucumes, OOURAKOB0 DACRPEOCAEHM i UMEIOm MamemMami-
weckoe oxcudanue MIE, = a, k =1, 2, .., Toeda npu smobom >0

Iim p(|2tat s L) 1,

BoxasarenbcTBO. XapaKTepucTHYeCKHe GYHKIMH
5L, k=1, 2, ..., onuHakos. TlosToMy MOXHO IONOXHTS

%0 = A9). A3 cymecreopanms ME, cnexyer, ¥ro BepHO pas-
noxenue (2.9):

f) = 1titate(), @G
rie &()->0 npu 0. Monoxmm n, = (€ +..4%,)/n. Taxk Kax
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caydaifubie BeNUIRHN §,, .., §, HO3ABHCHME, TO 10 TCO~
peMe 2.3
fipea (0 = O = (ita+ (D).
Orciona, ¥enonssyd TeopeMy 2.1 (3°), IpH n-)0 NOXYIUM
5,0 ={tritar fe () ven, ¢2)
TaK XaK e{t/n)->»0 npu n-»o, Taxm obpazoM, npu JoboMm ¢

HOCNEKOBATEABHOCTS J, (o CXONHTCA K QYHRITHE e, ARSI~

meiicst xapampnc'mqecxoi dyuxumeit nocrogHHOR BesmI-
waHE 4. Pynxmns pactpenescunda F,(x) nocTogHHoOM 4
Ha 1 npu x>a ¥ 0 mpu x<aq. HowopemzshmF (x) (%)

pM JHoGOM X # @, TaK KAk X = a—qnnncmmmm
paspusa pyrxuur F(x). Hycrs sanano €>0. Torna

P(n,—d|<e) = P(a—e<n Late)>

2P{a—& sn<ats) = F, (a+e)~F, fa-F).

Touxu x =a+s 1 X =g—/2 ARNBIOTCA TOYKAMH HEIIPSPHBHO-
cre Gy F (x). Cacnosare/bHo, TPy #—0

F, (@+e) — F,(o—3) »Eate) —Efa—5)=1.
O1cona M U3 HePaBeHCTB
12 P(n, —0)<e) > F, (a+e)~F, {a—§)

CEAYeT YTREPAUCHHE TCOPEMEL

§ 4. Herrpansuan npeseAsaas TSOPEMA

B § 3 m.4 6nna pokazana TeopeMa Myappa—Jlannaca,
COIJIACHO KOTOPOM SHC/IO YCTIEXOB i, B ## NCIILITAHMAX CXEMEL
BepHynnn npu GOMBEUBIX # AMeeT pacnpeleeHe, GMHIKOe K
HOpManLHoMy, ECITH BOCTIONL30BATECA TEM, IT0 1 NPEACTAB-
NACICA B PHEAS CYMME! HE3ARMCHMEIX CIATAGMBIX (5 5.13), 10
TeopeMy Myaspa—Jlannaca Moxso chopMynmHpoBath B Clic~
AyolmeM BUe.
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Ecau cayuaiinvie eeaununn £, %, ..., k., ... HEZACUCUMY,
PE=1) =1—-PE,=0) =p, mo npu n—w, 0<p<1

oot 1M T -
,(_t&% ?-1’?'.-!,‘;""‘ @1)

DAasHOMEDHO no X € (—ow, o).

YreepxaeHne (4.1) coxpaHseTCH NPH HOCTATOYHO OGUIMX
NPCANONOXCHUAK O JAKOHS PACTIPSACICHHS CAraeMEIX £,

JoKkaxch CACAYIOMYIO TeOpPSMY.

Teopema 4.1. Ecau cayuaiinove sesuvunnt £, &, ..., &, ,...
He3asLCUMBI, OOUKAKDEO PACKPEOCACK U UMEIOM KOHEUHYIO OUC-
REPCLio, Mo AP N—H0 PABHQMEPHO N0 X & (~—o, )

p(Buttatetbona | L I e Fau,

a0e a=MiE,, o>=DE >0.
JdoxazaTenscTeo. IHonoxmms

n, = §1+§:+;;{':_;§a—”a Z:l %5;_“.

PaznozxiM xapakTepHCTHICCKYID QVHKIMIO BEIUTIHHE E,—ano
dopmyne (2.10):

Sl = 1+iM(E,—a)— £ M(E,~a)*+2s(1),
rae e(f)—>0 npu 0. Tax kax M(§,—2)=0 u M(,—a)*=c?, 10

£, 0= 15 +85(0). (4.2)

OTMeTHM, YTO 8 3TOM paBcHCTBE HyHKIMA £(f) He JABHCHT OT
k. 1o Teopeme 2.3

g2 ¥
. = === +£2e()].
% e (1~E22" +r¢(r))

k=1

Orciona P 2 1. £ (L
ro=ry (ei-5 3+ (GEl,
(Ec—a) s

k=1
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H, creRoBaTeNsHo, J, (1) e-F2 ipy n—ye0 gna moboro dukcn-
posaunoro £ Ilpeacnnaas xapakrepucTAICCKAS GyHKIMSI 9B~
ngerca xapakrepucruueckol dynxumelt mopManmeHOTO pac-
npenenacHud ¢ napamerpami (0, 1), Orciopa no Teopeme 2.3
caexyet cnaad CXOHHMOCTD Fn'(x). M3 cnaboit cxonumocTn
1o TeopeMme 2.4 chelyeT paBHOMEPHaA CXONHMOCTD, TaK KaK
mpeaensHas GYHKUMA pacTnpeAeneHRA HenpepHbHa. Teope-
ma 4.1 noxazaHa.

Yonosua cxoaumocT GyHKumit pacnpenencHHd pasHO-
pacrpele/IeHHBIX C/IaraeMbIX K HOpManbHOMY 3aKOHY cofiep-
xarcq B TeopeMe Jlanyxona. [puseneM 6e3 RoxkazaTenncrsa
€¢ YNPOICHHYI0 GOPMYTHPOBKY.

TeopeMa 4.2, yems &, €, .., §,, ... — HE3GBUCUMBE CAY-
Yalinbie GeAUNUNN, UMEIOWUe KOHeyrtili mpemuli abcosiomnwi
Mmamenm. Iosoxcum

a,= Mgn’ b3=D§,, czagul gn-an]s’
» ) "
4=%a, m=fn c=fa

Ecau npu n-yo
& -0, (4.3)
'BS

mo npu n-»o

PL—BE‘—‘+"'+’ —4 Q)qé#—- ie—{zdu.

IIpn ¢cCHNKAX HA TEOPEMH O CXOAHMOCTH CYMM pac-
npeaeneHnit X HOPMANLHOMY 3aKOHY YAOGHO HCNONB30-
BATh MOHATHE acHMNTOTHYecKoli HopMmanpHocTH. Ecam
GYHKHHH pacHpeaeaeHus NOCHCAOBATENLHOCTH CNyIaiie
HEX BeXminH (n,—A4,)/B, cxonared npyu n->o K HyHk-

x

bitii] é—n- % J; exp (—-%2 )du, TO TOBOPAT, ITO CIYAlNAR ée-
AUUUHG Ty, NPU B—500 QCUMMNIOMUNECKY HOPMAASHA ¢ naApamMem-

pamu (A, B?).

TIpueeneM Ge3 noxazaremcTea obobimeHne TeopeMul 4.1
Ha caydaif r-MepHEIX BenuuuH. CryvaiiHpe r-MepHue
BekTOpH mocnenosarensHocTH &, = (§,, S0 o0 E)s
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n =} 2, .. OyoeM HA3WBATL HE3ABHCHMBIMH, SCAM IpH
mk X M 7 B ana mobHX r-MEpPHHIX NPAMOYTONLHNHKOB B,
=1y wn By
P¢,e8,,..., £,€B)=P(,€B)..P(§,cB). (44)
Teopeua 4. 3. Ecau caysyaiinwe aexmopw £, = (§,,,

ooy &) KB =1, 2, ..., He3a0UCUMN, 0OURAKO80 PACHDEdCACHY U
HMEIOM KOHEUHDIE

a, =M§,, b, =cov(§, » &)
mo r-mepras gynxyus pacnpedecsus

+ ...+
P(n,, <X, .02y n,<x),20e 1, =§"‘ﬂ,‘,§d&

(1=1, ...,ﬂ,npun—munpumob’aux=(xl, ey X) CXOOUMCR K
P(C,<xl. - <v¢6) y 202 § (Cp .C) P-MepHbiil HOPMAnENHIE
00'9(1, gr

§ 5. Bsmucnenpe NETerpasos xeroaoM Monre-Kapio

B xavecTEe npuMepa IMpIMeHeHHA TeopeME 4.1 oneHMM
aucino HcnmTanmii B Metone Momte-Kapno, meobxommmoe
1A BHTHCICHUA KPATHOTO MHTCIpaNa ¢ 3a4aHHOM TOYHOC-
Th10. Hycrs Qyrxama Ax) = Ax,, x,, ..., X,) oNpexeneHa Ha §-
MepHOM emUHHTHOM KyOe V. TpebyeTcs BIYMCIHT: HHTCTPA

a=l[.'.,.l[j(x)a‘x.

Iycts nspecrna nocrosuuan C raxasg, vro |/(x)[sC, x € V.
ObosnaunM & = (, ... cny3aiinpni PEKTOP, PABHOMEPHO
pacnpenSNcHALLE Ha V oraa p(%,, .., x) = l,ecmx € ¥,
Bpx, ., x)=08 npmmom myqae MaremaTmIecKoe
om:?alu;;e oii senwMHE 1 =A£) HaiizeM o dopuy-
ne (5.1.5):

Mn = o [ Rt s X} By oy 3 dxpnir=
—j' . fRx) dx = a.

Taxum oGpaszoM, Mn coBnanaer co snaqcnnem BEIYHCIZE MO~
ro narerpana. Tak Kak [f(x)] <C, 1o

o? = Dn = I;.]Utx) —a) dx <4C.  (5.1).
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Ilycts Teneps cayeaiinme sexropmk &, = (€, -..5 &)
k =1, ..., B, HC3ABMCHME ¥ PaclpeicneHL PaBHOMEPHO Ha
exnuuIHOM XyGe V. Torna cnyvalinne senmavau 1, = AL,),
k =1, ..., n, HESABACHAMEI H OAWHAKORO pacmpegenensl. Ilo
3aKOHY OonsIIMX umMcen caylalinas pemuHAa

C. - BI+.;'.ﬂ'

npH Gomburkx 2 GiEska X noctoaRHOoH a=Mn,. Ipeanono-
XKUM, 9TO HYXHO BHYHUCIHTD ¢ ¢ TOUHOCTHIO A. OtleHnM Be-

o,
P(,—a<e) = P{| =72« 45),
Tax xaK ¢<2C, 10
P—a<s) 2 P[22 <5E
¥ TIpu SoMBIoMX A

ol S <58) ~20(458)

o 3azaHHOMH Manoif BepOSTHOCTH BEXEAATEALHOIO COOHI-
g §,—d 2 A MOXHO, TAK Xe KaK B § 3 1.4, Haiitu 7.

Ouenxa aucnepcHH (5.1) gpagercs oOLMHO OYEHE 3aBhi-
mweHnol. B KauecTRe MPUOMIDKEHHOIO 3HAYCHHZ ¢ MOXHO
BCMIONB30BATH BRIPAXCHHE

0"’\/5:1:{2(*&—9’

¥ BOCHOJLIOBATECS TeM, IO BemuyuHa ({ —na) Vn/c* npu
n-»0 gBSETCA ACHMATOTHYSCKHM HOPMAaNbHOI ¢ napamerpa-
mu (0, 1)*.

IlpuveneHue Meroaa MomTe-Kapno X BEMHCICHHIO HH-

- AOKAZATE/IBCTRR ITOID YTBOPXACOHMA HYIXHO IOE33aThH, HTD

& = —1l>e}=o e moGoro £>0, B BOCONL3IOBATICA POIVALIATOM

sagaqn 17.
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Terpaios, 4 TAKXe CPABECHHE €ro ¢ APYTHMHM METORAME jia-
wrca p xaare C.M.EpMaxosna [5), . 4.

§ 6. TIpueM NHACAPRIADNE

B npIIazHLIX 33029aX 9aCTO TpebyeTcs JHATh pacnpene-
nerpe GYHKIMM OT CayuaifHLIX BenwanH, OOMIHO B TaxMX
Caydasx B Kavecrse nprO/ODKeHHOIO paciipeacacHHS NpH-
HHUMaeTCs pacnpefencHue JoreeliHoN YacTH pasnoxesus yn-
xuuu no dopmyne Teiliopa B OXPECTHOCTH MATOMATHISCKO-
TO OXMIaHHA apIYMEHTOB, & pacnpeReicHEe Juneiknol gac-
TR (MOCKOMLKY INHelnaa YacTh ARIAETCH CyMMoit) cunTaer-
i HopMansHHM. Ilo-BuaAEMOMY, MOXHO HamesTHCa Ha G-
30CTH PECCMATPHBACSMOTO PACHIPEAC/ICHAS K HOPMATLHOMY B
chaydae, KOLAA apryMeHTH paclpefeleHH HOpMANkHO, a HX
BHcnepcHH Massl. Bonee coMHEMTENEHO HCAOL3OBAHHE HOD-
MANBHOCTH, KOTOPOS OCHOBMWBACICA HAR LECHTPAMBHON npe-
menbHOM Teopeme, mpuMeHenHoN X mmeilmoli sactn dynx-
ey, TlpuseseM TeopeMy, KOTOpas JaeT HEKOTOpoe npel-
CTARICHH® O BO3MOXHOCTH KCIIONBL30BAHHA HOPMAILHOIO
npnbmnoKeHNd B CNAYYAe MAIRX A¥CHepcHil HOPMANBHOTO
pacnpenesieHHLX apryMeHTOB.

Teopema 6.1 Irems &, = €y s &) 0 =1, 2, ..., —

aMeALHOC S GCUMNIMOMUYECKY HODMAILRLX BEXMOPOS
C KOHEUH MU MOMEHMAMY

M, =a, (I=1,..,7),
cov G & = B2 (11, .., 1),

20e (a,~a)\n-> 0 u b An)->b, npu n-; dynxyus fix) =
=fX,; ...y X)) OBpEOenera & oxpecmuocmu mouxu a =(a,, ..., a,)
U umeem & SMOU OKPECINOCMU HEVDEPHSHNE SACIINNE NPOU3-
aodnsie emopoezo ropsdxa. Ecau v, = f&,1» - E,) 4 eetuvuna

o= 2 1.1 b, 202 f, =%L‘, ROAOKHCUMERDHA, MO NPl N-H0
& M1 i
e ), L _!:e“'f' du.

Hoxasatearctno. Ilyets R, =n —f, --E.lf,'x (I
—a,), Tae f; = %" L_,', Jf=Ra), a, = (a,,, .., a,). Bocmom-
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30BABUINCE 13_0peuoﬁ 2.7, noxaxeM, 9T0 NPOREALHOS pac-
npegencuue a(n,—fla,)) cosnaaaer ¢ npeaeTLHLIM pacmpe-
nenenueM §, = n Etf; * ¢,~a,). Monoxum

4,04, me
1
4= loi It —a,d< 7w )
Hcnombays HepaseHcTBo YoOrlmesa, NOMySIM

P(1) =P( Ql sg P(L) sw’ﬂg Eé'ﬂ)-;o (6.1)

OpH n-»0. OTMETHM, YTO HA MHOXecTBe A, BemmwamHy R,,
vcronssys dopuyny Telinopa ¢ OCTATOTHEM waeHOM B dop-

Me Jlarpanxa, Moxuonpe.ufmmnmeR_=;g§le
x(E,—a )E,~a,), TR [, — 3HaucHHC NPOMUIBOAHOI
&ffoxdx, B To1xe (a,+6(,,—a,), ..., a,16(E ~a.)), 0<0<1.
Tax Xax f,, OrpaHHYCHE! ¥ Ha MHOXeCTBe A, BEIIOTHEHE HC-
paBeHCTBa [, —a [<1/WA3, k=1, ..., 1, TO

NRR| K i =3, 0 € 4, 62

. Jna mponssosisHOTO £>0 HMeeM

P(VrR,| >¢) =
=P{([NaR |>e) N 4 }+P{([NnR|>e)nI}.  (6.3)

Tak xak 6>0 ¢uxcuposano o |[VaR)-> 0 B cuy (6.2) mpm
n—>0 PABHOMEPHO IO 6 €A, TO NEPBOE CIHATACMOS B NpaBoii
gacTH (6.3) crpemurca x 0. ﬁ‘ropoe ciaraemoe 8 (6.3) one-
HUBACTCA CBEPXY BePOATHOCTHI (6.1). Taxmm obpasom,
P(VnR [>e)-0 npu n->e. Cneporarensuo, cOrNacHo Teope-'
Me 2.7 mpepemHOe pacnpeacnenue (n,—Aa,))V# cosnanacr
€ IpeACHLHEIM paclpefieicHHEM {,. 1aK KaK BEJIHTHHA

£, pacnpeleNicHa aCHAMIOTOTHICCKH HOPMAaNbHO M (0*)? =
r

g?-nf;fb“ (1) -6 DPH B , TO NPEACSHLHLIM pacipencne-
HHCM {, ABNACTCA HOPMANLHOE ¢ MapaMetpamu (0, 6?). He-
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TPYAHO NIPOBEPHTH, YTO HpefeAbHOC paACNpeleNcHHE
-\G(n,-—ﬂa)) COBITAZIaeT ¢ MPOACABHHM PacHpereicHneM

ﬁ(n,-ﬂa.)). Teopema AoKasaEa,

Moxwuo chopMyIHpoBark TeOpeMy 00 ACHMITOTHIECKON
BOpMabHOCTH N, =/, (E,1s +--s» £,), THE F = r(n)ow npn
n-yo, 663 NpeANONOXSHMA 00 acMMUITOTHYecKOif HOp-
MaJBHOCTH apTryMeHToB. OZHAKO NOTPEeOYTCH HO OUYCHb
€CTEeCTBEHHNE OIPAHEYCHHA Ha NOCNEAOBATEILHOCTH
dyuxuuit /.

OrMeTHM, TTO YCAOBHA TeopeMHl 6.1 He mosponsamor cac-
NaTh BRIBOA O TOM, YTO HOPMEpPYIOIHME H NEHTPHDYIONIHO
TOCTOSHHEIS B GOPMYIHPOBRE ITOM TeOPEeME SRISIOTCA IMAB-
Hol 9acThI0 B AcHMITOTHYeCKHX dopmynax mnis Mn,, Dn,.
Acmarrorieeckue dopmynst ana Mn,, Dy, cosmagaoume ¢
COOTEETCTBYIOMRMH GopMyNaME JIS MOMCHTOB TuHeHHOrO
ppubmExeHRs, NOMYIAKTCS NPH BOROMHHUTCILHAX MPEATIO-
noxermax {cM. [10], 27.7, crp. 388).

Jaxaws x rasse 7

tmt—mwmumgmm-
meft Qymxaelt o(x). Haltme a) M‘;G}i XPE: n); n)”a PPES ),
02 ¥P(E=27).

2. Haltrv npOMIROAANIHS GYEKIM DEEIMH 1, €, ONPEILIEHHEX B 38~
Zausx 14, 16 oo 5. Halirter Mz, D, Mz, D@,

3. Hallti npoR3soIamyso GYHKINMIO Be/IITHEH v, OIPEIeneHHOE B 3073~
3e 18 . 6.

4. Haltty npomszonsmyn dymamow cnyusaiinolt semmunm, pacnpene-
Jeamolt o saxony IlyaccoHa ¢ HapaMeTpOM A. JOEA3TS, 910 CYMME HEZARR-
CHMEX OyacCOROBCKHX BANHINH HMOET NYSCCOHORCKOE DACHPENEIeHUe.

5. Cayqaiininie BaNHMUHE v, §,, &, ..., &, HesabHMCHME IrpE ;moGoM
A= 1, 2, .. P, =1) =1—P(&, =0) =p; v EMeeT pacnipanencrue Tlvaccons ©
wk Halti RpOHIBORMIYI0 GYHKIGHI0 BT 1=+, (v>0),
n =0 {v .

6, BErHCIHTD XAPAKTCPHCTHSCIO® YHKIDN! CREZYIOIMX AK0HOB Pac-
MpeRencHHuS: 8) GupoMEATEHOre; G) TlyaccoEa; B) ROKS3ATNIEHOIO; I) paB-
HOMEPHOTO Ha oTpeaxe [—1, 1] (cm. § 3 mLS).

7. HaiitH 3aX0HN pactiperereHyd, COOTRETCIRYIONIHE XEPARTeDHCTHYEC

m@yxmnma)mt;ﬁ)ws’gs)gl(%)*mu
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8. Bemritusl §,, &, HESADMCHME] H CAEMAROBO PACTIPETCTSHE, X XapaK-
'répacTRSecKag yrxnma pasaa Af). Haltre xapacrepEcrrascxyo $yHxinm
PeTHTAHM £-£,.

9. Benromni €, §,, &, HOOAERCKME B HOPMATEHO PACTPETANCHE ¢ HApa«

uerpanst (1, 1), 0, 4), (1, 1). Haltra: a) %&%«Lm&-&ﬁm

10 Hoxasars Yeopemy IIyaccoRa NMpE HOMOMIE TeOpeME 2.

H. Cnagrepaerca 10 mucen, memmmpmomumcmmc-
7530 A0 10—=, Dpeanonaras, 910 oumGKH OT OXPYDICHHR HEIABNCHME R
PAEHOMCPHH PACTIpCACHSHH B uurepbane (—=0,5+10== 0,5-10-"), Haltth
DPoTeNEd, B XOTOPEX © BEPOATHOCTED, He Menbinei 0,99, Gyrer nexayh cyM-
MapHag omiOxa.
‘llzigwmmmme—ﬂmcasmwmum

L] n -

13. Tlyers cnywaiinag seATRAEs E, pacnpeencHa o 3axony Ilysccoma ¢

napaserpox 3. Halinw

. (S
tim P25 <)
14. Cyuaftinie penirauuss &, .., &, Heaanucumes; PE, =1) =1~-P(, =0)

=p(n), k =1, 2, ... Halitt hm I!(gl-l- AL, = m), e pm)t. oMol B

%’ Dn)y=> 0 mpn Byeo, *°
15. TIroTHOCTS PACHPERCREHEA P,(x) CHYAiHON BE/ITIKHE § HOMPEPHIBe

Ha ¥ OTPaHECR] KA oTpeIxe {2, 2] # pasHa O ue [g, 8], Tonoxam n, ={nE},
e {x} == BPOOHAS YACTE TICA X Haﬁm&?(q,ﬁ:), 0<x<1.

16, Y3 ypunt, conepxameit M Gemax mapos 1 N—Af yepHEX, N0 CXCME
cryaiinoro aufiopa $e3 pOIBpAmHEHHY BHHHMACTCE # Wapon, OGoHAYHM E,
upcno Gexeax U1apos B pESOpEe W3 n mapon. Haltra:

a) lim P(, =m), ecom 4 _yp, n =const;
6) lim P(&, =m), ecmm A 52

M-

17. 1IyeTe MOCAERORATENLHOCTE CYUAHNEX BAUMDH §, YREOBICTBOpACT
yenosuw: P{E~1|<s)—>1 np n->eo 5 W0GOM 6>0; QYHKIMA PACHPENSTCHHSE
P(n,<x) cnabo cxoasres X Rx) mpH n-»w. Joxadars, wo Pink <x} cmbo
¢xonercs X Hx).

Yxasauue, JoRp3aTeNECcTRO NPOBORUTCH SHATOTHIHO AOKAATEICTRY
Teopemss 2.7,

18. Henormsays pemenye sagaws 25 p1.5 B TaGmmum cygaliMex uncen,
AOTYIHTE 10 He3ABHCHMBIX peaBtsalrult cmydalinolt salDriHHM & ¢ dyHxIH-
¢it pacnpegenciua F() =1—x* (x21), ecnu: 3) # =2; 6) # =1. B ofoux
crydaax HaliTe cpexHee apidMeTHICKOe TIONYUeHIEN peanttsanmit U B cny-
Yae a) CPABHHTE CPERHEe apHOMETIRISCKOS ¢ A%,
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19. Ilycrs ¢, — axcno Mcmuranuit » cxeme BepHymmd, mpoureaizes or
HAEYAIA HCHETARHIE 00 MOSBNCHHT Eropolo yoiexa, Ilomyrs fecats Hesa-
BHCHMBIX PeIM3AIM BMMUMHEL €, e/ BEPORKTHOCTD YUIEXA P B OTREI:-
HOM HCTETANAN: B) p=0,5; 6) p=0,75. Halts cpexuue spHdMeTHICCKHO
H epasuute ¢ My,

20. ITo 100 peamdALAM PABHOMEPHO pacIIpeRereHHON mtmmtlol Be-~

m(m!ﬂmmmuuomkapmmmmaa!!dx

TlonyueHHoe 3HaYeHN® &* CPABHATS © TOUMEM JHauCHHeM 2. Teope'rgwecm
saliTH A Tagoe, vyToSH P{| a—a® [<A)0,99.

¥ xazauue. Henonpsonars Toumoe asHavenne Da* y nenmpamayw npe-
ECITBLHYI0 TOODEMY.



ITJTABA &
HEITA MAPKOBA

§ 1. Onpenenenne

B riabe 4 Gubto nano onpenencHue ey Mapkopa KXak va-
cTHOrO ciyzas obme# cxeMu ucnuTanuil, Kanmd reneps On-
penenenne uem Mapkopa B TepMHHAX cnyualtHEIX BeTuaHH.

HocnenoparenbHOCTD CNyYalHEX e &, 1= 0, 1, 2,
N}’ Ha3uBacTeA yenwio Maproea ¢ cocroguuaMu #= {1, 2, ...,

, €CTIH

N
ZPE=hH=11=0,12,.,

H npu mobux 0 s << L 1<t (n = 1, 2, ...), moObsIx
i, j€ # u mobuX noaMHoXecTBax B, ..., B, MHOXccTBA A
BLHIONIHACTCA PAaBEHCTBO

P@,=JI§,IE 'Bl’ veey E" c B‘,§‘=0=
=P g =jlg=19 (L.1)

B npunoXeHHAX 3HAUCHHA CIYIANHLIX BeWIHH &, UHTED-
TIPETHPYIOTCS KAK HOMSPa COCTOSHMIE M3ysaeMoil CHCTeMM,
KOTOpas B NACKPETHLIC MOMCHTH BpeMeHR £ (1= 0, 1, 2, ...)
MeHAeT cBoe cocToaHme. CroiicTpo (1.1) oaHamaer, uTO NpU
dUXCHPOBAHKOM NONOXKCHHH CHCTEMHM B JAHHLIN MOMEHT
BpeMeHH § Gynyinee moBeAeHWe CHCTEMEL (I > 5) He 3aBHCHT
OT TIOREReHMA CHCTEMHBI B NPOILIOM (,;‘1 € B, .., g,. € B),
My Gostee KXpaTKo: nNpyu PUKCHPOBAHHOM HacToAWEM Oyny-
mee He 3asucut oT npomoro. Ceoiicteo (1.1) HasnBaor
C8olicmaoM MapKosoCmu.

Bynem HasHBaTh tiens Mapkosa &, odnopodnoi, ecld nipH
MOOLX §, J € 4 BEpPOSTHOCTH

PE,=il&=0=p,1=0,12,., (1.2)
He sasucsr or £ Marpuuy P =] p, ||, anemenramu xoropoi
SABRAIOTCA BePOATHOCTH {1.2), Ha3HBAOT Mampuleli 6eposm-
nKocmeii nepexoda, a BEKTOp

6—3910
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a= (g & > I (1.3)

me g, = P&, = 9, i =1, 2, ..., N, — eexmopom naxassuvcs
eepoammnocmeli. OUCBHARO, ITO MHCIA Py U ¢, YEOKICTBOPAIOT

YCHOBHSIM » ”
p; 20, ¢, 20, E g= Elp, =1, (1.4)

Jti061ie Matpaima P = |lp))l, snemenTil KOTOpLIX yIORNCTBOPSA-
1or (1.4), HasmBalor cmoxacmuveckumy. TIoxaxeM, YTo MaT-
PHIIa BEPOATHOCTEH Nepexosia H BEKTOP HATANBHBIX BCPOHT-
HOCTCH OXHO3HAYHO ONPEAS/AIT COBMCCTHEIS pacTIpencne-
HuA BenwauR &, £, ..., £, IpK moboM £. Ilo dopmyne (3.2.2)

yonydacMm
PG =i =i 5= b v 5 =i, §= )=

=P &= WP G- kL= ) PG
=hl&=lp§ =) .. PE=il&=4

E =iy & =i ) (L3
Bocniomayemesl Teneph CNSAYIOINNM SacTHHIM CaydacM pa-
BeHcTBa (1.1):
PE=il&=§=4 .5, )=
=PE=ilE =i ) s=12, . (1.6)

iexk=012.)
Cornacuo (1.2) xna ogHOpoAHBIX mencit Mapkosa npamas
uacTh (1.6) pasHa p,_, .. 3aMCHMB ITHMH BCIMIAHAME H Bo-
nrauBpaMu (1.3) cOOTBETCTBYIOUIHE COMBOXITENM B IMpaBoif
qacTH (1.5), Dony4HM COBMECTHOE pacIpeneficHHe BJINYAH

Boo Bis oo &f
PG=hti=i8=h .5 i
PPy o Py .7

Mu onpenenom fiems Maproea, ohopMymipoeas ceolicraa, XoTopEME
FoxxHa 0GMaAATE MOCHEROBATeNBHOCTE Cydalinmrx pemryun £, TIpn Taxom
HOAXOME OCTASTCH OTKPMTHM BOPOC O CYMECTBOBAMMM Taxolt mocaemona-
TenbHOCTH cayualiitx senrms. Ilokaxesm Teneph, wro npH jobom T, mo-
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Gout sextope 4 ™ (g s Oy (ﬁzo. ’E‘:q,- l)umﬂoﬁmxacmmxoﬁ

uatpue P = b, § MoxHO ONMPETeIMITS BEPOATHOCTHOS NMPOCTYAHCTRG H CITY-
sfinee ponrHs £, #= 0, 1, 2, .., T, swomonieeca nemsso Mapkose ¢
BeKTOpOM HAYRTHHKX BepogTHOCTeH ¢ W MaTpEuEl BepogTHOCTEl Hepexoma
£ Nyers 21 = {o}, e o = (fy ¥, o i), &y Ty oy Iy € 4 Nonoxm

P} = UProPriy -+ Pip iy 1.3)

Pazcrerno (1.8) oAHOIHAYHO ONMPENENTST BEPOATHOCT: HA BCeX MOX-
MHOXecTBaX 1 MEoxecTsa . TTocTpoeRHOS BEPOATHOCTHOS NPOCTPAHCTRO
B L. 4 MH HA38anmH Mens Mapkosa. OCTATOCE TOMEXO CBI3ATE S5TO OMpeae-
JieHHe ¢ OTIpeneeHHeM, HAHHEM B STOI INans B T¢PMEHAX Ciydafiix saIr-
win. Ylomoxms

o) = Elifdp=1,05¢< T, (1.9

I onpaneneHHLD TAXHM 00PAIOM CYMANAIN BATHMH JSTKO TPORCs
prerca paseHerso (1.7). FMenonsaya (1.7), HeTpYRHO PHMMCINTE YCNOBHEE
BEPOATHOCTR B ofeHx wacTax papencrsa (1.7) v (1.1) ¥ yGeawTCE B TOM,
dYO0 5TH PARSHCTRG BEPHEL. YEKA3aHRL BREMECICHY NPHBOIAT K IOKASATO M-
CTEY TOro, 910 cayualinne pemronus (1.9) sanumorcr mersno Mapgoza, y
xoTOpOK § — BOXTOD HAYMANKANX BepoATHOCTeH H P — MATDHIR BEDOXTHOC-

Tell nepexana.

Ougerunyo, 710 panescTno (1.6) — 310 sacTrI caygali co-
otHomenns (1.1). C mpyroil cTOpoHE!, KAX OTMEUANOCH paHee,
m (1.6) cneayver (1.7), a u3 (1.7) BRITSKAST YONOBYE MAPKOBOCTH
(1.1). TasoM 06pasoM, BEpHO CREAYIOINEe YIBSPXKICHME: PpaBeH-
¢180 (1.6) paBHOCWILHO YCHOBMIO MapkosocTd (1.1),

3aMeTHM TaKXe, ITO AR OAHOpOAHOH uemH Mapxosa &,
JipR Mo60M § BHTIOIHACTCA PABEHCTRO

PE.,~ile=d=PE=Jlg=dijeun (110
310 COOTHOMEHHE¢ AOKAZHBACTCH NMPAMEIM BHYIHCICHHAESM

YCNOBHEIX BepogTHOCTeH npr nomomm dopmymmt (1.8). (Cum.

sagaay 2 ® 3 11, 8.) Hocxonsky BeposrHocts (1.10) He 3asu-
CHT OT S, TO MOXHO NOJIOXKHTD

P =ilg=0=F (. (1.1)

Qynaxapm Pff), i, ] € A4 Ha3KIBAIOT BEPOATHOCTAMH NEPEXO-
Ja H3 COCTOSHKA / B cOCTOAHEE J 32 BpeMA 1,

PaceMOTPHM HECKONBKO NPHMEPOB,

Iprmep 1. Byxaanue JacTHIOE 1O HEAKM TOIKAM OT-~
peska [0, #], ormcarmoe B § 4 M. 4, apnaerca vems Map-
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KOBa, B Koropoii ¢, = O(Iﬁk),q, 1; p,,—-ﬂ(f 01 .

"""D:P =0(= i ’")s 1 p m = PRP =

=1~ (21, .., n1). Papercssa (2'44)n 4.4.5) spnsmores

CN¢ACTRHEM ONBOPOMHOCTH IenH Mapxoba (cM. (1.10)).
Hpuuep 2. Ilyets

1 .1. .1.
3
0 l l
P= 2 72 ,q,=1,¢g=¢g=0.
o 4+ 1
2 2

Tax xax mepexoau H3 2-ro u 3-ro cocrosnnii B 1-¢ He Npo-
HCXORAT, TO

PEG=D=PGE=1,5=1.,5=1)=
=PE&=DPE&=1&=1)..PE =1]g =1)=3"

Coburne 4, cocToamce B TOM, 970 eIk Beeraa Oyaer Haxo-
AuTses 8 1-M COCTOAHHH, MOXHO IIPCACTAaBHTh B BHAC

A= ﬁ {& = 1}, rme {§, = 1} — MOHOTOHHO YOLIBAKOIIAT NIOC~
NeDOBATCHLHOCTL COBKITHH. CreacBaTeNsHo, no bopMyle
(1.3.11) nHaxoavmM

P (4) = lim P, = 1) = lim 3~ =0,

Cocrosmmne | nermi Mapxosa HASHBACTCA KeCYiecmeen
HM, ¢CHM CYIICCTBYET COCTOAHHS j B MACHO f, TaKHe, IO
Pf1)>0 u P(#) = 0 npu moGom #. B npoTusHOM cirydae co-
CTOAHNC HASRIBACTCH CYHIECTHEENHLIM.,

B npumepe 1 cyIiecTBEHHEIMHA COCTOAHARMY ABNMOTCA 0
B 2, 3 OCTAJIbHEIE — HeCyIIeCTBeHHHMA. B mpumepe 2 ¢o«
cTosgHie 1 — HecyIIeCTBEHHOS, 8 2 H 3 — CYIIECTBCHHHIE,
MoxHo A0Ka3aTh, YTO CHCTEMA, ONUCHBacMana uenso Map«
KOBa, YXOOHT N3 HECYLICCTBCHHEIX COCTOAHMI ¢ BEPOATHOC-
Toi0 1,

NDpumep 3. TonoxnMm

01
P'_"(l ol =1 4=0
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Ecnn B MoMeHT ¢ = 0 ¢HeTeMa HaXOAW™ach B cocTogHuH 1, To
B HOYETHHIC MOMSHTH! BPeMCHH cHCTeMA OyAeT HAXOAMTHCA B
COCTOSHHH 2, 8 B YeTHEIE — B cocToaHuH 1. Takum o6paszoM,

Py ==, p o =BG,

NMpruep 4. Paccmorpum T+1 ucnmrannii Bepuynma;
BEPOATHOCTh YCHEX2 B HCIETAHNN ¢ HoMepoM &, = 0, 1,
2, .., T, pasna p (0 < p < 1). IIycre cayqaiinag BeTHYHHA
& = 1, ecnn obmies YNCNIO yeIeXoB B HCIIMTAHUAX ¢ HOMEpa-
Mus=0,1,2, .., fOuno HeYeTHRM, H &, = 2 B NpPOTHBHOM
caydae.

Pasencrso

PEu=Jl&=lp& =iy & =i =)=
=PE,=Jlg=047/=12, (112)

ROCTATOYHO OUEBHAHO: €CAH B MOMCHT { YeTHOCTL MHCNA YC-
NeXos H3BECTHA, TO YeTHOCTH B CASAYIOMHiE MOMEHT ONpenc-
JNAeTCA TOJMBHKC Pe3yNbTATOM ONepeXHOTO MCINTAHKA, a HC-
TNHTAHKSA N0 YCIOBHIO He3aBucHMEL. Paeercrro (1.12) nerxo
JHOKA3aTh, €CIIM BOCTIONB3OBATECA TEM, 9TO cOOHTHE

(go = o E = fp iy &= i €t =j) (1.13)
OQHO3HAYHO ONpeAenseT HCXOXE B MCNEITaRKAX BepHym ¢
HoMmepamu 0, 1, ..., f+1, a coSuTHe (§i= i E,, = j) aniaerca
ROoHeaHoM cymMoil coburnit sxaa (1.13). H3 tl.lZ) CASAYeT,
1o £, sriserca uensio Mapxosa. IIockoasKy cocTOSHHE HEMA
£, MeHfETCA JMIEL B CAydae YCIeXa B OYSPeTHOM WCIEITAa-
HIH, TO HENOCPSACTBCHHO H3 ONpeneneHHud &, HaxonuM

=P E=1|=)~=1—p=g
=P E=2[=D=q
AHIOTIIHO NONYIRM Py, = Py = P, 4, = p, §, = ¢. Herpyano

BEHCIIHTD BCPOSITHOCTH niepexona P(7). Hanpumep,
Ke~2)/2]

P(=P(E,=1 |§° =)= E C2+1 g2kl gt-2b-1,
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§ 2. Ypasnerna xan nepoaTaocreli mepexona

Kpome BepoaTHOCTel «cINOMHIDe Henotex ucxonor (1.7),
HepeaKo NPHXOZHTCA BHIMCIIATH BEPOSTHOCTH HENONEK BURA

(:,l =1, E,,z = Ly vy Q = 1), 2.1)
Iae MOMEHTH BPEMEHH 1, ..., £ YXKe HE 0043aTeIbHO ARIAIOT-
ca cocenaumn. BepodrrocTh cobrirHg (2.1) MOXRO BRpa-

SHTD Yepe3 BEPOATHOCTH Nepexona P(f). Ilo dopmyne non-
HOll BEPOATHOCTH

PG =l ==

N
=ZPE=DPE =, .- 5= l&=B (2

INpcobpasya Bropoii COMHOXHTENDb NOA 3HAKOM CYMMH NO
dopmyne (3.2.2) u ucoonnzya yornoeruda Mapxosocrs (1.1) u
yenosna ogHoponnocty (1.10), (1.11), momyanM

PE =l =D=

= 0P (WP, (6t . P, U—t). ()

Jna mrmucnenuit no dopmyne (2.3) HyXHO YMETL HaX0-
auts PAO.
TeopeMma 2.1. Hpu mobuix s, t
N

B(t+s) =§1 Pys) P9, i, j= 1,2, .., N. (2.4)

JoxasaTennrcTro. BuuucnuM pepoarnocte P, =
=Jjl % = §) no dopMyne nomsoll peposrHocTH (3.3.1), Nono-
xus B, = (= k)

PCn =il =n=
—E PE=kIG= P GumilG= it =R, @9
H3 pasencts (1.1) = (1.10) creayer
PG =Jl&=hE=h=
=P, ~JIL=R=PE=jl5=h
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Orcona i 13 paserers (2.5) 1 (1.12) nonyeaeM yTeepxReHue
TEOPEMH.
Onpeneams Matpruy Xf) = {P, (). B Marpwanoit sanm-
cH (2.4) nmeeT Bu
P(t+s) = Ks) ). (2.6)
Tak xax P(1) = p,, 70 X1) = P, 1ae P — MaTpHIa BEPOATHO-
creif mepexona. Pﬁ (2.6) cncayer

)= (AL)y= P @n

PeaynrTaTsl, NOAYICHHLES B TCOPHH MATPHLI, MOZBOJAOT N0
dopmyne (2.7) sarancnars PAf) 1 Beenenobars MX NOBEASHUE
npu { -» . Hexotopsie TeopeMbl 0 HEOTPHUATENBHEIX MaT-
pHnax npuseneHy B MoHorpadmm B.A.Cepactiamosa [15];
noapobROe HCCAeHOBAHNHE CTOXACTHYECKHX MATpHI B Heneil
Mapxosa coaepxurca B Xuure B..Pomanopckoro [14].

§ 3. Crammorapuoe pacopenencnne. Teopesma
O DpeneAsNLIX BEPOSTHOCTAX

Pacmipenenentie BepoATHOCTeH £, B MPONIBONBHEI MOMEHT
BpeMeHH ¢ MOXHO HaliTH, BOCHONBZOBAaBIDHCH dopMynoH
NoNECH BepOATHOCTH

N
PE=N=ZaPy O G.n

Moxer oxazarrcs, 9o P(E, = /) He 3aBHCHT OT BpeMCHH.
HazoreM cmayuonkapwem pacnpedesenuers Bexrop ¢* = (g, ...,
4*y), yEOBICTBOpSIOMMI YCIOBRAM

@20, k=1,.., N;
N N
Za=1 2ap=¢i=12..5 (2

IA¢ p, — BEPOSTHOCTH nepexofia (1.2).
Ecr B et Mapxozra P(§,=k) = ¢, = g}, TO npu nmo-
GoM ¢
PE=0H=¢ k=12, .,N

D10 yreepiAcHKE cnenyeT no mHayxund #3 (3.1) u (3.2).
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IMpueeaeM GOPpMyNMHPOBRY TCOPEME O NPSACSTLHEIX BpO-~
STHOCTAX ANS ONHOIO BAXHOIo Knacca ueneli Mapxosa.

TeoepMa 3.1. Ecau npu nexomopom £, > 0 ece asemernmn
mampuywn P nosoxncumensiot, mo onn swobvix i, j= 1,2, .., N
npu t->»

Pfo) = g +e(h), (3.3)
rae §*= (g}, ..., g% ~— cmayuonapnoe pacnpedesenue ¢ gt> 0,
k=1, .., N, g,(f) = O(K), a h — nexomopas nocmosnnaz,
Yydoesemeopaouian Kepaserncmeanm O < h < 1.

JoxasarenncTBO 3TOMU TeopeMEl, omupajoueecs Ha GakTHE
M3 TEOPHHE MATPHN, cofepxurca B Kuire B.A.PoMaHOBCKOTO
[14); npamoe goxasarenncTBo MMeercs B kuurax B.B.l'ue-
Jenxo [4] u JO.A.Po3anora [13]. B § 4 nmpusencHo npamoe
JOKA3ATeILCTRO,

Tak xax A{) = P%, T0 no YCAOBHIO TeopeMH B3 moGoro
COCTOSHHA MOXHO 1ONACTE B 0Goe 38 BpeMs [, C NONOXM~
TEILHON BEPOATHOCTEIO, Y CIOBHA TCOPEME HCKIIIOYAIOT LIEITH,
ABAMIONMECT B HEKOTOPOM CMBICNE TICPHOOMICCKHMMH (CM.
npumep I u3 § 1).

Ecan unosneHM yonosna TeopeMH 3.1, T0 BepoOATHOCTL
TOTO, YTO CHCTEMAa HAXOAMTCH B HEKOTOPOM COCTOSHMH j, B
npenenc He 3aBHCHT OT HAYANBHOTO pacnpefdcnenus. Helt-
cTBHTCMEHO, M3 (3.3) M (3.1) cneayer, uT0 DpH MoGoOM Ha-
YanbHoOM pacnpeaencHuu g, = P, =, i=1, ., N,

im P =)= ghj=12, ., N.

PaccMOTpHM HeCKONIBKO nprMepoB nenclt Mapkosa, s
KOTOpPEIX YCnoBmA TeopeMul 3.1 me pmmonuexds. Herpymmo
MPOBSPHTD, 9TO TAKMMHM NMPHMEPAMH ABAAIOTCH npAMepH 1,
2, 313 § 1. B npuMeps 1 pH 50 BEPOSTHOCTH IISpEXOna
HMEIOT TPEACAs], HO ITH NPEACALl 33BHCAT OT HAYANBHOTO
cocroanms. B yacTHOC™H, MpH p = ¢ = 1/2 (cM. § 4 1. 4)

lim Py ()= 0,0<I<mk=0,1,..,n,
tim Pa() = 1- £, 1im 2,9 =15

k = 0’ 1, -.l’ n-
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B npumepe 3 mpeaesm sepossrrocteit Pyy(h), P, () mpr o,
OYCBUAHO, HE CYIIECTBYIOT.
M CTRIIHOHAPHOS paclpeiencHne b nnpuMeps 2, Hyx-
HO Haiftn BexTOp ¢* = (¢}, ¢}, ¢73), yROBNeTBOpAIOMIMIL YCNIO-
BaAM (3.2);
1

a3 =4

@t +aigtait=at

@l ey tar=a
@?20,k=1,2,3, gqgitgt= 1.

Orciona gt= 0, ¢§ =¢% = 1/2. TaxuM 00pazoM, CTALHOHAPHOS
pacupensncHue CYmIecTBYeT, HO He BCe XOOPAMHATH BEKTO-
P2 ¢* TONOXHTC/IbHEL

B npimepe 4 u3 § 1 ycaoRua Teopemul 3.1 BRNONHCHH
yxe npH §, = 1. CramuorHapHoc pacmpemencuue (¢7, ¢3)
YAORICTBOPSCT YPABHEHHAM

aita; =1, @ipytaipy, = @t ipataiPn = @

IAC Dy = Py = q, Py, = Py = p. Orcona ¢} = ¢4 = 1/2 u no
mopéimSEli'_glP,(3=%, Lj=1,2 =

Bo Bcex pasofSpaHHRIX IpHMepaxX OKa3anoch, IT0 CHCTEMA
OTHOPORHKX YpaBHeHHHE

=D+ Zar,=0 j=12 .. X, (3.4)

OTHOCHTCALHO HEHIBCCTHEIX (Y, ..., &} HMOET HEHYACBOS pe-
menne, HetpynHo npopepurs, Y10 ONPeNE/IMTENS MATPHIIL!
xoaddmmenToB crcTeME (3.4) paBeH HYI (eC/mM BCE CTON~
O onpeacaNTeNd CNOXKTD ¢ NISPBHIM, TO B CHAY CBOICTBA
(1.4) nonyaaM cronGexy u3 Hynett).

B § 2 m.4 na nomHoMuanbHOR cxeME: OLUIH BBEACHLI
caydaHtlc BSIAYAHE, PASHRE THCTY HCXOMOB JaHHOTO THIIA,
Beenen anasoragHble BE/BMMHL A nenell Mapxosa, Ilycts
(), k=1, .., N — uncio nonagaHuni CHCTeMH B COCTOSA~
nue k 3a Bpems 1. Torna t(#)/t — sacrora monagawmii ci-
cTeMu B cocToauue k. Mcnonnsya dopmynu (3.3), MoxHe
AOKa3aTh, 4TO HacToTa T,(#)/f npit ¢ - cOMUKACTCA © g},
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Jnga 21010 HYXHO NONYIATD ACHMIITOTHYCCKAS HOPMYIILY JITsE
Mrz,() 2 Dr (1) 1 Bocnom3oBarhes HepasercTBOM Yebrnme-
B3, kl'lpunencu BBiBOR (opuMymst ana M(z(1) [g=hH= my(9.
Hpeacrasum (/) » Buge

() = netn e, 3.9
rae 1, = 1, ecan £, = j 7 n, = 0 B nporusHoM cayyae. Tak xax
M (n]8 =9 = Ff),

TO, BOCNOIH30BABIIHCH CBOHCTEAMY MATEMATHIECKOTO OXM-~
Baawna u dopmynoit (3.3), nonyauM

4 f
m,(t) = 5 P,(s) =g +‘_Z° e,(s).
Bropoe cnaracmoe B npasofi IacTH 2TOTO paBEeHCTBA B CIUTY
Teopemsl 3.1 sBnseTca wacTHOMN cymMmoil cxonmnerocd paaa.
Honoxus o, =£ 8,(%), ToTyIIM

mff) = g}t +a O, 0<h<1, (3.6)
TOCKONIBKY
Es,(s) =q, —’_§ls,(s), le()l < K.
H3 dopmynnt (3.6), B 4acTHOCTH, CACKYET, ITO
M(E e =doggi=1,2 .. N,
NPH #—>w, AHATOTHYHO MOXHO NOJAYYHT: dopMyny Ins

Mz () (z(9) — 1) | &, = i], xorOpan HCTIOML3YETCH ANA BLIAMC-
JICHKS BUCTIEpCHN,

§ 4. JozaiaTennCTsn TeOPMEl O MPLACAbHMX
BeDORTHOCTEX B BenH Mapkors
JoxaxeM cHaT2ma Ane ReMMEL. Hlomooxmd
off) = min PA), V() = max P, ().
Jleamin 4.1, ITpu AroGuix I cymgecmeyom npedeas
lim v() = g, lim V() = @,
u q,<0,
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JoxasarenseTBo. chmaya ¥PABHCHHE (2 4) ¢ g= 1, TOMyEHM

v(r+1) = min Z 2P 2 min Z LD = v,
Vie+1) = max Epwl’,,(t) S max Zpﬁ;(f) = V(.

Taxam ofpaioM, mmonmnocm v()n V,(o MONOTOHMN K OTpaIsiie~
Hm. OTci0as CleayeT YTRepXRICHHS Jiepsl 4.1,

Jlemua 4.2. Fcsu cunoaneny yoaosua meopemws 3.1, mo cywecmeayom
nocmosune C, 6 (C< 0, 0 < o <1) maxue, ymo ¥ (nty) — vint) < Co®,
a=12

nox’asannhcrlo. Hnz mobex 7, }

0= g:: Pty — é Pty = 2“," LX) +§‘," LY U9

e Adf, ) = P, (1) — Pul1), E‘ OIHAMALT CYMMHPOBAHRE 1O BeeM X, NpHE

xoropsx AL, J) , 2 Y, — CYMMMpOBaHHe 10 OCTAIBHLM K.
Orciona

g;*a,(:, H=— ;‘ IN(Y)) 4.1)

Tax XaK B YCIOBHAX TSOPEMEL 3.1 BepOSTHOCTH Nepexos P)>0 mpy Boex 1,
J» To nipit JooOsIx #, J

Y 00N = Y (P)—B ) < ﬁ Pi)=1 (42
RE cmtytmmom m:ma cocToRnnl =
o = max );,“ (Plty — P(i) < L. @.3)

OneHnM Teneps PasHocTs Fint) ~ vint)). Henonsays ypasnexne 24 c
s =1, 1= nly, NOMYIUM

Vi ((rt1)g)—vf(rt 1)) =
= max LP,((nH)ro) — PA(nt1)1)] =
= max ¥, [Pa(t) — Pal®)) Pofniy) =
= nga}xg AG, ) P, (nt)s
= max {35 A0, ) V() X7 840, ) v, (),
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Orciona, Mclonbsya (4.1), {(4.2) & (4.3), Raltnem
V(1)) — vy ((r+1)g) <
< max l(ﬂ(nto)—v,(ntn)) §+ A G, j)] = o (V,(nt) — v,(nt)).

ObneXMHAS 3T0 COOTHOIIEHHS ¢ HEPABRHCTROM (4.3}, NomyuasM yTEepXie-
HHE JIMME,

Tepeiied K KOKAIATOMECTBY TeopeMH. TaX XaK ROCHETOBATEILHOCTH
v, (N, ¥;(f) MONOTOHHE, 7O

0 < v, () =<q,20, <V, (9. 4.4

OTCIona H U3 TeMMEE 4.2 HaXonuM

0 < O—q, <V(nt) — v,(nt) s Co”
CrieacsaTelnHo, NpH n- OonydM O, = g, = ¢t H

an(t) - Q? I SV,(?) - v;(f) =
- ol ot s

TIonoEKTENLHOCTE 47 CefyeT M3 HepaseucTe (4.4). Ilepexona k mpeaeny MpH
>0 H 3=1 B ypasHeRRH (2.4), NONYIHM, YTO g7 YAOANETEODACT YPADHEHIIO
(3.2). TaxuM 0GpasoM, TeOPEMa AOKAIGHA.

3322298 K raane §

1. Matpuna pepoaTHOCTS! nepexoma nenmy Mapxkora HMecT BHA

01 05 0,4
p= 06 02 02
0,3 04 03]

PacHpeRelen e Mo COCTORHIAM B MOMEHT § = ( OOpeXenieTcR BeKTODOM
q = (0,7; 0,2; 0,1). Haltrm: 1) pacnpenenettiie HO COCTOANAAM B MOMEKT
#= 2; 2) BepOSYHOCTE TOIO, 4TO § MOMeHTH = 0, 1, 2, 3 cocToAHKAMA Denl
Gyoyt cooTeercrBeNHo 1, 3, 3, 2; J) craipioHADHO® PAcIIpeeeHHe.

2. Ilyers &, =0, 1, 2, ..., — Nemb M2pKoBa ¢ MatpHitell nepexomerix
seposTHocTelt P = [p } m HavATbHBM pacUpoReNieHKeM 1O COCTORRHIM
g = (g, ..., §.). BEpaiurh b BKEe cysy peposrnocTedt BAza (1.7) chrenyomue
sepogmHocTH: A} PE =) 00 P (5, =4 &, = ).
| &gmmmemmz).nomm,mp(&h'!lﬁ,“ HuPE=]

% ¥xazanne, BEMuCTITE 06 YCOBHEE BEPOSTHOCTI, BOCIIOE30BABIIHCS
PEIVILTATOM 33734 2.
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4. Nyern g, 1= 1, 2, ..., 4, — HEIABRUCHMES OJMHAKOBC PACTIPENEICHLE
cayualiEse BemrntHe, P, = 1) = p, PE, = ~1) = l—p, Szn401c4 Jo1
1emsi0 MapxoBa BOTHUHEEL 8) 0, = §E,.; ) 0, = E5,..5: B) 0, ™ (&, £,,)).
e p(=1, =1} = 1, p(=1, 1) = 2, ¢(1, —1) = 3, o(1, 1} = 47 Jne nemeit
Mipxosa HaliTR MaTPHIH BepoSTHOCTSH IMepexona 3a OXMH War.

5. Ilyers £, — HOMSD COCTOAHMA B LeNK MopXoBa B MOMEHT BpeMeiy 7,
P (E, = 1) = 1 K MATPHIR BepodIHocTelt Mepexofa 34 CAHHHNY BpeMelH

pasHa
M1 1, eccm g =1
i1 /11 s/ -, '

(1{11 4m sm} T2 comigel.

Howaaars, YT0 NOCICIOBATSIEHOCTD 1), ARNMMCTCH Henms Mapxoea. Hai:-
TH COOTBCTCTRYIOIYID elt MaTpuity BepodTHOCTOH mepexons.

6. B N gueiixax nOCHeROBATENEHO HO3ARUCHMO XPYT OT NPYTE PRBHOBEDO-
ATHO PASMOIRAT YACTHIDA. ITIycTh py(n) — YHCTO SUSeK, OCTARIIHNC HYCTH-
MH NOCTe pa3MenteHNa ¥ YacTHY. IIOKA3aTs, Yro NOCGHOBRTSILROCTE py(n),
n=0, 1, 2, ... samercy Nens0 Mapxons., HallTH BepOSTHOCTH MEpeXoaa.

7. Iyers v, g, oo = HOCACHOBATENLHOCTS: HESABHCHMEIX ONMHAKOBO pac-
RPEASCHHEX cmyvinEx e B Ax, ) — OyHKIHE, NPHHAMARDIAL
3H4YeHIA B MHOXeECTES {1, ..., N x =1, 2, ..., N, MHOXeCTRO JHAMCHNH ¥
COBIATAET ¢ MHOXRCCTEOM JHAYCHMI v, AWITeTCE MM ROCReROBTCHHOCT
CAyRHNLD BeMHIHH

EPE=B=p k=12, .., N,
nelEnahi=0,1,2, ..,
tens0 Mapxosa?

8. MipameHaa KocTh BCe BpeMS MepeKIaxiBacTed cyainmpyM ofpaioM ¢
OfHOH IpaHN pPaRHOBSPOATHO Ha JHOGYI0 H3 METHPEX COCERHMX Tpamelt Hesa-
BHCHMO OT Mipersmyizero. K KaxoMy Npemesy cIpsMUTCE fIPH £ BeposT-
HOCTh TOFD, WTO B MOMEHT BpeMeHM I KOCTD JICKHT Hi IPAHM «6», eCIIM B
MOMeEHT ¢ = () OHa HaXOMWNACH B FTOM Xe momoxenanu (f=0, 1, 2, .. )7

9. Ilo aByM YpPHAaM Da3noXeHO N USpHHIX M JV GelEIX HIapos T4k, IO
XaERa% YpHa CONepXMT N HIapoB. YHCRD “YepHRIX mApoB B fiepBoll ypre
ONpeACgeT COCTOANHE CHCTOME, B Xaxneii MoMeHT BEpPeMeHH BLISHDAIT
cAydalino 1o oFHOMY IWNApY N3 YPHN M BHGPaMHLIS NISPH MEHTIOT MeCTAMM,
HaliTit BeDOATHOCTH IiCPeXOlia H MOKA3ZTH, 10 CTAIMOHADHIG BePOSTHOCTH
= CLCyHCY k=1, .., N.

10, MarpHiua seposTHocTEl nepexoa PR BKTOP ¢ HAMATLEOTO pacnpe-
AeNeHNA 10 COCTOAHMAM HMeOT BHA: g = (1/2, 172, 0, 0, 0, 0),

32 2712 1712 3/12 /12 2712
1/12  1/12 3/12 1/12 4/12 /12
] 34 174 O )]
0 12 12 o 0
0 0 0 173  2/3
0 0 0 23 1f3

o000 Q
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Haitmi: a) HeCYIICCTRCHHEIC COCTOSHMSA; §) MATCMATHYECKOO OXHAAHHE T —
BPEMOHHE IO BRIXONA H3 HECYIISCTBSHHLIX COCTOAHMA, B) BEPOATHOUTH piv ,
PP DONATARHE B MHOKECTBS COCTORHEH o = {3, 4}, P ™ {3, 6}, ecnnt HawamE-
HEM cocTOsHMeM apmrercd § €2 {1, 2); 1) Npegel/ibRce NPH i3 pacHpenene-
mnocmsnmt,r.e.nmmma,-&gl’(g,- k).

VKa3zanue. 6} Henonsays Gopuyny MO0 MATeMATHIECKOIO OWza-
M, COCTARETS CHCTEMY JIHeHRX yparuenult aaa m, = b (s | E, = ), i=1,2.
Bocrromssonatace dopmynoit Me=P(£,=1)m +P(E,=2)m,. 1) Heromsys
GopMyny NonHoi BEPOATHOCTH, COCTADHTD CHCTEME JIHHeHHKY ypabHeHWH
AnR pf@, pfo ® ama p®, p®. 1) HaliTi npeensHoe PACIPASTISRH® N0 COCTO-
AHHAM, KOIT2 HATURLHEM COCTOSHVeM SETIECH COCTOSHES H3 MHOXSCTHA o
H K3 MHoXxecTRa B. Henomsosars dopuyity fioiiHoll BeposTHocTE B pemre-
HHE B).

11, Marpena sepbamocreit nepexoxs P = || p, [} uenu Mapkosa &, onpe-
AeJeTcs QOPMYIAME Py, = §—ct, Py, = &, By = §, P = 1—P. JoKasats, ¥10

P PAM._._1 [P a (1-o-f) fo ~of
(le P00 W(s ¢)+W(.p o)

Haiftru cTalMOHApHET® BePOATHOCTH.

12, Jimx wems Mapxora, onpeaenenHol 3 sanzge 11, o0o3HamM ¢, MRG0
NoRafaKwiE B COCTOAHMS 1 32 BpeMA 1. JIOKATRTS, mliml'ﬂ —:‘—%’«)- 1
npx modoM £ > 0, e

Ykazaune. Iloxasars, 4o Mt,"‘E"t"‘O(l) & Ds, = o(12) mpu 2300,
HcnonsiopaTh RpeACTaRieHie v, B BHAS cyyuey (3.5) A perrenme janavk 11,



TJABA 9
SIEMEHTH MATEMATHYECKOM CTATUCTHKH

§ 1. 3aA29R MATEMATHYCCKOH CTATHCTHEN

IIycts Tpebyerca H3IMEPUTh HEKOTOPYIO Bemunny 4. Pe-
3ynsTATH mIMepeHnit x, (o), x,(®), ..., X,(®) ecTecTBCHHO pac-
cmmmnmsnmmmymﬂnmmuxp Xy cony X,
HonyseHHN® B JlAHHOM ONKNITe ¢ HexonaoM o. Ecnm Hamepu-
TensHEI NpuGop He jaeT cucreMarmiIecxoif ommbKH, TO
MOXHO TpeaNoNoxATh, Yro Mx, = g. Takum obpasom, no
pesynsTataM Habmoznensit x,, x,, ..., X, BYXHO OTPeIeIHTh
HEHM3BECTHEIN mapaMerp 4. Qmmswamaoumue-
u3gecmusix napamempos. O6mas ommndxa H3IMepeHMR JACTO
CEzanniBasTC M3 GOMBINOre Tacna ommboK, KaxIad H3 Xo-
TOPHX HeBenaKa. B Takolf cuTyaimM Ha OCHOBAHMM NEHT-
panmsHOH npelenHOK TeOpeMEl CTAHOBHTICH NPABIONOAOOHEIM
cnexymiliee NpEANIOXeHNe (ranoresa): caydalHue penmn-
YHHE X, HMCIOT HOPMATLEHO® pacnpeaencHue. TaxuM obpa-
3S0M, MM NPHENUIM K 300a%e crmamucmuiecxoli npoeepxu 2unc-
me3s 0 3aKONe PACHPECeseHUN,

B § 3 1. 1 paccMarpHBaniEch ABe pavIMIHEIe uo,uenn(uo—
mens 1 m Moxens 2) noaGpacKBaHMS JBYX MOHeT. Beposar-
HOCTS BHTIANCHHE MOHCT ONUHAKOBHIMY CTOPOHAMHE B Moge-
mu 1 oxasanacs pasroit 2/3, a B Moaenm 2 — pasnoit 1/2, Ilo
Pe3yNLTATaM NOAOPACLIDARNI ABYX MOHET BHIOpaTh
OOHY H3 ABYX Moaenell (ke ramoTes).

K 3anayaM OLICHKH NapaMeTPOB YACTO CBOAAICA 30/1a4H, B
KOTOPHIX HYXHO YCTAHOBHATD 3ABHCHMOCTD MEXRY IepeMeH~
mrvi, [Iyets, RanpaMep, B3 HEKOTOPHX coobpaxeHudl H3-
BECTHO, ITO ICPCMEHHANA ) JHHCHHO 3aBHECHT OT mepeMeH-
FLX X, S - Xy ooy X3 ¥ = Afldﬁ*’ wt A, Kommemdm

12 m
xg), i=1, .., 8, BIMEDEHE] JHAICHHEA )= A,,+A,x,,+
rae §, -onmﬁmmuepemynpnnaﬁope(xn,xn, vy Xg)e
o shaueHnsmM p X5 ooy %) TPEGyETCH ONCHHUTE msq:qm-
IHCHTH A, A, ..., A,. 325291 TAKOTO THIIA HAILIBAKOT pespec
CUONHOIMY,
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B nepedncrieRHHX BHIIG 3a034aX OLICHKA HEH3BECTHHIX
NapaMeTpOB HMH BHOOP IMNOTE3HI MPOBOANTCH NO Pe3ynLTa-
TaM HaGmoaeHu BAK H3MepeHui, T. €. Ha OCHOBE 3MIOMPH-~
gecKuX AaHNsIX. B crenyomem maparpade npuBOAHTCSH O~
CAHNEe MATeMATHICCKOMK MOAC/IM He3aBHCHMMBIX H3MCpPeHIL.

§ 2. Ilonarue puibopey. Buboposmaee pacnpenenenun

Yr1obut caenartrs popmManpHOS onpenenetue BRIGOPKU 6o«
Jiee TIOHSTHRIM, PACCMOTPHM HECKONMBLKO mpymepoB. IlycTs
HAaM Tpebyerca ONCHHTh HEM3BECTHYIO Aomo OeMwX mapos B
ypHe, comepxamcii Gesnrle H depHale mapnl o exeme coy-
gajinoro sufopa ¢ BosepaieHHeM oTGepem # mapos. Ilpn
Gossmnx 2 gond GemIx WapoB B NoAyYeHHOH Bubopke Ginaxa
K Jone GenHX WIapoB B YpHE. YKasaHHad NPOHenypa MOXeT
01 onHcaH2 B TEPMUHAX CTYIANHEX Bearand. Tyers x, = 1,
ecaH k-# nmp pabopxH okasaics Gemen, | x, = 0 B npoTHB-
HOM caysae (k= 1, 2, ..., ). Toraa cayualinsie BeaHIHHMN X,,
2, «ey X, HOSABNCHME ¥ ONMHAKOBO pacnpenencHsul. o

1WapoB X B BHGopxe MoXer OHTh BRraHcneHa no dop-
Myne T = (x,+a,t...+x)/n.

Ipx p3MepeRHN IUCROBLIX XaPAKTEPHCTHX YACTO OKAZH~
BACTCA, YTO PE3YALTAT KAKIOTO HIMEPCHII MOXHO paccMal -
PHBaTh XAK 3Havenue (o) HekoTopoi cayualinoil Bemumne
&, KOTOpOe 2Ta BVIMIMHA IPHHAMAST B RRHHOM HCXOAC OILITA
o. Oynxiug pacnpeaencuun F(x) BeawIuum § XapaKTepHsy-~
T fcnonp3yeMuni gnd nsMepenuii npubop. Hecxompxo He-
3aBACHMEIX H3MeDeHHRR, NPOBOANMEX B GAMHAKOBRIX YCNO-
BHAX, MOXHO OIBICATH COOTBETCTBYIONIHM KOIHUYCCTBOM Ciy-
YalfHEIX PeWINH, KAXTaA B3 KOTOPHIX BMeeT PYyHKIINO pac-
npegencaun F(x).

HazoneM cayuaiinoi eunboproit obsema n (L1n npocto @b~
Bopxoil)y CIYIaAMHBLAL BEKTOP (X, X, vy X)), THE X, K =1, ..., B,
HE3aRHCHUMH H QEHHAKOBO pacnpeliesicHH ¢ P(x, < x) = F,(x).
Crhyqalinas BRGOpKa ABASCTCH MATEMATHUYCCKOH MORCABK
HEIaBHCHMEIX H3MCPCHMIl, MPOBOKHMEIX B OXHHAKOBHIX YC-
NOBMIX,

HHorna B 3anavax, CRA3aHHEIX ¢ H3IMEPEHRAMH, OKA3KIna~
€1Cs, YTO BOIIMHHH X,, ..., X, MOXHO CYHMTaTh HOPMANLHO
pac enceHHHMME. B 3ana%e ¢ noaAGpPacKBAHESM EBYX MO-
Het (cM. § 3 mr, 1) umeem nuckpeTHEe pemrauHL P (x, = 1) =
P P,=0)=1—p, =12, 110 x, = 1, ecu B k-m
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HMCILITAHME MOHETH BHINANHA OXHHAKOBLIMM CTOPOHAMH; P
= 2/3, p, = 1/2. IIpu onuecHxe noyn Gpaxa B mApTUH n:me:mﬁ
1o cxeme cayJalHoro Brbopa 6e3 BOBpAIICHUEA BEIAIHNHEL,
BrozmImHe B BROOpPKY, OKAZHBAIOTICA 3aBuciMEnMM, Obwramo
Mu GyneM paccMaTpuBaTh cydail He3apUCHMBIN H3MepeH i,

Onnolt H3 OCHOBHEBIX XapaXTepHCTHK BRIGOPKHM ABNsAeTCH
aMnBupuseckan Qynxkyus pacnpedesenus FXx), onpepensieman
dopmynoli

Py =88 @)

rae p,(x) — wacno 3HaveHMit cpeRd X,, ..., X, , MEHLIUINX X.
Taxnum obpasoM, npa: moSoM X BEAUIHHE (x), a cnenoBa-
TenpHo, N F (x) apnmores .

Cryuaiinnie BEMMTUHL BHOOPKH X, X5, ...y X,, PACIONO-
g:glme NpH XaXZ0M @ B NIOPRJKS BO3PACTAHNSA HX 3HaYe-

Xy S Xy S 00 S Xy
OMPEACAIIOT HOBKE chydaliHEe BeNMIMHE, HASHBAEMEIC 64~
puayuonndiss pados, B SacTHOCTH, X, = min {x;, X;, .., X},
Xy = max (X, X .oy X},
IToxaxeM, 210 npH GONBIMX 7 3MnMpHdecKas dyRxKINA
pacnpeaencErs F) (x) Gmaska K GYEKIMH pacnpencacHuA

F(x).
Teopema 2.1. .01z #106020 x ( —w € x <w) u s06020¢ > 0

lm P B — F@[<e} = 1.

HoxasatenseTno. C xaxmuM x, (k = 1, ..., #) MoxHO
CBsi3aTh ABa COOMTHA: {x, < x} H {x, 2 x}. BepoATHOCTH STHX
coOnTHil, CYeBMAHO, PABHE

p=P{x<xl=Flx),g=P{x2x}=1— F(x).

Ecan coburrie {x, < x} HasBaTh yenexoM, 1o p(x) AemIercH

qHCHOM YCIEXOB B CCPHM M3 £ HE3aRHCHMLIX MCHLITAHWIA.

Tax Kax B paccMaTpuBaeMoll mocneAOBATEIFHOCTH HCIRITA~

il Fi(x) = p(x)/n senaerca uacroroil yonexa, TO yrBepK-

gesnm zsxomunaeuoﬁ TCOPEMEI CPA3Y CHCHYeT U3 TCOPEMEE
.6 . 6.
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HUHoraa Ang HaMMaQHOIO NpPeACTABACHUA BRIOOPKH c-

NONBIYETCH 2UCMOPaNMa, TIONYIacMad CACAyInuM obpa-
30M. Yucnosad och pa3bABaeTCA Ha necxomam Hemepece-

RAuHXCcH nonynnrepmon (=0, ) = U[zk, Zpey)» THO

—w=2<g s ™ o0, ,Haneemcma
9acTOTH p} = P(zm) - nona.uauan SNSMENTOB Bhi~
Gopmnmmnmpm M HAl KaXIHM OTPe3KOM
{Z 74,1 CTPOHTCE MPAMOYTONBHHK, MIOMALL KOTOPOTO Npo-
NIOPIHECHANEHA 4acToTe pf. Tak ke Kak NpH A0KA3aTeNLCTES
TeopemMu 2.1, uomomomsan,mp'npnﬁmumnﬁnm—
Kakp. = F(g,) — F(z,)m(me(x)meermumocn

L

pacmpenenenas p(x)) K p, = {p(x) dx. TaxaM ofpasoM, IpH

YAaYHOM BHIGOpE IMMPHHLI HHTCPBANOB THCTOTPAMMA MOXET
HANOMMHAATH rpadEk NIOTHOCTH pacnpenencaus p (x).

PaccMoTpenne Tpadbuxop aMmapracckoil GyEKIEY pac-

NpeaencHuA ¥ FUCTOTPAMME MOXET JaTh HEKOTOPOS MpeABa-
o¢ NpeAcTaBleHNe 0 HenssecTHOH GyHKuyH pacnpe-
zenenns F (x).

Bonee TOUHEIC BRIBOAK O HEH3BECTHOM QYHXITMH pacnipe-
Benennda F (x) MOoryT OnTh cAeNaHH HA OCHOBE Cheaywomei
Teopemul A. H. Koynoroposa.

Teopema 2.2. Eceu dynrxyus F (x) nenpepviena, mo npu ti-yo

P {*117( _sp | R@-F@)<z)-K@=
0 nmpuz<0,
= .:Z_“(—l)‘ e-2kz npu 7> 0.
Teopema A. H. KoaMoropoba no3BoiseT yxXasaTh IpaHn-
NHI, B XOTOPHIX ¢ Gonbinoli BeporTHOCTHI0 GYAST 3aKMOYCHA

HemspecTHan dyHKIEA pacnpeacnennda. Ecau g, nonoﬁpaﬁo
TaK, o 1—K(Z) = o, TO HEpaBCHCTEA

R~ %< F@< R + 3

llmno:mnmcn cpasy A BCeX X ¢ BePOATHOCTHIO, Omu3koil X
el +
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& 3. Bubopouniie MoMenTRI

3.1. MareMaTHu¢CKOE OXBARRRE B JECDEpeus erifopounix
mMoxenTos. [ xaxcaoli peanysamH H3MepeHuii X, (o), x,(®),
sney X, (0) IMIUpITIccKan GYyHEKIMS pacnipepeneHust £3(x) a8~
ngercs dyaxkumell pacnpenencHEs HekoTopolt Anckpernol
cyualinolt BeNHYMHE, NpuHHMaDINeHk # 3HaveHH: X (o),
x(®); .0y X{®) — C BEPOATHOCTAMH, paBHEIMM 1/n *. lIpH
PAYIMMHEX @ COOTBETCTEYIOINHS GyHKIME F* (x) pasmriHs.
Ipr KaXT0M & MOXHO BESCTH PR3THIHES YACIOBRIS XapaK-
TePHCTHKH COOTBETCTIBYIOINEIO HAHHOMY ® 3aKOHA pacipe~
AencHud, onpeacianemoro F¥ (x). D1a xapakTepucTHKH Oy-
JeM HA3RIBATD subopounvimu. Bulopounsie MoMenmv B yexm-
Dasvrue ebibopoNHLe MOMEHMN TOPAAKA v BHMCAAKITCA 10

dopmynam

» L} N
“'=%§ x, m,=L z;l‘(x,-x v, G.D
e
o 1
#=a=1%5% (.2)
= gubopoxiioe Mamemamuuecroe oxcudanue (WK eubopornoe
cpedree).

MoxmHo noxasaTs, ITO NpH AOCTATOTHO 051X OTpaHHIC-
HHEX M3 HEH3IBECTHYO QYHKWHIO pacmpegeneHust I;(x) BBI-
6opounnie xapakrepucTHKH (3.1) GI3KM X COOTBETCTEYIO~
IIHM TCOPETHYCCKIM XapaKrepneTuraM F(x):

o, = ME, p = ME - MY 3.3

HaiiteM cHada1a MATCMATHICCKOS OXHAAHNHO H JHCTICD-~
¢mo pEIfopouHEX MOMEHTOB. Tak Kak x, He3aBHCHMM H pac-
ApoAcncHsl TAK Xe, XaK &, To

ME=1Y Mx=Mi=a,
=
DX =33 Dx, =D& = p/n.

* Eqm xagoe-JmGo sHaveHEe BOTPETHTCR B BHOOPKS Xk pas, TO ITOMY
SHATSHMIY COOTHETCTRYET BOPOATHOCTE k/A.
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TaxuM o0pajoM,
MZ = o, DT =5 (.9

AHANOTHYHO RAXOAHM .
Mg, =q,, Da, = 3>, (3.9

Heckonsxo coxmee BRYHMCITIOTCH MATEMATHISCKOS OXH-~-

JAHHC B ANCHCPCHA LNCHTPAMLHLIX BHIGOPOIHEIX MOMCHTOB.
Orpanaaumcs srrachenucM Mm, i Dm,. llonoxas y, = x—
~Mx,, k=1, .., n, 3anmmueM BropyIo dopMyny (3.1) npuv =2
B BUAC

m=k3 o7 =k 5= ()
e y*; ({f +3%; Ifocmm My.= 0, My; =, 1t Myy;=

Mjy? = Fk’g'l“yby: =%
Orciona 1 u3 (3.6) BaxoquM
Mm, =221, G

B dopmyne (3.5) ua‘muammecxoe OXKIaHue aieomano c
COOTBETCTBYIONM TeopeTHIeCKiM MoMmeHTOM. B (3.7) mpa-
BaA 9aCTh CMCILNEHA OTHOCHTENLHO .. Ecru BMecTO 71, BREC-
TH BeNHYUHY

£ =mymy = ; =3P, G3)
TO AAA HEe MOy HM
Ms® = p,. (3.9)
Ilepeitnem K prmucacHuio Dm,. N3 (3.6) Haxonnm
ni=H Lol - 225 01) + 3~ (¢.10)

Tak Kak cayaalfiisie BEMIUHE Y, k = 1, ..., #, HE3RBHCHMEI
u My, = 0, T0 B nIpaBoli YACTH PABOHCTBA
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m‘ =-ﬂ-r 'P'l’%‘t -] y’ly’fv l”’l‘

crmoornmmmoncnmemﬂy‘=p¢ C‘2
=3n(n—1) cnaraemuix Myiy; =n3, I#k. l'f

=(u,+3(n—1) )/n’. Amanorurio RaxomaM M[( z y}) /n]
M [;; y? ( E y’)] pHr—1)p2 Orciona # u3 (3 10) no
dopuyne Drm, = Mrm—(Mom,)? nomywns

Dm, = u,;g; _ 2(_u§_2h’) +b%,31§_, .11)

Moxaio noxasaTh (COOTBETCTBYIOINKE BEMHCICHMS CM. B
xaure I'. Kpasmepa {10], § 27.5), vro ana moGoro v npu #—-

Mm, = p, +O[L), M(m, — 1) = O). G.12)

Bropasa u3 3™ax dopMyn BepHA, eCIH KOHESCH MOMGHT L, .
M3 nepanencTsa YeGonnesa u dpopmyin (3.4), (3.9 n (3'31‘)
caegyer, yro 114 moboro s > (0 npu n—w

P{%—a, | <6} - 1, P{ 52—} <e} -» 1, (3.13)

riae BeamauHa s2 onpedencha dopmynoik (3.8). Amarornanme
YYBepXIeHHA BePHE! B 114 4, m, npH MobNX v 2 2,
3.2. AcumMnroTruecEne pacnpeneaenns. Haiinem cHavama
ACHMITTOTHIECKHE TIPH n—H0 pacipeneneHusd BEUOOPOYHRIX MO-
n

MEHTOB a,. Bemruna na, = Elx,; ABAAETCH CyMMOl HE3aBH-

CHMEIX OAMHAKOBO pacTipeiieieHHRIX CITySaifHEIX BeIIHH,
Ecan xoHedeH MOMEHT o, = ME, 10 X a10li cymMMe MOXHO
npuMennTh TeopeMy 4.1 Tn. 7. Tax xax Mx, = o, Dxi =
= o, —032, TO BSAHIMHA

(na,~na )N (ap—aDn = (a,-—a.)/\l“‘bT'“f

ACHMITTOTHYECKH HOpManhHa ¢ mapamerpamm (0, 1). Taxum
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obpasoM, cHpaBeTHBA CNCAYIOIAT TeopeMa,
Teopema 3.1. Ecau xoneuern meopemuueckuti MOMeKm o,,,
MO Npu n-»0 WOOPOURIIL MOMENN G, QCUMNIMOMUNECK NOD=

MAREH C NAPANEIPAMY (a,,,‘bfﬁfr.).

Heckonpko croxHee JOKAIHIBASTCS BCHMITIOTHYSCKAR HOp=
MAJIBHOCTS UEHTPANBHLIX BHGOPOTHBIX MOMeHTOB m . Orpa-
HUYMMCS JYIIB CoTydaeM v = 2,

Teopema 3.2. Ecsu xonever meopemuseckuli Momenm g,
MO NpY R->0 BHOOPONKAR OUCNEDCUR Iy GCUMIIMOMUHECKY NOD=

MaALHA C NApaMemparnu (p,, "..1‘:;&22)

Hoxkasatenncrso. Hcnomays opmyay (3.6), nomyaam
G = VB (m—p) = &, 4m,,
Ime
E.'—",,l——Z(J%—MJ%), n, = —5n, (3.19)

n k=1
¥ k=1, .., n — He3aBUCHMEE OAMHAKOBO pacnmpeac/icH-
HEe Beapunpn, Tak xkax MJ? = p/n H, cnenoBaTeNnsHO,
| JI' | = w,/¥n, To cornacuo nemme 5.1 . 6 ana moGoro
£>

P{lﬂ)s}swl”#{-}o

NpH B, Q1cI00a B U3 Teopemu 2.7 1. 7 BHTEKaeT, 410
TpenensHOe pacpenereHue {, COBIATACT ¢ NPCACILHEIM Pac-
npeaenenmneM £,. B cooTrercTBEE ¢ Teopemoii 4.1 . 7 cny-
waliHad BeWIMHA £, ACHMNOTOTHYCCKM HOPDMANLHR C INapa-
Merpamn (0, p,~p3). TeopeMa nokaszaHa.

Vinorna TpefyeTcs ONpeneauTsh TOIHOe WiH XoTq 611 mpH-
OmixenHoe pacnpeacncHre ReKoTopoii ¢yHxunu or pHba-
POYHBIX MOMCHTOR. B KauecTse npuMepa, WUMOCTPHPYIOMIS-
IO MCCHEONIOBAHHAC JIPEASABHOIO pacnpeacneans B TAKHX 3a-
Aagax, HallaeM npenenbHOe pacnpeneiacHue (yHKUMH OT
BEIGOPOYHOTO CpeAHETo X B BrICopouHoll AucnepcHn m,.

Teopema 3.3. Iyems v, = g(%, m,), dynxyus gz,, 2,) on-

6 oxpecmuocmis mouxu (o, K,) & umeem & amov oxpe-
CIMHOCIIU HENDEPHISHIE HACMHLIE NPOUIBOIHBIE 8IMOPORO NOPAd=-
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xa. Ecsu xonewen momerm p, u o? > 0, mo eequsuna n, npu
B-»0 GCUMPIMOMUNECKI HOPMAABHA ¢ napamempany (g, o*/n),
2de % glo,, uf.)’ o = g, t2g.mFen(p—1Y), 8 & =
=( (9g/9z) (1, j = 1, 2) ¢ mouxe (a,, p,).

JoxazareinscTBo, IoKakeM, 9T0 H3 YUNOBHH TCOpPEMEI
3.3 caeayior ycnosust Teopemul 6.1 1. Topa r=2, =X,
£, = m,, Heiicreurenmsno, u3 ¢opmyn (3.4), (3.7), (3.11) npr
7= TIOJyJacM

a, = ME, = a,, a, = ME, = i,+0(2),

- (3.15)
D5, =, D, ==52+0 ().

Kpoue 1010, BoCTIONB30RABIMHCE hopMmynol (3.6), Haimem
0 (&yr &) = cov (5 m) = 8 [5{% 3 54 — Pip)] =

= -};g My — Mp? = L2+ o(—,%,).

Orciona 1 13 (3.15) cneayer BrnoNMHeHuUe YCNORMH TeopeME
6.1 rn. 7. TeopeMa RoKazana.

OrMeTiM, 4T0 M3 YCNOBMI AoKa3aHHOI TeOpeMR eI HE
CHeyeT, 9T0 NapaMeTPhl MPEASIbHOIO HOPMAALHOIO pacnpe-
OeNCHHR MBISDOTCHS IMABHLIMHM GNCHAMH ACHMIOTOTHYCCKHX
dopuyn nas Mn,, Dn, (cm. Taxxe [10], § 27.7, cTp. 388).

3.3. Tounne subopounnie pacupencaenus, JonpeaensHoie
PacIpene/eHNA PasIWuHiIX BRGOPOYHEIX XAPAKTCPUCTHK
MOTYT 3aMCTHO OTAHYATLCH OT BpeAeabAbX, OTHCKAHAS TOY-
HHX pacnpefiencHEll smaseTca oOnvyHoM 3aaaucii Haxoxne-
HHA pacnpefeneny QyHKINH Of cayIaliEux semuans (CM.
§ 6-rn. 5). Oanako Halitn ToTHNIe BEIGOpPOTHEIE pacnipencne~
HH" B ynoGHo# Anma npanoxeEna dopume B ofimneM cnylae He
yaaercs,

Kax yxe orMeqanocs B § 2, pemuuunsn x,, k= 1, ., »,
YaCTO OKASHEANICS HOPMANGHO pachipeieficHHEIMH. 3Aech
MH OIPAHHTIMCH PAcCMOTpeHHMEM BHICOPOK X, xﬁn.;,x,c
HOPMaNEHO pacnpeiedcHHEMM X, (kK = 1, .., 7). HOp-~
MAMBHO pacTpefefCHHLX X, PacHpefeeHnd MEOrMX sxbo-
POMRHIX XapPARTCPHCTHEK BAIPAXAIOTCS T6ped HeOOMBINos YHC-
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710 pacnpeacncHmii, g KOTOPLIX UMEIOTCA TabmAIE. Jamms
e KeCKONBKO ONpSAecHii YacTo BCTPSIAIONTHRCH B CTa~
THCTHYECKUX HCCCROBAHHAX PacpenencHHit,

Hycrs &, &, ..y £, — HEIABHCHMEC HOPMANLHO pacnpene-
NeHHLIe cnydaliHsle BeJIMUMMHK ¢ napamerpamu (0, 1), Pac-
NPeaeNICHHC BEMMMHHM

2= Fgh8 (3.16)
Ha3LIBAeTCA pacnpedesenuen ¥* (Xu-xeadpam) ¢ n cmeneHsmMu
©c80000u. PacnipeacncHue BENMYHHN

L =& @.17)
HAsHIBACTCH pacnpedesenuem Cmulodenma ¢ B CIENEHAME C60=
6odu. ObGosHaunM %3 W %3 He3aBHCHMbIC CAYIAMHEIC BE/IH-
MM, EMcIOUHE patuperenenue y? c B, 1 B, CTENCHAMK
cpoboxst cooTBercTBeHHO. Pacnpenenenne BeMHIHHE!
y AL
Fyon —1-'7—-%':I i, (3.18)

wassipaerca F-pacnpedesenuem (Anm pacnpedesenuen Dutie-
Pa) € B, U N, CMENEHAMY CE0000N.

InoTHOCTH pacnpene/IeHNA STHX Be/TIHH MOTYT 6L Bali-
AeHH B apHoM BEAe (cM. [10] m [16]); bopmynm myormOocTEH
pacnipeneneHuil NpEBeACHN NtepeR TaGnmuamu 4, S, 6.

HaiineM Teneps coBMecTHOE pacnpefeneHue BLGOpoYHa-
Yo cpeaHero ¥ m BGOpoYHOK aucnepcEM m, Cremyomasg
TeopeMa O COBMECTHOM paclipe/ieneHEH X K nt, Gbia loKkasa-
Ha P, ®mmepowM.

Teopema 3.4. Ecau anemenmo ewbopkn %, k= 1, .., n,
HE3a6UCUME U pacnpedesciti KODMAAYHO © napamempanyu (4,
o?), mo X u m, ne3geucumui, nputem X pacnpedescio HopMaIbHo
¢ napauempamu (a, o3/n), a hm,/c® uweem pacnpedesenue ¥ ¢
n—1 cmenensmu c80060061,

HoxasatenscTBo. O6paTnMes K coornomeHuo (3.6). B
NPCATIONOXCHHUIX ROKASKBACMOI TEOPEMH Yy, ¥y ooy ¥, HEIA~
BHCHMBI i1 KAXAAS BETHIMHA Y, PACTIDEAEICHA HOPMANILHO €
napamerpamu (0, 1). BoeaeM HoBHe chywalinbie Be/IMEHN

» r 1
Sl (P A e 'cl-,Civ. TR Y= My v ) s = k=1, 2,
sy M, 8 OCTANBHHEE CTPOKH Cy, kK = 1, ..., #, 12 2, BuIbpanst
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TaK, r0 MaTpHia C oprororansHa. Ilpn TaxoM smGope C
= £ = M =00 =1 ¢=1,..m,
cov (&, &) = o-l,“.lc,p,hly.y, =

=15 -
= ‘El ey =0 (k).

Orciona cnenyet, 410 §, ..., §, HE3aBUCIDME M KAXAAS BOMH~
9UHA pacnpeacaeHa HopMaibHo ¢ mapaMerpayu (0, 1). Bu-
pasiM Teneph /v, 9opes HoBrie cayuaiinne semranHil. Ho-
CKONBLKY CYMMAa KBAaApaATOB MHBADHAHTHA OTHOCHTENLHO Op-
TOrOHANLHEY npeobpaszopanmii, TO

=t ia-Ef= pug-grsg G
Orciona 1 U3 HE3aBUCHMOCTH &, ..., §, ClieiyeT HesaBHCH-

MOCTD % H i=;};c§,+a. HopMansnas pacHpeReNeHHOCTD
X ciegyeT u3 HopManbHoli pacnpenenensocty £, M3 (3.16) n
(3.19) BrrexaeT, 9ro 21m,/0? MMeeT pacmpenencHue ¥2 ¢ n—1
crencHAaMm ceoboasr. TeopeMa aokasaHa,

Hpu nomonm TeopeMil 3.4 MOXHO HaiiTH pacnpenencHue
elne OfHON J9acTO HCMOMILsyeMOR BenyIyHEl, Besmmaawa §, =
=(¥—a)/(c/n) mMeeT HopMamEHO® pacnipenencHme. Kpome
1010, §, H nm,/o® HesaBucHMNL. ClenoBaTeabHO, N0 onpeae-

neruio (3.17) BennunuHa
= Q—a}ﬂaﬂn} - —
E T Namy/ 1) =

nMeeT pacnpenencHye CroionenTa ¢ n—1 crenensaMu ceobo-

Anl. TaxuM ofpasoM, AOKA3AHO CACAYIOIICe YTRSpAACHHES,
TeopeMma 3.5. Ecsu anemenmut swbopKi X,, ..., X, Re3asi-

CUMbE 3 KaNCOAR U3 IMUX GEAUNUN PACKDPeDeseRd HOPMARBHO ¢
napamempamu (&, o°), mo eeavuna -’-5-;&-3 Vn—1 umeem pac-
npedesene Cmutodenma ¢ n—1 cmenensamu c60660u,

Pacnpenenenne Pumepa Oyaer ucnonpioparica B § 8.
TaM Xe HaM MOHAZOOHTCA clNeAyIOmAad TeopeMa, Kacal-
mascsd paclipeacieHMS BEAHIMHHE, NPONOpHAOHANbHOMN

1»—1 =
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OTHOMEHHUIO ABYX BHOGOPOTHEIX Aucmiepcuit, REYHCICHHBIX
710 ABYM HE33BACHMHEM BHIGOpKaM.

Teopema 3.6. Iicme x,, ..., X, ux'i, wy X, — Ose ne3a-
sucumse sbsbopru u miobas usamur'n, ", WX e~
NUH UMESI HOPMAAbHOE pacnpedesetiue ¢ napamempanmy (4, o*),

Toeda eesusuna % —‘-%z—l- 20¢ m, — ewbopounas duc-

nepcusn aubopry X, .y X, o G B, — 6WOOPOYKAR OUCTIEPCUR G-
GopKu Xyy wuey X, , u:uee;u -pacnpedeserue ¢ n,—1 u ny~1 cme-
nenamu

Yreepxnenue 3710l TeopeMLI HEMOCPCACTBOHHO CICAYeT
13 TeopeMyl 3.4 u ompeaencHns penyIHEN (3.18).

§ 4. ToseunnIe OUCHER

4.1, Onpeacnenna u npamepsl, IIpeanonoxaM, 9ro pynx-
DES pacmpefeneHus, COOTBETCTRYIOmAA BHOOPKS X, X, ..,
X,, 33BHCHT OT HEH3BECTHOIO NapaMeTpa 6:

P(x,<x) = F(x; 6).

Onexkoii 0% napamerpa 8 HaskBaeTCH NPpOH3BOALHAN DyH-~
mne‘=e*z s Xy ooy X,). Taxum obpasoM, 07 aABNseTCH
caxyqa.ﬁnoﬂ peEMHON. ECTeCTBEHHO nmpcﬁom 106K
3HAYeHMY OLMEHKH B GONLIINMHCTBS ONKITOB OhmH G/RIKH K
SHAICHIIO OTICHHBAEMOTO NapaMeTpa. ByfieM Ha3KBaTh ONCHKY
0% necsewennoli oneHxol mapaMerpa 0, ecE nmpn MmoGoM 7

Mo? = o, 4.1

Onenka 6% HA3KBACTCT COCMOSMEAbHOW, SCIU ANA JIOOOTO
a>0npnn—m

Plot—8|<e} - 1. “2)

VenopuaM (4.1) 1 (4.2) MOXeT YHOBIETBOPATSL HECKWILKO
Pa3HLIX ONCHOK OXHOTO R TOTO X¢ mapaMerpa, Torna w3 mux
€CTCCTECHHO BHIGpaATh TY, ¥ KOTOPOH KECHepcHs HAVIMCHD-
mas. g IHpoKoro K1acca pacnpesenceHull MOXHO YKR3aTh
TOTHYI0 HEXHIOKN TPRHD ARCHSPCHH ONEHOK OAHOTO B TOIO
xeo napaMetpa (cM. 11. 4.3).

PaccmoTrpum nBa mpaMepa,
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IIpumep 1, Ilycts 6=a,=Mx,. Hoxoxum 6%=
=0%yy ooy X=X, 0'==x1, 1ae X onpeneneno dopMmynoii (3. 5)
#s' onpeAcNcHEA HecCMEIMeHAOCTH ¥ 13 dopMynnt (3.4) cne-
ayer, 910 ofe oueHKm 63 n 0‘ ABIATCA HOCMCINCHHEIMH,
OueHxa 0' OYEBHAHO, HE SBISETCH COCTORTeNBHOM, CocTo-
memom OLleHKH ¥ Onna joxasana B § 3 (cMm. (3.13)).

Mpumep 2. Hyers 0=p,=M(x,—Mx,)?. Ioroxum 0%=+,
TRe st ompeneneso GbopMyI & 3. 8) Hs COOTHONICHHH (3 9) n
(3.13) crepyer HeCMOIMEHHOCTh ¥ COCTORTENEHOCTD OUCHKH
0%. BuGopoHat XUCNepCHN M, Ho oONafAeT CBOICTBOM He-
CMEHICKHOCTH (cM. (3.7)).

4.2, HocTaroumse ¢cTaTecTEER, Moxer 0XASATECT, 410 BCA MOTe3HAS HH-
dopMaime 0 HeHIBeCTHEIX HapaMeTpaX CORCpENTCH B HeOOIBOIOM YHCNS
GyHEUmi, apAcANMX or BRGOPEHR (X, .., X). B sromM cayuae, ocobeHHO
Opk GoNbiix 00beMax BRGOPKH, 337494 MOCTPOLHHA OLCHOK MOXKST 3HAMM-
TeLHO YIPOCTHTICA. Pasamyusie GYHIQMH OT BRGOPEN 0GLYHO HA3KBZKT
cmaprucmincasy. OGoanaumu P(A) 3aKOH pacTpeaeicHHA BEPOATHOCTE ! Cony-
uaitHOTO BeKTOPR (X, X)) ¢ P(x,<x)=F(x, 8). Cratucrixa X=X{x,

,x),mpmmmpm,mmm napaMeTpa
e,mmmﬁomcoﬁmdymmsmomh(dlmnemncn
oT 0. Onpererepaas yaxun obpasou ROCTSTOHHAS CTRTHCTHEA X TIOALITOXM=
BAGT BCE CYRICCTBEHHEC CBeely o mapameipe 8. Hdelicreuremmnao, Bepost-
HOCTE MOGoTo COBNTHY, X0TOPOS MOEeT NpoRsoliTE NpH $HECHPOBAHHOM
X, He saBRCHT OT §, H, CEAOBATRILHO, OHO HO MOXET CONSDAXATE JOTOTHH~
mxokm@wmnoxmmmpwe.

Oqenm{o.trm.!b(x,, us X)), T. €. caMa B5:00pKa ARTALTCH KOCTUTOTHON
craTHeTEKOIL {ColuTHe 4 swmeTcs NOAMHOXECTBOM MHOXCCTER JHAYCHHIE
(X, ..y X), ¥, CTeNORATENEHO, P4 | X) npr motom @ ecrs /mGo ¢, mito 1.)
Bomenni METepec NPeACTARINTOT CAYIaM, XOIA PA3MEPHOCTD X MeHbIIS 7.
Tpupemes TeOPeMY, HOIBNISIIEYI0 NPAXTHISCKH HAXONHTH AOCTATOYHELS
CTRIHCTHEH,

Teopema 4.1. Hyoms p(u), 7 =(u,, ..., ‘é COAMECITNIR MACIIHOCINE DAC

Wmnmpmx,,a;, or X x,-ac,(u)w,k'l, o M Gnm
enuxa X=X{u) Socmeamouna dan maasxo moed, Koada

p.(v)-s.(«l'(v)) k(w). (4.3)
"E 8, # — Beompuyamenvisie GyRkyuy i ke 3o0sucum om 0. JInA TUCKPLTHO-
mgg‘mm:b x={%,, ...,x)mmemeapmumamm

£CaU P, () NOREMAaNTS KaK CEPORMROCMS CoCUMLR {X=u}.
mmmmmmmmx Ilycrs
202V, D, ,, e} = MEOEECTEO 3HAdeHRN X X=X{t) (ue 2) — He-
mommmqmcmcmn BrfepeM Kixoe-EHOYEs ¢ € X 1 MOS0~
XM y=X(14), Torma

P (x=ut)=P{xmu®), X(u)y=p}=P (Ym=p)«P(x=ag® | Xuy).
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Hepansdt MnoxuTens B npabolt HacTH JABKCHT TOAEED OT ¥ K HEHIBECTHOIO
napaMeipa 9, a4 POPOR MHOXNTES N0 OMpeReheHino ocTaTogHoll cTaTHe-
THEH (B X39eCTBo A HYKHO BIATE coSuTie fx™w'™}) He 3apncHT or 8. Taxan
obpasoM, nonyoum (4.3). Tyers Temeps pRnovmeno {4.3) X — mexotopag
cratucTnika. Toxaxew, 9ro X — jocTaroqiiag craTHerrika, Haligem ycnos-
HY® BepoamRocTs P4 | X=v). Wcnomays (4.3), momywid

P(X=v)= 3 pu®)= F g (X(u®)h(ut)y=

a (Xmy} ath g Xmv} ]
=g (¥) z h(uy),
nm‘elx-rl
P(ADN (X=v})= 3 g (X(u))h(u®) = g(v) T A(u¥),
el el

e B=A N {X=v}. OTciona HaxomuM, 910 YCEOBHAY BEPOLTHOCTE
a5 w2, %)

H, CeJOBATNEHG, He 3aBUCHT oT 8. TeopeMa I MHCKPETHOTO CTYyI2Y AOKA-
33HA.
PaccMOTpHM OBA TpHMEDa,

fipumep 3. Iycrs X, X,, ..., X, — HelaBucHMaA PmGOpKa ¢
P(x,=v)=07(1=8)'" (y=0; 1}, k=1, ..., #. Torma
p’(ﬂ)ﬁp{xl-ﬂ” wery x-‘"" =

Zu n—3
o IT enti—oywme® “ 1mgy =
k=1

D70 PapeHCTEO AT CTATHCTHEY X = i X, HMeeT BHA (3.4) ¢ M) = 1,
g, v)y=0"(1—0)*-** PaccMoTpeHHan B n:;:luou IpHMepe PROOPKA OMpexe-

Jorer » nenETad it cxenit Bepy/ Ui © BepoSTHOCYEK NOAWEeHA Hexoxa 1 B
KakmaoM HCNETaNuKE, papHoH 0. TaxuM ofpasoM, MOEAILHO, IO AOCTATOY-
nol CTATHCTHKDH 114 BEpOATHOCTH YCIeXa B cxeme Bepstymma armaerca ya-
cToTa X,

Npumep 4. lyers x;, X, ..., X, — HEIABHCHMAR RHGODKA, B XOTOPOH X,
(k =1, ..., n)} MMeeT HOPMANEHOS PACHPEIEICHMe ¢ NapaMeTpaMA (0, o).
BylleM RCKATh HOCTATOMHYW CTATHCTHKY XA ABYMEPHOTO IIapaMerpa
8=(a, o¥). TLNOTHOCYS COBMECTHOO PACTIPEIANCHIA BHIOOPKH DaBHA

]
P =t ol z -y}
~(Vma)y=exp [-22 — Ly izl 5 L1
(55 —mE s L u
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OTCIona, TAK X¢ KAK B NPCAMYIIeM pHMepe, HEIPYIHO HOMYIMTL, 10
pocraTounolt cTaTHeTEXON MBNAETCH ABYMEpHAS CTATHCTHEA
» L
[ T X x{l.Taxmoﬂe@ymnmﬁmmnmompm
=t

=1
yepes ¥ B 5? 63 ACHOUBIONAHHA ¢ B o2, To (& 3?) TOKS JOCTATOMHAS CTATH-

CTHEA.

Tpusees Teneps JacTHRE cmygait TeopeMul Pao—EBnsxyama—Komo-
TOPOR2, DTa TeOpeMa NOIBONECT N0 AAHHON OLPHKE HANTH OHCHRY ¢ Mekn-
nrel aucnepcenett, ec H3BOCTHA JOCTATOMHAA CTATHCTHKA.

Teopoma 4.2. Oycms x,, ..., X, — HesgeucuMan subopra ¢ P{x,<x}=F(x,
0), 0} = HecHeennan oyenka napanentps 0 u X — SOCMGMONHAR cmamucm-
lg.tibag:‘m?awmmxoguo‘- M(67 | X} yoossemeopriom repasencmay

l a -

JoRazatenscrno NPobeAeM M Cydad, Xoraa 0 H X HMe0T MicKpeTROS
pacnpenenersie: P{8t=u,, X=v)=p, ,, I=1, 2, ... U3 GopMy;H NOTHOIO Ma-~
TeMATHECKOTO OXBIAny] (6.6.3) cienyer, wro IROs=M{M(0 | X)]=M61=0.
TIooToMy ATH JOXASATC/ICTEA HYKHOTO HCPABCHCTEA HOCTATOYHO HOKA3ATE,
9T

(0% = M(IM(B} | 20T} < M(EY2. @.4)
Tyers p, = T 2 Torms MEYI= 3 wip,, = MIMEY | D=

b ]
- z(z ug%'i P, Tio Hepasenctdy Komn—ByHRIKOBCKOIO MMeeM
I b .

P P, Pey 2 P,

(B wi)s(z BNz ok 2af
YuHoxKB 006 YacTH STOr0 HEPABRCHCTRE Rl P, M MPOCYMMMpPOBAB X0 BeeM J,
nonysnm (4.4). Teopema goxasaHa.

4.3, Hepapeacteo Pao—Kpamepa. Iycrs x=(x,, ..., x,) —
HesaBucHMas BhGOpXa, B Kotopoit x, (K =1, .., n) uMeer
IIOTHOCTL pactipenenceHus p (v, 0), rac 6 — HeH3BEeCTHHIA
napaMerp, a ¥ — JepeMCHHAA IUVIOTHOCTH PachpeReAcHAd.
Tlonoxaum G ={v: p(v, 0)>0} u

CoBMecTRAS WIOTHOCTE pacnpeacieHns p(u)=p(u,, 0) ...
s p(U,, 6) BLIGOPKH (X,, ..., X,) OTNHIHA OT 0 HA MHOXECTBE

G,. Ilycrs 0%=0%(x,, .7:2, ey X,) = HECMEIEHHAS OLICHKA IMA-
paMerpa 9. Torza M6*=0. 910 paBeHCTBO MOXHO 3aIIKCATh B

BHIEC
8= I 0*()p,(0) du, w=(uy, ..., ¥). “.5)
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Ouennm DO* B ceayIOmMX JCA06UAX
1%, MuoxectBo G={v. p(v, 9)>6} He 3aBuCHT OT '
2%, BupaxeHHe B mpaBoif wacru (4.5) # BrlpakeHne

I Plu, ©) du Moxso RO IepeRIEpOBaTS 110 O MOA 3HAKOM
-—gls

MHTerpana,
3% Brpaxenue
10) = [RIBOF i, 0y gy -m[LLEE O] (45
[}
IONOXHTCNLHO.
Tak xak p,(¢) — NNOTHOCTSL paclipefie/icHES, TO
1= _[ 20U, W=ty ey ). @7

l'lponmbtbepennnponan 4.5) n 4.7) no 9, Halinem

1= for W2M ay, 0= [BW 4, 4.8)
24

A G,
YMuOXHM TeHeph BTOPOS PABCHCTES B (4.8) Ha 0 H BhYTEM
M3 Nepuoro. B pesayibTate BHINONHCHHA YKAAHHGLIX Npeob-
PA30BaAHMI NOMYyIHM

= j @ @—0) B 4y, 4.9)

Tak xax Ha Maoxcecrne G, otsocts p,(¥)>0, T0

%‘9 = %‘lpe(")-

IMoacTannsg 310 BuIpaxenue B (4.9) U HCOOML3YA HepaBeH-~
crBo Komn—ByHIKOBCKOIO, HaXoxuM

1=( J (@, (w—0) 2102 P} <
P I (0" —0)p,(u)du I (229 ) iy,

1 < pos- M (L1220 ¥], (4.10)
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Bripasus sTopoli commoxurens B (4.10) uepes sermmny f(9),
wanw (4.6). U3 pasencte (4.8) mpr #=1 cneayer,

m[lR 20 O @.11)

Tax xax In p,(¥) = i‘. In 2(x,, 6), To

(2mpea . J- 2 2ngeingss

O1ciona, yIMTHBAS HE3aBHCHMOCT coMHEoxMTeNel mpr ks 1
H papeHcTBO (4.11), RaxoaM

M(%&)’ nn“(i’_ll%ﬁﬁ)) =nJ©).

IloncTapnag 310 RupaxeHue s (4.10), nonysnM OKOHYATENE~
HE pe3yLTaT:

Do% 2 s uI(G) ’ “4.12)

1ae I(8) onpeneneno dopmynoii (4.6). STo HepaseHCTBO Ha-
3HIBA1OT sepaecrcmaon Pao—Kpamepa. AHAIOTHIHOS AOKA3a-
TENECTRO MOXeT ORITH MpOBeACHO B A ANCKPCTHHIX BHOO-
pok. B 3TOM Caysae HYXHO HCHIONB3OBATh MPEACTABICHHC
K@) B dopMe MaTeMaTHYIECKOTO OXHAAHHA").

HazoseM agiexmuerocmuio FECMEIICHHOM OLICHKH 0%, yaoB-
NETBOPAIOIIEH YCNOBUIM perynapHocTH 1930, nenmmiy

#(69) = (ko) Doy (4.13)

U3 Hepasenctra (4.12) crenyet, 9o 0 < ¢(6%) < 1. Onenxy
0* HasBaloT sggexmusnoii, ecnm ¢(0%) = 1. Onenxa 6% mapa-~
ue-rpa 0 MOXeT OXasarThes ACHMITOTHIECKHA nopmnoﬁ -]
niapamerpaMu (6, 02/n) npy n-»o gaxe B TEX CAYIAAX, KOTAR
Do* He cymecTpyer. Acuunmomuvecoii sexmusnocmvio
Ha30BeM Be/IHIMHY (07)=(s*1(0))~. Ouenxy 0% HasLIBAKLT
ACUMRIMOMUNECKU #gexmm oii, ecmH €,(6%)=1

Brryucmny 3ddexTusHaOCTh necmmm OLICHOK.

Hpumep 5. Ilyets x,, X, ..., X, — He3aBHCHMaA BRGOD~
X2, COOTBETCTBYIOWAL HOpMﬂJH-HOMY pacTmpeAeNcHHIO C 18-
pamerpaMu (a2, c?). B xaqsecTBe ONEHOK 4 ¥ o2 BO3bMEM BB~

*)} MoxHO POKa3aTh, Y10 Hepamencrso (4.12) ofpamaecrct B PaBeHCTEO,
SCAH OleHKa 67 amere aocraromtol craricTHRoH.
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BopouyHoe cpeaHee ¥ M BeNIMUMAY §%, onpenencHHyI0 GhopMy-
noii (3.8). OGe OlleHKR ARTAOTCH HECMEILICHHEIMY H COCTOS -
TenpHRMHE (cM. mpuMeptl 1 u 2):

MX=a, Ms'=0?,

pz=S, D=2t 4o(z).

B npumepe 5 § 2 r1. 7 6HnH HARZSHRE! HEHTPAILHEIS MO-
MeHTH HOpPMANLHO pPACHpEeNeIeHHON BEMHYHHE]; B YACTHO-
cti, M(x,—a)'=3c*, TloacTannas 310 3HaYeHHe B GopMyny
gé 1), momyaum TouHYIO dopmyny mnst Dm,=2(n—1)c*/n.

0ona

De=D[ 25 m|=20%/(s—1).

Jina prreucnennn 3ddeXTHBHOCTH HYXHO eile HAlTH BealH-
yuny f(0) ana 6=a n 0=c2 Ilo dopmyne (4.6), nonaran

2(s, 6) = pl, a, GY=(nc)-1* expl— -2V,

HaXonHM

Ka) = T( =2 ¥ pl, 0, o%) du =,

o0 = | (S b oo .09 du= e
Ilo $opmyne (4.13) momydaem
e(x)=1,

Hrax, oueHka X anyserca 3ddexruproii, a onenka s* acHM-
nroTuiecku dddexTHBHA.

HMurepecHo OTMETHTH, UTC IPH HAPYIISHNH YCAOBHI pe-
rynapHocTH {cM. 3amavy 12; B yCIOBHAX 3TOif 3amatdm Hapy-
1eHo ycnoere 1%) AACHCPCHA OLEHKH IIPH 7 ~»0 MOXET OLITH
MeHnme 1/nJ(0) paxe no NOPSAKY.
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4.4, Merox raGonbuiero npasaononobus Ais ERXOXICHRN
OHCHOK mapamerpos. Meron monerTOB. Ecnn dyHxuua pac-
npexenexua Mx, 0) = P(x,<x), &=1, ..., B, HMCET MIOTHOCTB
P(x, 0), To Qpynxuna

I=L(x, .., X, 6)=p(x,, 8) p(x, ) ..., p(x, 0) (4.14)

HasuBaercs dyuxyueli npasdonodobus. JAna BRGOPKH, COCTO-
Aneif U3 AHCKPETHHIX BEIMMH X,, k=1, ..., #, ¢ pacupenene-~
HueM P(x,=x)=p (6) dynxuna npantononobua onpenenier-
1 PABCHCTBOM

L=Lx, oo % O=2,0) 2,0) - 2,0). (415

Ipu q:uxcnponannnx X5 oy X, ynxumo L Gynem pac-
CMATPHBATE KaK DyHKIHIO napaampa 0. Ilo MeTony Hamu-
Oompmero npasaononobua 3a OUESHKY NapaMeTpa 0 mpHHM-
MaeTcsd 3HaUCHHe apryMenTa 0, mpu xotopoM L mMeer Mak-
CHMANTLHOS 3HatcHEe. IIpn ducupopaHHoM § GyHKIMA Npak-
aononobua L ((4.14) unn (4.15)) sanaer coBMeCTHOS pacnipe-
ACNCHHC BLIGOPKH, €CIH PACCMATPUBATD X, ..., X, B (4.14) &
(4.15) KaK HesaBHCHMEIE NiepeMEHHELIE, Taxum M, 1O
MeTOoAy HanGoARIErO NpasaonoXodus prbupaeTed SHAYCHHO
0, IPH KOTOPOM BEPOATHOCTD DIIKNIYICHHA JaHHEIX 3HAYCHMIL
BeIGopxu MaxkcuMansHa, [lockonsky InL npu duxkcnponan-
HBIX Xj, ...y X, HOCTHIACT MAKCHMYMA IIPH TOM X& SHAYCHHH
@, 910 U L, TO 11 HAXOXKACHHS OLEHKH MOXHO PeINATS YPaB-
HERNe npaszonoaotma

Ilnk .. 4.16)

Pewmrenuem (4.16) ﬁy.ncu Ha3BIBATRk TONEKO KOPHH, 3aBH-
CHIHE OT X, Kaxnoe PCIICHHC YPABHCHHA Npak-~
AOToHobHsE t4 J‘:‘6) GyneM RA3LIBATE OYERKOH KAuDOALUIC2D Npaa-~
donodobus 0sR O,

ITpu uexomopwx docmamouro O6uUX YCAOGURX ypaenenue
@. 16) umeem peuienue 6%, R6AAIOUEECA COCMORINEALHOI OUeH -
Kol napamempa ; oF npu B S0 RAARCMCA ACUMBMOMUYECKH
HODMARLHOH U acuMnmomusecku appexmusroll oyenxoii 0,
YcnroBHs, NpK KOTOPHIX JOKAIHIBAETCA STO YTBSPXIACHES (CM.
[10], rn. 33, cTp. 544), 3aKm09A0TCA B CYHISCTBOBAHNH HE-
CKONLKMX NPON3IBOAHEIX 10 0 or InL M B cyecTBOBAHNY
MOMCHTOB 3THX NPOH3BOXHEIX.
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Ecnm 6=(9,, ..., 0,), TO oneHramMm BaRGONEIISTO NPABNONONO-
Ons napamMeTpos 0,, ..., 0, ABIAIOTCH 3ABHCAIINE OF (X, ..., X,)
PEIICHAA CHCTCMB YPaBHCHHH

an L

-Tt 0, k=1, 2, ..., 5.

NMpumep 6. Mycts permrmnu X, k=1, 2, ..., #, HMEIOT
HOpMaNBHOE pacmpenencHue. HenpecTHnMH napaMeTpaMst
spaqores a=Mx,, b=oc?=Dx,. HajizeM ux oucHKH Ham-
Gonmmiero npaprononobua. Mo dopmyne (4.14)

L=L(x, ..., x,, @, b)'_'(#z?). exp(“ 21&;‘—?):)

n
Inl=—2 n2n+in)—L 5} (r—ap.
25 =
Orciona s ONCHOK @* B H* nony'nnd cacTeMy

dnil 3
w3 e,

anl___n . 1 %
T-— i-s-‘ +2( b.)zbzl (xk—-a’ )1=0.

H3 nepsoro ypasHenns g*= %;l x,=X. [lopcTapaaa 310 3Ha~

geHMHe BO ETOpPOS YPABHCHUC, HalixeM
S |
W=m=: 2(x,—x A
=]

AcCHMITTOTHYeCKASl HOPMAITBHOCTD B ACHMITTOTAYECKAA 3¢
dexkTHBHOCTL OLCHOK X, M, HapaMeTpoB 4, G2 CICAYIOT U3
pesyabTatTon 0. 4.3 B Teopemu 3.2,

IIpumep 7. HaiiteM oneHKY HAHGONSIICTO ADABIONO~
noGna pna BEpOATHOCTH ycmexa p B cxeme Bepuywm. Ilo
tdopmyne (4.15)

L=L(%, oy X0 B) = Q?‘*(I—P)‘“’%
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x=0, 1 (x=1, ecxm B ncnurrasmu k& 6H yenex, u x=0 B
TIPOTHBHOM CNIy9ae), H

m:,=kz_; G dnp+(1—x,)In(1—p).
Orciona !

anl _ ¥ 1—x, \_ %n n W _
P b = e

o p*= X. Tax xkak mis uHcNna yenexoB i, HMEEM paBeHCTBO
p=x Xk, X, TO p*=p /n. OneHKa p* gRIGETCA aCHMII-
TOTHYCCKA HOpManbHo#i (caencTsre Teopemsl Myaspa—Jlan-
naca) i adpbexTuBHOIN.

METOZOM, KOTOPHIt MHOTHA MCNonb3yercd Ind
OLICHKH NapaMeTpoB, ABNAETCA MeToln MOMEHTOB, Ecan dyk-
xumn pacnpenencuna F(x, 6)=P{x,<x} sasucur or s napa-
MeTpos 6=(0,, ..., 8), TO TEOPETHYCCKIEC MOMEHTH, HallpH-
Mep o, =MEF, SRnsIorcs GyHKImAMY OT mapaMerpos (), ..., 6).
IpennonoxuMm, I10 CHCTEMY aéﬂué(e s ey Oy =1, ...y 5, MO~
HO pa3spellifTh OTHOCHTSMEHO O ,=b,(c:,, ey Oy =1, ., 8
Torza B XKa%eCTPe ONCHKH IapaMeTpa B3ATh BeMIMHAY 00 (a,,
ansy lc_:f), TA¢ @, — BRGOPOYHEIS MOMEHTEI, COOTBETCTRYIOIHE
o, Ilpd gocTaToyHo ofinuX YCIOBHAX RHOOPOYHEIC MOMEH~
ThI GAM3KH K TeopermaeckuM, dhyakumsd 6{a,, ..., @) OT 3THX
MOMEHTOB ACMMITOTHYSCKH HOPDMANbHA, 3 MAaTeMATHICCKOP
OXHAAHMCS HPEACTLHOTO PACTIPENCIICHAA PABHO 0700ty o 0.
B TakoM ciy49ae ONCHKR 67 OKa3HBAIOTCH COCTOATCILHEIMH.

§ 5. Harepasannase onenkn

ToueuHtle OLeHEKH AAXT NPHOMIDKCHHOES 3HATCHHE HOU3-
BSCTHOIO TapaMerpa. ECIM H3BecTeR 3aKOH pacipeie/ieHus
OLICHKH WM e¢ ANCHCPCHA, TO MOXHO YKa3aTh Npeisns:, B
KOTODBLIX ¢ 60BIIONH BePOATHOCTRIO HAXORUTCA HEH3BECTHOD
SHavYcHUE NMAapaMeTpa.

DOTH Bpeensl Aerko BHpaxaorcd Yyepe3 JUcliepcHio ONeH-
Ki. OXHAKO MHOTHA BUCHICPCHS MOXET 3aBHCETH OT HeHaBec-
THOTO IApaMeTpa. B 2TOM CXyvuas IDAHWIN, B KOTOPRX Jic-
AT HCUIBCCTHEL NAPAMETD, TOXe 3aBHCAT OF 3HaieHnH 3T0T0
IapaMeTpa M, CHCAOBATECNLHO, NOb30BATHCH TAKAMM TPAHH~
IAMM HENL3A,
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PaccMOTpHM BRIGODKY X, X,, ...y X, € P(x<X)=F(x, 0), 1ne
6 — HeussecTHHIN mapametp. [IpexnosoxumM, ¥Tc HaM yaa-
nock Haittu aBe dbynkumu 0=0(x,, ..., X} # 8= 8(x,, ...,
x,) Takue, uro 6 < O nNpH BeeX X, .., X, ¥ npH Mobpx
3HAYCHNAX O:
P80, vy ¥} <6 < B(x, ..., x))=120,

T. €. BePOATHOCTD TOIO, UTO CAydaiiHBLi mETepBan (9, 6) Ha-
KpOCT HeH3BecTHEIM MapaMerp O, He 3MBLHCHT OT HapaMeTpa
0. B aToM cryuae wmrepnan (9, §) HasbIBAKT dosepumensibin
uKmepadsomM AnS HeH3BEeCTHOTO NapaMeTpa 8, COOTBEICTRYK-
M doeepumention eepoamnocmy 1—2a. B pase cnysaes GyH-
KuHy 8 n 0, o6anaomye YKA3AHHEIMY CBONCTBAMH, MOXHO
HailiTu.

IIycTs uMeereq BRIGOPKA X, ..., X,, IPHIEM BETHIUHEI X,

pacnpedeNeHH HOPMANKHO ¢ hapaMmerpaMu (4, o%), a mapa-
MeTp o n3pecTed. Halinesm moBepwTenbHLBIN HHTCPBAT ANA 4.

Cryvaitnaa pemrauHa X=(x, +...+x ) /1 HMEET HOPMAIEHOE Pac-
npenenenue 1 M X=a, D X =c%/n. Cneposarensno, penuan-

x—a
Ha 7 i PaAcnIpeacIiCHa HOPMANGHO ¢ IapaMeTpaMH
[+]

(0, 1) n ee pacnpeaencaye He 3aBHCHT oT 4. O1cOAa
x-a
P s [a}=1~20,

P{ x—u, %QK xtu, %]=1"'2°‘, G.n

TRe u, ONpeaeseTCsa KaK PeIICHHS YPRBHCHHS

- a*
2= | ¢ Fdx=a. 2
",



§ 3] HHTEPBAJIBHHE OIIEHKH i)

TaxumM gﬁpaaon,auu HAILIHA AOBEPUTENLHHIH MHTEpBANX
( F—u, ., ¥tu, =) e mapamerpa 4.
Bonee ecrecrsenHol spntercs cHTYalmA, Koraa o6a na-

PAMETPa, 4 H O, HCASBOCTHH, B 3TOM C/Tydae BOCTIONDL3YyeMCS
TeopeMoit 3.5, cormacHo xortopoli BenwumHa T, =

_ X-a

Vn—1 umeer pacripesiencane CreioneHra ¢ #—1

cTeneHaMH cBoOONEL. Orcora, onpencnss f, , , Kak peme-
HEC YPaBHCHHA

Pk, <z, , J=1—20, G.3)
NOMYIHM, ITO

P2t o2 <a<i+ b, 5% 120 (54)

HaiigeM Tencpp ROBSPHTSIEHEES HHTSPBAIN UM NapaMeTpa
ol Ilpn HIBCCTHOM 0. BOCTIONBIYEMCA TEM, STO BeIWYHHRZ

1=82/c?, rne S3=%x,—a)2, HMeeT pacTpeenieHne Y i cre-
TeHAMHU cBOGOAEL, llyct» 42, sIBNAETCH polIeHHEM ypapye-

HUs
PUG > 1% o= (5.5)

Torma P{x3_ .<$<ﬁ..}=1"‘2°‘ H, CNeAOBATENbHO,
P{S/2y, <0< 2y_g, =120, (5.6)

Iipn HCUIBECTHOM 4 BOCTIONBAyeMcA ToopeMoit 3.4. Mockomky
BEAMINHA nm,/c® AMeeT pacnipeseenHe yc n—1 creneHaMu
cpobons!, TO

PNEm /1, o1 < 0 < nmyfyy o o i=1—20 eX))

Cpenn MpHKNAZHEX 3a4a9 BCTPEYaIOTCA TAKHE, NIPH pe-
JIeHAH KOTOPLIX NPHXOAUTCS CPIBHHMBAThH CPEAAHNE IBYX He-
3aBMCHMBIX BHGOpOK. Hng Takoro cpasHeHHd NOJE3HO
HMeTh AOBSPHTENLHEIH MHTEDBaX ANA PA3HOCTH COOTBET-
CTBYIOIINX BHOOPKAM MaTcMATHIecKHX oxmpaHuil, TIycTe

Xps X +ves X =1, 2, HesaBHCHML], HOPMADHO DACTIPEASTIEHB M
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Mx,=a, Dx,=a?, =1, 2, k=1, .., n,
HaiineM nopepHTe1bHELE MHTEDBAT ANA d,~d,. ITomommm

=1 =ly =2 :
Ty 2w m,,—E;:, — %2, =1, 2.
M3 reopeME 3.4 ¥ B3 HE3aBHCHMOCTH BHOOPOK CNEAYeT, YTo
X,y %y My, m,, HesaBucHMEL KpoMe 1010, BeNUIRHA /ot
MMecT pacnpefiencHue 2 ¢ n—1 cremensaMa cBoGoal.
JIOBATe/ILHO, BenmuunHa (n,m, +n,m,)/c* mMeeT pacnpeacne-
Hue ¥2 ¢ n,Hm,—2 CTeNCHAMH CBO TaxuM oGpazoM, pe-
JIMYHHA

T
e =t SN AL
o .

= 5= 5H—@—a)
(LR ORI ONTERTN
nMeer pacnperenerye CTLIONCHTA ¢ 11,+1,—2 CTSIICHAMH CBO~
Goanl. Hcnomayna pemrauny (5.8), J€rko BEOIHCATH NOBEPK-~
TeNLHEK HETEPBAT AN 4, —a,.

IIpu nocTpoeHIM OBSPATERBHEIX HHTEPBANOB (5.1), (5.4),
(5.6), (5.7) 11 BerrauHEs (5.8) NpeAnNoONaranocs, Yro AMeMeH-~
TH REIGOPOX MMEIOT HOPMAJIBHOE pacTperencrue. Ilycrs Te-
neph X,, X, -, X, — DPOH3BOASHAA BrGopka. Tlpu Gonpimx 7
MOXHO NOCTPORTD NPOCTHe NPHOIILKCHHR¢ JOBSPHTENbIEES
HATCpBani! Oe3 NMpeanonoXeHnd o HopMankHocTH X, Hail~
heM, HanpuMep, DOBePHTENRHENE HHTEpRAT RAA HApaMeTpa
a=Mx,. IIycts o>=Dx,. Torma no UeHTpaNLHO# NpeAeILHOM
TCOPEMe pacTpefiencHRE BEMNIHHLE

x+x,+..tx~na _ X—a

Noi/n T afn

OIH3KO K HOpMAJBPHOMY PACHPEACICHHIO ¢ IAapaMeTpaMH
(0, 1). Ecin o2 — cocTosTentHAd OLEHKA NapaMerTpa o, T0
pacnpemeneHne BOAMTHHE ﬁ %—a)Vn/s, Toxe 6mmuaxo x HOp-
MansHOMY ¢ nmapaMerpaMiu (0, 1) H, cnenoBaTeNBHO,

tim Pl | < w)=1-2,

v nny(n+n—2)
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W
Su Oi< g < Fru ) w1
P{ %y, LS a< w, ﬁ} m 1—20 (5.9)
XpH n->®,

PaccuorpaM acHMITIOTRYSCKOS PABSHCTED (5.9) B ABYX 9a-
CTHHIX cayuadx. Ilyers x,, ..., X, HE3aBHCHME B HMCEIOT pac-
mpenencHne Ilyaccona ¢ mapaMerpom A=Mx,=Dx,. Bemran-
HAa X ABNACTCA cOcTOATenbHOH omeHKo# A. CaexoBaTensHo,
npy n—o

Pz~ <A < Ftu X Jo1-20. (5.10)

Hycrs g, — 9mcno ycnexos 3 # ucnbrraanax Bepuymwnn c
BEPOATHOCTRLIO yoNieXa B KaXOoM HCINTaHMHM, pasHol p. Be-
JUTHHA /7 sSBIAETCA cocTogTensHol onenkoi# p. Crenopa-
TCNSHO, TIPH -)0

PLe —Zeo<p<ie +o) +1-2, (511

Tae c,=-\’5n il—%n. '

Takuu Xe cnocofoM MOXHO HalfTH ACIHMITOTHYSCKHES A0~
BCPUTCNLHEIC HHTCPBANEI M AJIA APYTHX MoMeHT0B. IIpH no-
MOIIH TCOpEME! 3.3 H aHATOTMYHEIX ¢l MOXHO TRKXC IIOIY-
YATH ACHMITTOTHICCKHE ZOBCPHTCIILHEIC HETSPBANE Ans Gy~
KU Or HEHIBSCTHRIX LHAaPaMETPOB.

§ 6. CraracTEzeckas NPOBEPES MAKOTES

B npmxamHiIX 3anagax qacTo Tpebyercs mo SMIMpHtec-
KM JAHHLIM IPOBCPHTH TO HIM HHOS NpeanosoxeHue. Ha-
npuMep: 1) Mcnonb3ys NOMYHCHHYIO BHOOPKY, HYXHO YCTa-
HOBMTS, KMEeT IX HEKOTOPLIH napaMeTp ONpeaeeHHOS 3Ha-
qeHNC; 2) ANA PASTHYIAIOMNXCA BHOOPOTHRIX XapaKTSPHCTHE,
COOTBETCTBYIOIIHX OMHHAKORLIM TCORECTHICCKHM, HYXKHO pe-
IINTE, CICAYET M HX PAIING CUHTATH CAYIAHHIIM IR €10
CACGHYET UPU3RAATH 3HATHMEIM, W T.1.

Ilpapuna, COrNACHO KOTOPHIM NpPOBEpAEMEE TIPSNNIONO~
Xepud (THOOTe3H) NPRHEMAITCA HIH OTBEPralTcH, HAILI-
BAIOT XPUmMepuany snavumocmyu, PaccMoTpmM HEKOTOpHE H3
HHX,
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6.1 Kparepus 3529#MOCTH, OCHOBRHALIC BA BETEPBANLELIX
omengax. ITycts x,, X, ..., X, - HS3aBHCHMEIC HOPMAILHO pac-
TIpeieNICHALIC e BENMYHHE ¢ MapaMeTpaMs (g, o).
Mcrnonsaya 31y BHGOPKY, HCOOXOAHMO IPHHEATE: MM OTREpPT-
HYTH THNOTe3y, COCTOAINYIO B TOM, ITO 4=d,, TIe gy — HEKO-
TOPOS 3anaHHnoe uncno. EciH 3Ta rumoTesa BepHa, TO U3 pa-

pencrsa (5.4) caenyer, 9o P{Ix-—aol)x'G i {'—"_l’_li- }=2a.
TIpH AOCTATOIHO MaNoM 3HaueHmH 20 coburhe [X—af>

>t -\'”—li’_" NpaKkTHIecKn HesoaMoxHo. Ecmt ana mannoit

-1

Bubopkn o6mapyxusaetcd, 970 | X—af>1, ., 1’ £ﬁ ,
TO 3T0 OTKIOHCHUE CYMTASTCH SHAYMMLIM AN BHOpaHHOTO
YPOBHSA 3HAYAMOCTH 2 H THIOTE3A O PANEHCTBE =4, OTBEP-
raercs. BeposTHOCTD OLINGOTHOTO pellleHus (OTBEPTHYTD I'H-
TIOTe3y a™d,, ¢C/I OHA BEPHA) paBHA 0.

Honaras B (5.8) 4,=a,, MOXHO N0 AHANOTNH C KPATCPHEM
Ang NPOBEDKM PABCHCTBA a=d, MOCTPOMTH KpHTepHil Ana
TIPOBEPKH MPEATIONOXCHHA O PABSHCTBE MATEMATHYCCKHX

, COOTBSTCTBYIOIIMX ABYM HC3ABACHMBIM BHGOp-
XaM

6.2. Kparepmit ¥2. PaccMOTDEM CHA9aNA CICAYIOIYK 3a-
Aagy. I1o BLICOPKE X,, Xy, «v.y X, HYXKHO PEIIKTH, ANIACTCH K
sanaHAag ynKuma }7 (:7) dyuxammelt pacripenencHmns caysaii-
HOM BRTMYHHNM X,, k=1, ..., n. Paz00peM YHCIOBYIO OCE TOY-
xami 7,<7,<...<Z Ha r+1 HenepeceKaIMXCs HHTSPBANOS
H TNIONMYHHTEePBANOB:

(—o, 7)), (75 B)s oy [2, +o). (6.1)

EciH pesiydMHEL X, MMEIOT cBoell dyHkumelt pacnpenene-
HEA AX), To MOXHC HaliTM BepORTHOCTH:
P1=P{xge (—“’szl)}=F(z1)s
rePx € (2, 2, )= F(2,,)—F(z),
=1, 2, ..., r,

2 =P{x, e[z, +w)}=1-F(z).

Co cnyuaiiElMH BeIMIMHAME X), X,, ..., X, CCTECTBCHHO

CBA3aHA NOMNHEOMBANEHAA CXeMa © 72 RCILITAHNAMHA, B KOTO-
poit pe3ynrTaToM £-1o MCOLITAHUA SBAACTCS NONARAHKE 3HA~



§ 6] CTATUCTHYECKASA NIPOBEPKA THIIOTE3 201

9e¢HHA X, B Kakok-maGo mETepsan (6.1). OGosHaTIuM m=
=Mmfx,, ..., X,) Gucno gHaveHHl cpean x,(®), X, (0), ..., X,(0),
NONaBmux B {2, ,,). Eciy Hawne NMpeRnoNoxXeHHe O 3aKOHE
pacnpenencHng X, BEpHO, TO M, ROMXKHN Owrrs GIMIKEK K
Mmz=ap, I=1, 2, ..., r+1. OCiee OTIIOHEHHAS BCEX 17T, MOXK~
HO M3MEPATh PATIMIHBIMH criocobamu. Yaine Beero B Kavye-
CTBS MEDH OTKIOHSHHS! UCTIONLIYIOT BIHIHHY

rrl 3
n, ,=§(ﬁ%:"l. 62)

Oxasnipaetes (cM. [10]), ¥To A1 moboro x IPE #-»0 H NO-
CTOAHHEIX p,>0 (i=1, 2, ..., r+l)

P{n, <x}-» P{yX<x}, (6.3)

IA¢ Chyuaitnas BeMIHBA ¥ 2 MMeeT pacmpeaeieHHE X2 ¢ r
cTenensMn cpofonnt. Henonkaya (6.3), MOXHO BROPATE «KpH-
THUCCKOe» 3Havenye C Tak, 9ToOH Npyu Halneik runoTese pe-
PORTHOCTH COOLITHA

"> C 6.9

OLUIa Mana 1, Taxum o6pazoM, 310 COGHITHE MOXKEO GRUTO GhI
CHHTATh NPakTHYCCKN HeBosMoXHEIM, Ecmu Xxe cobrrue (6.4)
daxTigecxn HaGmonaercs, 0 TOBOPAT, T BHOOpKA 0OHA-
DYXHBaeT 3HAYMMOES OTKIOHCHHMe OT HpOBEpseMol rmmore-
3H. D10 YKAIWBACT H3 HOCOBMECTUMOCTD Hamrell runoresn ¢
EHHEMH 3HAYCHEAMH X,(0), X,(@), .., X,(0). Taxum
o6pasoM, NpaBANO NPOBSPKHE, WIH CIMAMUCTUYecKul Kpume-
Puii, COCTOUT B TOM, ITOQ 2HNOMe3a OMeepaaemcs, ecau npo-
usowao cobomue (6.4), u zunomesa xe npomueopesum rabao-
OenusM, ecall RPOUIDUILD NPOMUBOROAONCKOE CObbIMUE,
Benmwrauna a=P{n, ,>C} B cnyuae, xoraa runoresa sep-
Ha, ARNAETCA BEPOATHOCTLI) OTBEPIAYTH HPABHALHYIO FHIIO-
Tesy. Ecnn sEatueHte o 3a1aH0, TO BRHAY (6.3) aucno € MoX-
HO BLIYUCIANTh DPHOMMXCHHO, HCTIONBIYS YPaBHCHHE o=
=P{x2>C}. B xoHU¢ KHWTH NpUBSASHH Tabmuum wmcen
%2, w 217 KOTOPEX P{32>32 _}=a. Bu6op o saBHcHT OT
patcMarpuBaeMoli MpaxTHteckol sanagn. Yaie BCEIo Tona-
raoT 0=0,01 wm «=0,05. ITpn «=0,01 npumepuo B 1% ciry-
4acp OyzieT OTBEPIraTiCA NPABAIbHAR THIICTC34.
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Ecmu dynxaud pacnpenenenpa F (x) HenpepHEs, 7O Npo-
BEPKY THIOTE3M O cooTBeTcTREM F (X) monydemHOl BH-
fsgxe MOXHO NPOBOAMTH, HCNONL3YA BEAMMMHY [ =
=N dyaxumg

sup |FYx)—F (x)), tae F¥(x)— summpwsccKas

P

pacnpefiencHnd. 3agaauM EeKOTOpHIH YPOBCHE JHATMMOCTH

o. Torka At JOCTATOMHO GOMBINMX 22 MOXHO NOZOOpPATE, BOC~
noapzosasmmck TeopeMoit A. H. KonmMoroposa, upcino C 1ax,
qro6u P{{,> C}=a.

Vkazannme KpHIepHM NPMMEHMME JNIIh TOrAa, Xorga
3aKOH pacipeiesICHMA 3JISMEHTOB BHOODKH TOMHO ompene-
neH. OnHAKO BO MHOMMX cylasx OHIBAST M3BECTEH TOILKO
THN pacnipeleicHBs (HapUMep, HOPMaNLHOE), HO HeHIBeC-
THH HEKOTOPHC NapaMeTpHl pacnpenenennst 0,, .., 0. B stux
YCHIOBHAX BEPOATHOCTH P, =p (0, .., 0,) B (6.2) GyxyT cozep-
XaTh HEH3BECTHRIE NAPAMCETPH H, CNERXOPATENLHO, ITONYIHTD
YHC/NOBEIC SHAYCHHA p, HeNMB3A, OGO3HATIM n} , Be/IINHY,
BHYHCICHHYIO o dopMyne (6.2), B XoTopoli IPH HAXOXKAC-
HHH p; B Xa9eCTBe YHCNOBLIX 3HAYCHWH HEU3BECTHBLIX mapa-
MeTPOB 8, ., 0, OBTH HCIIOABIOBAMK BX oueHKH 0f ..., 0F
ByaeM oTBeprarTh NpOBSPASMYiO YHROTEIY, ecly Npo.
cobure g, >C. 14 BEMMCICHNA YPOBHS SHAMHMOCTH MOX-
HO BOCHONBIOBATLCA NMPEACHLHEIM RPH #-90 PACTIPEACICHE -
eM n? ., OxasmBaerea (oM. [10], m. 30, § 30.3), uro ecrm
OILICHKH 0 ..., 0 HoNYCcEH M3 YPaBHCHHA NpaBnonoxobHg
WTH MPAHHMU3HEDPYIOT BeUIHHY 0, , =1, , (9}, .., 6), TO mpe-
RCABHEIM PRCHIPEACTICHUEM 7y , AKIACTCS pacIpeAencHue 32,
B 3roM cnyuae uncno creneHeli cpofonnl NpeReNLHOTO pac-~
TNpeOeNcHNA ¥? PaBHO r—s, T. €. MCHBIIC GHCAAR CrerneHeit
CBOGOZEI NPSHCNALHOTO paclpencicHus 1, , Ha MHCYO Napa-
MeTPOB, 3aMeHCHHHIX OLCHKAMHA,

PaccMOTPHM ¢Ii¢ HB3 NMpMMCHSHHA Xparepus yi. IIyeTs no amenenTaM
suGopin ofipazosara {F x 5)-TalVIMIIA C ABYMA BXOREMH NO KBYM DepeMen-
HiM npH3naxay A ¥ B, NPHEHMAIODIAM 3uaieHns 4, .., 4. B, .., B;
{0, /)-1i aneserr Talimms v, SRIACTCH THCOM MRMCHTOE BHGODK, -
ONAX 3HAYCHHEME IPASHAKOB 4, K 1;. Hymp,-momm, g1
arereHT BHGOPKE ofnaaer suaveryavd A, ¥ 5. Toroa rnHoTeIR O HE3aBN-
CHMOCTH RPHIAEDD A M B parHOCHILHNA TOMY, YTO cymectsyer 5+ MOCTO-
AHEEX P, (=1, ..., D), P, (=1, ..., §) TaKEX, 910 P, *P, z;p,.'};p,-l- Az

NPHMCHeHHS KPHTEPHH %2 HYXHO BRMMGIETD BETHHHY
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% ey

npp, ?

. v
mlmﬁnepommp‘np‘,nomp,‘.-u,p}-ﬁl, mev,.-I‘:v,

U0 He3RBHCHMEIX NAPAMETPOS, JAMCRSHIEIX OICMEAMH, PARMO #3--2, H,
CCROBATS/LND, PACDOHENCHRS RETHINEE 1§ , CXOXNTCA NPH R-3s¢ K Pac-
TIPERCTICHNI X2 € I5—{rts=2)=1"{r-1)(5--1) CTETICHEMNE CBOGOXEL. DTO IMpe-
ACTHEOO PACHPEACICHHe HCIMBIYCTCH A RPHMEREHHOTO BERMCTCHHT
YPORHS ARAYHMOCTH. SoNbImoe JRAY%CHNS BeJIMTWHN W3, ,, YKAIHBICT HA TO,
YTO OTKIOHCHNE OT FHIIOTEIN O HOIARHCHMOCTE IHAUKMO,

Tlepelimen X paccMOTPEHIHO APYTODO MpuMepa. IIYCTE HMeeTCH § HEABH-
CH MHX BEGOpoK. TpeGyerca NPOBEPHTE THIIOTEIY O TOM, YT0 ITH BHbOpXH
OIFOPONHE, T. ¢, Y10 HX AMCMCHTH EMEIOT OINHIKOROS PACTIPONCKEHAS,
Pajolbest EAXAYI0 ERGOPEY WO JMBUSHAAM KEX0I0-nHGo NpE3HEX2 (0AHOr0
Aot Beex RRMSOPOK) HA F IpyTnt, OG0 ¥, uncno anementos j-H# suSopir,
OGIATARDTX {-M 3HAKHNCM TIPHIHAKS; P — BEPOSTROCTS TOIO, TTO HMEMOHT
J-# puafopxu ofimaxser M 3HEA9cimeM npHaHaxs. JIpy mcnomsionanm pe-
IHYME v, THHOTe3a 0 OHODONHOCTE OIHAYALT, YTO BODOATHOCTH Pi~p,
T. ¢. OZHHAKOBEI ANK Beex puIGopox. Jina npuMeHeHHS KpHICpHA 33 HYXHO
mmmmmqmg(vv—np,)ilnp,,mq—oﬁuuj-hmﬁopm%
MeHAN HeMIEECTHER MAPAMETDH P, HX OIRHKAMH p*, = (?v‘,)/(}?,n,), no-
NyYHM BSTHIHHY, TPeSeMbHEIM PAcTpeTeeHHeM XoTopoil anmmeres pacnpe-
Aenenne 42 ¢ {(r=1)(s—1) cremeramu coofome (cu. {10], § 30.6).

6.3. Oomue nonsTEN 0 CTATECTHECCKOH BPOBCPEE rANOTES,
Kpurepun, paccMoTpesHRIe B I, 6.1, 6.2, dopMymupyrcs
B Biie¢ HCPABEHCTB MR HexoTopoll GyRKINH OT BHOOpPKH.
31y byHKIINO OOLYHO HASLIBAIOY CTATHCTHKOM KpHIepMA.
HepaseHcTBa AN CTATHCTHK KPHTEpHA B HPOCTPAHCTBE 3HA~-
sexui BRGOpKM X=(X,, ..., X,) ONIPERENTIOT RCKOTOPYIO Kpli~
muNeckyio oGsacms S, 3aBUCAINYIO OT BHAA CTRTHCTHAK H ypoOB~
HH 3pauHMOocTH. ECNH peanusanua ubopKi nonagaet B KpH-
THYECKYID OoQTacTs, TO MmpoBepsieMag THIIOTe3a OTBepraered.
OuqeBHaRO, 9TO Aaxe NPH DHUKCHPOBAHHOM BCPOATHOCTH
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a=P{xe S5}*), rae P, — pacnpeaencane BeposTHOCTEN, co-
OTBETCTRYOIECE THNorese H, Bbop KpuTuacckoii obnactu S
He BCerzma onHo3HaveH. TaxuM o6pasoM, CpellH MHOTHX KDH-
molénen HYXHO oT00paTh ofHH KakMM-AH00 pajyMHEM CHO-
coboM.

Byzem Haswmarh rumoresy H mpocmoii, ecIA 0HA OZHO~
3HAYHO ONpelesieT pacnpenelieHHe BMOOPKH, B APYTHX Cy-
wagx ramoresa H naswsaercs cowsod. OBHMHO cnoxHON
THNOTE30H SIBNACICH NPERTIONOXKSHNE O pacnpeencHHH Bhl-
60pKH, 3aBHCAINEM OT HEKOTOPHIX NAPAMETPOB, 3HAYCHHA KO~
TOpHIX HemapecTHHL. IIpeanonoxmm, gro Tpebyerca mo BLI-
Gopxe TMPOBEPHTH HEKOTOPYIO MpocTyic runoresy M. Mycrs
$ — KpuTHIecKas ofmacTs paccMaTpHBAEMOTO KPUTEPHS: €CIIH
x €35, To runoresa H, orpepraerca. OgHoll ¥3 XapakTepuc-
THK TAKOIO KpHTepHA smiseTcd owubxa I-zo0 poda o=
=P, (x<S8). TaguM oGpaszoM, ommbKa 1-r0 poaa — 310 Be-
pos?fnocrs OTBEpTHYTh THHIOTE3Y H|, Korna oHa Bepua. On-
HAKO ONHOM 3T0it XapaKTepHCTHKM ellle HeZOCTATOYHO AMT
BHIGOpa KpuTepua. MoxeT BOSHEKHYTH OLIMGKA APYTOTO THIA:
H, He BepHa, HO X< S, H npuANMacTca Hj, T. ¢. He orsepra-
ercd JOXHas runoresa. BepoaTHOCT: 3TOTO COOHTHA MOXHO
BRYHCIMTD, €CJIH H3BECTHO, KaKoe pacTpefieficHAe BRGOpKH
B 3TOM cnydae ucruaHo. Ilpenmonoxuy, 410 ANLTCPHATIE-
Haq (MM KOHKypHpyloman) runoresa H, npocras, Torga ona
ONHOIHAYHO ONpPEHeNiaeT pacnpenencenne sHOoOpxH. Omub-
Koli 2-20 poda HA3HIBAIOT BEPOATHOCTD B=PHI(§), T. 8. BEpO~
ATHOCTH NPHAATH OCHOBHYI0 IHNoTesy M|, Koria pepaa XoH-
Kypupyiomad. Bepoatuocts 1—f HA3KBAIOT MOWGHOCMIBI0 KpUt~
mepus, I1pn 3ananHoilt ommbxe 1-ro0 poga o HYXHO Cpeau
BceX KpHTepHeB BHOMpaTh naubosee Moupmii kpumepuii, T. €.
xpurepuii, nMeomnit HaNGOHIIYIO MOUTHOCTE 1—f HNH Han-
MEHRUIYIO OIIHMOKY 2-10 poa f.

JAng anmocTpaldy BBSJEKHBIX XapaKTepHCTHK KPHTCPHA
PAcCMOTPUM NBa TIpUMeEpa.

IIpumep 1. Ilyers B cnyqaiinoli BUGOPKE X, X,, ..., X,
BEAMYHHEL X, PACTIpEAENCAE HOPMATLHO ¢ NapaMeTpamMu (g,
o?). TlapaMeTp o H3BECTEH, 4 OTHOCHTENBHO @ HMECTCA ABA

*) [Ina AHCRpeTHHX PACHpeNeileHNH He Beeraa MOXHO HoaolpaTs § TAK,
yTobhl P {x € Si=a. B sroM cnyuae 1pelyior, YTO0H IHNIOHIOH Hepa-
»eHCTRO Pyfx € S} sa.
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NpeAToNoXeHNs, WIK Ase THNoTesw H, n H, cormacHo xo-
TOPHIM =4, R a=a, (a,<q;) COOTBCTCTRCHHO. HecMemennoli
H COCTOSTCAbHON ONCHKOH MATCMATHYECKOrO OXHIAHHA @
asnaercd x=(x,+... x,)/n. Taxum ofpasoM, B paccMaTpusac-
Mok 3anage eCTSCTBEHHO BHOparh TY THNOTE3Y, K NapaMeTpy
a xoropoit 6mxe x. IIpr moGoit u3 ranores (H, wm H) X
HMeeT HOPMATILHOE pachpenencue ¢ Dx=cl/n; Mx=a saru-
cuT or rimoreatl. CleroBaTeNLHO, pacnpeseennd X npy H,
H H, pasmriHE. BepoaTHOCTH cOOMTHIE, BRIHCAICMEES TIPH
runoresax M, u H;, 6ynem oGo3Hagats cooTBeTcTBEHHO Py 1t

: BuiGepem Hexoropoe wucho C, a,< C<a,. Kpurepuii Mox-
HO copMynHpoBaTh chaeayiomuM ofpasoM: ecd X > C, 10
npuanaMaercs H,, a ecnn X <C, To mpurumMacerca H,

Ecu sepra ranoresa Hy u nponsouwto co6uree x >C, 1o
npuHEnMaerca H. Bepositocrs orsepruyrs H), xorza oma
BepHa (ommbka i-m pona), pasHa a=Py( X >C).

Ecnu sepHa runoresa H, u nponsouwno cobutae X<C, 10
npunMMaerca H. BepostHocTs mpuuars M, korna sepHa H
(omm6xa 2-ro poza), pasna =P ( Z<C).

ITycrs o 3anano. Torna

a=P(3< O = P{Zh > (C—a) B2},
Tak xax Vi (—ay)/c IMeeT HOPMANLHOS PacTIpeAciieHHe ¢
mapamerpamu (0, 1), 1o (C—a,) -6!-'-=u¢, THe U, ONPERENeHO
ypasHern#eM (5.2). Orciona
c =ao+u‘7°;. (6.5)

CrenoBatensHo, 0IMKOKa 2-10 pona B yaorneTBOpseT COOT-
HOMIERAIO .

p=P,xO=P| Zolic(c—a)n].

o
(C-a) Fmu =,

IloacTanmnsis B 310 papeHCTBO 3HauYcHHS C 13 (6.5), NOIyIHM
u = S50 (6.6)

HosTomy
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H3 (6.6) npu 3anaHHLIX o B P HeTpyRHO Haltri #. Ecom »
MEHATS HeMb3d, TO (6.6) Mcnompsyerca ana BHGopa o H p.
Eciu xe o B # pEKCHEPOBAHLI, TO BEJITTHHA f§ onpeacnscTcs
ONHO3HATHO. BemuaulE: o ¥  BHGHPAIOTCH B 3aBHCAMOCTH
OT CTeNEHY HEXSRATIHHOCTH CBASAHALIX ¢ HUMA OmAG0Y-
HEIX peiuenMit. HHOTAA «cTenoHDb HeXeNATENBHOCTH» MOXHO
BHIPA3ATh JOBOIEHO TOTHO. ITycTh, HANPHMED, IPH HEKOTO~
poit ynpoimeHEOH NpoBepKke OGpakoBaHHOE H3AEAME MOXET
OLITH MPORMYMICHO € BEPOATHOCTRIO ¢ M XOpOWIEe MIECAHS
TPUHATO 33 OpakopaHHOe ¢ BepostrHocThIo B. Ecom Opaxo-
BAaHHOES M3AEMHS NPOSAHO, TO 38 €10 IAPAHTHHMEIA PeMOHT
HyxHO TaTuTh P pyGneii. Ecim xoponiee manenme

B3HO, TO TepHAETCH €T0 CTOMMOCTh Q pyGneis. Ilycts B npone-
paemoli napruu ¥3 N manemuaii mpuMepro M GpaxkoBaHHEIX.
Torza cpeffaye noTepu NP KOHTPONS 3T0K NAPTEN PaBHM

(Mo) P+(N—M)B Q. ©.n

Jina seifopa o B P HYXHO HaiiTh MUHIMYM (6.7) npu Ha/m-
yuH ceasH (6.6).

TIpumep 2 (cMm. § 3 1. 1). TlepeiineM Teneps X 3ana9¢
BHOOpa MOJENH ONEITa, COCTOSINET0 B NONOPACKBARMY SBYX
MoHer. OCO3HATHM |, WHCKO BRINaneHui ABYX MOHET Of{HA~
KOBOH CTOpORol B 7 onnirax. Bmecto mopmeneit 1 1 2 mMmt
GyneM Temeph rosopuTh 0 rumoredax H, n H, PaccMorpaM
penrauny p /n. Tak Kax p/# npu ranorese H, =0, 1, 6uno-
MHANLHOS pacHpeaeneHne, T0

of
M%l=a, D;;"='?;L’

2 21 1 1
4=3, 6= 335 473> Op=F- (6.8)

Ecnu p /n>C, T0 GyneM napuunMars H;, a B NpOTHBHOM
cnydae H, Ecym 6HHOMMANLHOS pacnipeAcicHHE 3aMECHMTD
ATNpPOKCHMHPYIOMHM €50 HOPMAJIBHEM, TO A/ BHIHCIACHIE
C coxpanurcs dopmyna (6.5) ¢ o=c,, a BMecTO (6.6) noxy-
UM

oo u=(a,—a)n. (6.9)
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IIp#t a=p=0,05 umeenm u =u =1,65, [loacTantag 311 3Ha-
qomnmm(ﬂ)nz s MOITyIEM
(d‘ +q )3 165( )
%1
3 3

a, = 79,2,

H, CTIEROBATESNEHO, MOXHO NONOXATE #=80. ITo dopmyne (6.5)
C=0,5+1,65 5 0,61

Taxam o6pa3soM, runoresa H, npuauMaeTes, ecin u /n>0,61,
B NMIPOTHEHOM CJIy9ac nplmmama H,

HoxaxeM Teneps, Kak HalTH m&nee MOIOHRI XpHYe~
puii. ITycts mo Bu6opke x=(x,, ..., X,) HYXHO PaRIHIHTD
IBe NpocTie runoresnl H, B l,oomacnoxompuunuﬁop
KA MMCET COOTBETCTBCHHO IIOTHOCTH pachpeacsicHus p(u),
Ew), we=(u,, ..., #). PaccMOTPHM KpDMTHYCCKHE MHOXSCTBA
BHOA

S={w=(u,, ..., u): p(W) 2 cp(w)}. (6.10)
OrpanpuyMca PacCMOTPEHHEM CIIY3aeB, Koria Anst moGoro o
CYIIECTBYET MOCTORHHEAA ¢ Takast, qro Pg(S5)~a. Creaylo-
i peaynsratr 6uu1 noaydeH Heliamom i ITnpconoM.

Teopema 6.1. Cpedu scex xpumepuee, paznuuaowux 2u-
nomesw H, u H, ¢ aadannoii owubroi I1-20 poda o, naubosee
DM REAREMCR KPUMEPuli, onpedesnemuil KpUIMUNECKUM MHO-
acecrneom (6.10).
JokasatTenscTBo. IIycTh §— XpATAYECKOE MHOXE-
CTBO MPOH3BONABLHOTO XpureprA ¢ Py (S)=a. Torza
Py (S\S . S)=a—P (S 5)=P ,_(.S\SS,) .

Hcnonbaya 210 pasescrso ¥ (6.10), RaxoauMm
P (S\SS)= [ p(u)duz
ze | p,(u)d:f:b,.(se\SS,FCPH.(S\SS‘:)“

S)\S8,
=c | pyWduz | p(u)du=Py(S\SS,),
8\ S8, 8\ S8,
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TaK KaK p,(#)<cp,(v) Ra MEOoxecTBe S\SS,. IIpnGamnst K obe-
HM YaCTEM TOCHegHETO HepaseHCTBa P,, ($S), nonyunm
P, (S) = Pg(S). Teopema RoKasana.

'‘Ucnom3ys AOKAIAHHYIO TEOPEMY, HETPYXHO MPOBCPUTH,
yTOo XpuTepHii B npeMepe 1 apngerca Hauboiee MOIDHHIM.
Tak xaX COBMECTHARf IUVIOTHOCTE PACHpCACHACHHMA BHOOPKH
cornacHo runoreae H, (=0, 1) pasua

Pi(uyy ooy u)= (-\f_lz_!ﬁ- exP[T:ﬁ;; (u,-—a,)’],

TO HepaBeHCTBO B (6.10) paBHOCWILHO HEPABCHCTBY
L] A
= 24
a (u—a)* < 5@&"‘9 4
WIH HEPaBSHCTBY
]
=1 z u>C, (6.11)

11e ¢, B C — HexoTophie nocToAuAse. Ilonaxanue BLGOpKH
x=(%,, ..., X,) B KDHTHICKOC MHOXCCTBO, ONPERASIACMOS
(6. ll), OUSBUHO PABHOCHABLHO HACTYIIEHMIO COORTHA {X> C}.

TaxuM o6pa3oM, XOKa3aHO, ITO Kpurepuil npuMepa | Apna-

ercq HauboJee MONIHEIM.

Ilycrs Teneph KOHKypMpyiollas runmoresa H, smasercs
CNOXHOM H ONpeRcNIeMOe €10 pacmpesencHue nuﬁopm P,
3aBHCHT OT HapaMeTpa 0 €©; ipH ocHOBHOH ranorese H, m-
Gopxa HMeeT pacmpeieNncHHe PO» B Takoit cHTyaimm ec'me-
CTBEHHO BRIOpATh KPHTHUECKOS MHOXECTBO S5 TaKMM, YTOOH
NOCTPOSHHHIE HA €10 OCHOBS XKpuTepHil OLUT secmewentbim,
T. €. YTo0bl NPH 3axaHROoK o1mmOKke 1-r0 poxa o HepaBeHeTRa
P(5) 2 o BuImoMHANECh NpH BeeX 0 €O,

§ 7. Perpeccnonnniii anaams

3anauu perpeccHOnHOrO THNA OLUIH yxasaHu B § 1. Pac-
CMOTPHM cHadana npocredimmit cmygait, IIycte Tpebyerca
Halitn ko3ddummenTrl ¢ ¥ b mineliHoik dbynxuuu y=axtb.
JdonyetaM, 910 NpH MOGOM 3HAYCHHE X MB MOXEM HIMe-
P¥Th ¢ HeXKoTopoil ommmMOKoH agadcHue ¥,
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Byzenm npeanonarath, 9ro B BuGopke (0, ..., ¥,) BOHIH-
HE ¥, NPEACTABUME B BHAS

yrax b8, 7.1)

IA¢ 5, HE3aBHCHMH H HOPMANbHO pacrpeacneHH, M3=0,
DS—o" X, He chyMaliHEl H MX SHAUCHHA HI3BECTHEL I[naonemm
nenanecmm napaMeTpoB 4, b, 6 MOXHO BOCHONLIOBATHCH
MeTofoM HauGonkmero npannononoﬁns QOyHKINT NpaBlIC-
nonobus subopxu y=(y,, ..., ¥,) HMeCT CHCAVIOMMIA BIA;

Ly, a, b, o) =pb—cxpl s &2 0—ar 7).
Orciona DOy IHM CHCTEMY YDaBHEHHH

O g Xy —ax—By=0,
=1 .ZE —ax—5)=0, 1.2)
ol 2.1 +ﬁz‘, (—~ax—bB)=0.

Ecmut x, Baifpatd TaK, YTO6H Zx,-o TO W3 ypansHenwuii (7.2)
HalineM OLICHER

a*=§ x,y,/ (,gx}), b‘=-};§h.

7.3
o*'= ;}); Y—a*x—b*).

3amenus B nepBHIX AByX dopmMynax (7.3) y, no dopmyne (7.1),

NOJyIHM
a*=at %i— b-I—L 26,

H3 318X papeHCTB CACAYET, Y10
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Ma*=q, MB*=5, Da*=— , Di*="

Pt

TaxuM oGpazoM, HeNOCPEICTREHHO NPOBEPACTCA, YTO OLCH=

KH g%, b* 4101 HECMEIICHHEIME B COCTOSTE/IBHEIMMH,
OrmeraM, Y10 B CAYYAC HOPMA/LHOTO PacTpenclCHES Y,

OLCHKH NapaMeTpos & B b, NonydeHHRES MCTOIOM

HICTO MpaRgonosobug, coBNAfAOT ¢ OLCHKAMH 3THX Hapa-

METPOB, HONYYICHHEIMH MHHAMI3HPOBAHHEM BHpPaXeHHS

0Ola, b) = g@,—-ax,—b)’.

MeToa nonyuenua OICHOK, OCHOBAHHLIH Ha MEHAMH3IANMHE
CyMMB KBaZpaToB OTKIOHeHHI H3MepeHmit or TeopeTHuSC-
KUX 3HAYCHMI, HASKIBAIOT MEMOOOM HAUMERDIUUX KeaOpamoe.

A1 WUIIOCTpanEy METOAd HAMMEHBUIMX KBAXpPATOB pac-
CMOTPHM caeaymyo 3anagsy. Iycrs dyuxuma y=0,.x,+
+0,3,F... 40, x, HIMEPCHA B TOYKAX (X5 Xy 0y X)) i=i, s
ey By, B

y=ox o o x, 48, 7.4

1ae 5, HezasncuME ¥ D3 =02, ByneM IIpeANONATATh, ITO PAHT
sarpmnl X=|| x, | pasen p. Hcnonssya MeTon HanMERBIMX
KBajipatos, HaiineM no BHGopKe (3, ..., ¥,) ONCHKH NapaMeT-
poB 8, .., 6,, HomoxuM

0(8,, ..., 8,)= § (v— é_: 0,0,)"-

IIpmpapHuBas K { nponasoansie Q no 6, i~1, ..., p, NOMYIRM
CHCTEMY YPABHOHHIE

g_%a_z ZE, (’f—,g“m.)‘xfo, =1, ..., p;
OTCIONAa

i!

=1km1

xuxuet=§xnyp =1, .., P €7.5)
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Wi B MaTpHaHoit hopme:
So=Xy, (7.6)

rme B=(9,, 9,)'. y=(.vl. vy ¥))y X=lpcfl, S=XX'. Ecrm ompe-
JASTHTSNS | 10 (7.6) HEMCET EAMHCTBEHHOC pPellicHNE

0'=(G,"; . 9,’9' npmeu
0*(@s ..., O)=5-Xy. 7.7

Orciona, Henons3ys Teopemy 7.1 ™. 6, nosmydaeM KOBapHa-
HHEOHHYI0 MAaTPHILY BeKTopa 6%:

D[8*]=(S- )DDI(S-XY.

Tak Xak 5 cHMMCTPHIHA, TO CHMMETDHYHA B S-1, ITosTOMY
D[6*}]=0%S-1XX"S~! H, cnepopaTeNb O,

D{6*]=0%S5-1. (7.8)

Hs dopmyn (7.4) u (7.7), onupascs Ba cBolicTa MaTeMaTH-
YecKOro OXHIAHHA, nonydaeM, uro Mo*=S-1XMy=
S-IXX"0=0. DOTH COOTHOIIEHHS AOKAIHBAKT HECMEICHHOCTE
JmHelmoi ouenxu (7.7).

TeopeMma 7.1. Emu 9"—(6" :)‘—-Masauueunas
{omuocumeasno (y,, ... e(7 4))_nmeu¢ennax ouenxa napa-
mempog 6=(0,, ..., 6,), mo <00}, k=1, ..., p, 20¢ (8}, ..., 0}
onpedeseni Waoﬁ @.7.

HRoxasatensctno. ITyers 9*-65: ~~ IPOMBBOJILHAA He~
cMemenHas onenka 0. Tak xax 6=M@*=CX’9, 10 CX'=E,
rae F — eaunnunaa MaTpuna. I[To Teopeme 7.1 1. 6 HaxonmM
D[6*}=CD[]1C’=c2CC’. CpasEuM Marpuuy CC’ ¢ MaTpH-
uelt S B (7.8). Uenompaya pasencrea CX'=XC' =FE, netpyn-
HO IPOBEpHATH, ITO

CC'=81+(CuS-1X)(C—~S-1X)".
O1coga ¥ CnefyeT YTBepXACHHe TEOPEME], TOCKOMLKY AHa~
TOHAJNLHEIC MEeMECHTH Marpuin (C—S“ X} C—-S5-X)* Heo-
TPRIATCILHEL

*} Moxaio NoXasath, T10 | | # 0, ecnt panr X paren p.
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§ 8. AucoepcHonnsill aRATHS

JANCcnepcHORHEIM AHANH3OM HA3LIBAIOT CTATHCTHYCCKHIE
METOA AHANM3A Pe3yALTATOB M3MepeHHul, 3aBHCAIIMX OT pa3-
JMYHBIX OXHOBPEMCHHO AcHCTBYIOIMX daxropos. Orpanu-
PIMCS PACCMOTPEeRECM HPOCTEHINIEro ciTydas, Koraa aelicTeyer
onud daxrop. Ilycrs, HanpuMep, BLOOpxa pasdbura Ha r
TPYNN, NpH4eM i-g TPYINAa COOSPXET M, BEJIMHH X, , X,y .0y
x,, . [Ipeanonaraercd, 910 BCe YKA3aHHEIe Be/IMUHEI pacnpeac-
aefint HopManEHO M Mx,=a, Dx,=0?, j=1, ., 0,121, ., .
HaM HyXHO HpoBepHTH I'HIIOTE3Y, COIMAcHO KOTOPOM
a= ..=a=a. B puangecxolt NOCTAHOBKE 3Ta 3anaYa BLIVIA-
AT Tak. OnHa ¥ T Xe BeNUIMHA 4 H3MepAeTcd # PalIHYHEI-
MU NpHGopaMH, HMeIOINMH ONHHAKOBYIO TOUHOCTE, Hac HH-
TepecyeT, HMEOT JIH NpHOOPH pasNIHEe CRCTEMATHISCKHS
oom6xn. B paccMaTpuBaeMOM NpHMEpe HCCHCAYeTCH BIKA-
Hie oxHoro daxrTopa (MpuGopa) HA NOTPEINHOCTE H3MEpe-
Bna. BeeneM caemyomie ofo3HaYcHAS:

. 1
$ S %=18 2 st in
= J-l.a’ (3 ﬂ,}_l (24 1 r

[

x=

I'pynnosne CpeRHAS X, ARLTIOTCA, OYCBUIHO, HECMEIHCHHEI~
MH ¥ COCTOSTENLHEIMH ONECHKaMU BeAMUMH 4. Ecnn Bee g,
OAMHAKOBH, TO ofIliee¢ cpeAHee HE AOIXKHO CWILHO OTIH-
9arTECA OT IPYIIOBEX. B npoTHBHOM ciaydae pasfOpoc ¥, or-
HOCHTE/IbHO X Ho/iKeH Ohth Golice SHAYHTENMLHAIM. l'ILpen-
craguM, o610 WIH NONHYIO, CYMMY KBANPAaTOB OTKIIOHCHMIL

LA
0= 3 2 (x— 3 @.1)
i=1 jai
B caeayiomeM BHAS.
0=0+0, (8.2)

me

o= nG-30-3 Sm-5r 63

i=1 i=t =1
Papenereo (8.2) nerxo cneayer us (8.1), ecnu BOCHIONH30-
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Batea dopMynamu
Oy — =0, — X)) + (%, — D=
=2y~ P+ (x%—xp+ 20xy — X ) X, — X),

»,
Cymumy O, B (8.2) HasHBalOT CyMMOH KBaIpaTOB OTKIIOHEHHIA
«MeXIly IDYTHIaMi», a (,—CyMMOll KBaIpaTOB OTKIOHEHHH
“BHYTPH IPYIII».

"
H3 TeopeMu 3.4 cneayer, WIO BEIMIMHA :, 2e— %P
-l
HMeeT pacpefienickne 32 ¢ n—1 creneHsMu cBo u, cle-

i
HAOBATeNLHO, (), MMeeT paclipescnenuc y2 ¢ Z(n,—-l)=n—r

I
creneHAMHE ¢Bobonnl. Moxaio noxasars (cM. [10], rn. 36,
§ 36.2), 1m0 ecnn @¢,=...=a,=a, 10 {, 1 (, HE3ABNCAMK H
Q, mMeer pacnipeaeneHue x2 ¢ r—1 crenensamMi cBobognl. Cric-
DOBATCNBHO, NDH @,=..,~d, BOIHIHHA

=) @4

mMeer pacnipenencHHe Oumepa ¢ r—1, #—7r CTENCHAMM CHO~-
Gonn. Benmmura (8.4) MoxeT GLITH MCIONBL3OBAHA ANA NPO-
BEPKM FHIIOTE3H O COBNAACHHH MAaTeMATHICCKHUX OXHIAHMA:
a;=...=aq,=q. ECM 9Ta rUIIOTe3a BEPHA, TO X, B X ABJIAIOTCH
COCTOATCNLHLIMH ONCHKAMH OAHOM M TO Xe Be/IMHEI g H,
cAeaoBaTeNbHO, Gn3ku Mexay coColl, a BenuuHna Q, Mana,
Eci#l a, pasiiH, TO X, H X cONMXaloTcs ¢ pasHEIMA MaTe-
MATHYSCKIMHA OXHAAHUAME:

’
Mz =g, Mx = } 2ia,
i=]
H, CICHOBATENILHO, CYMMa 0, AODKHA NMPHHHMATE Compime
3HaueHHA. He3aBHcUMO OT NMpeANONOKCeHHS © PABEHCTHE @,
sHaMeHaTeNb B (8.4) ocraeTca oleHKOM o D10, TOBOPA HeE-
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CTpOTO, O3HAYAET, UTO TPH YBSNMUCHUH PACXOXACHHS MeX-
Ay a, Berina (8.4) B cpedHEM AOIXKHA NPHHEMATE 6Sbe
nme 3Havenna. CraTucrmieckril xpaTepuil dopMympyeTcs
cneayoutim o6pazom: ecxm F,_, , > C, mo sunomeza, cocmo-
HWan @ mom, wmo a~...~a, omeepzaemcst. Ilpu saxanAOM
YPOBHE 3HaRIHMOCTH a=0,05” NocTOAHAYK C HETPYIHO Onpe-
Henurs no Tabnupe 6. OTMETHM, 970 NpH r=2 CTATHCTHYEC-
Kuii XpHTepHH 1M NMPOBEPKN paccMATpHBACMOH IHMIoTesE
MoxXeT GLITL NONYICH HA OCHOBC BeMIMHE (5.8).

3anasm & rasoe 9

1. Ilo BUSOPKRE X,y ...y X, NMOAYICHHO4 B Jagaue 24 o, 5, Hafirm:
) BRPHSUMOHMSLY ML X, SX 5,8, S%,,3 G) SMNEPpHYeCEY® YHXINA0 pac-
Hpefiencund (NOCTPOHTS ¢¢ IPaDER H YpahHK TeOpeTHIizcKkol :{m:xmm pac-

npeneeHns); B) d=(x,+... +x)/n (cpasumys c Mx); 1) .:3-"—11- E(x,-— X)?
{cpasuuTs ¢ D). &1

2. Hcnosmeays Taliminy HOpMANBHEIX cayvaliHig Sncef, TOMyIKis ped-
JIH3AUHO BROOPKH X, ..., X,, T1€ X, HOPMATLHO PaCTIPeIe/KHE ¢ Mx,=0,5,
Dx,~=1; s=22. Dnz noayqeimofl SRGOPKH BENOAMKHTS 3aNAHKE, YKAZANHOD B
sagave 1.

3. Ilyers (3 30 o0 (X, ) — He3ABHCOHMES OAMHAKOED PACHpenCcH-
HEle AByMepHLe BeTHUHHLL ITomomun

Lo '%E! = D@~

me = (x,+...+tx)/n, §=(y,+...ty)/n Halith Mm,, ® NOKa3aTE, 210
Dm, = 5 ) npH n-yc.
4. floxa3aTs, YT BENHYHHA M,, ONPEACACHHAA B 387848 3, HIPH M-
ACHMITTOTHYSCKH HOpMAaNhia,
§. BriGopousiM xo2dxhHIHEHTOM KOPDPETAIHE naamm BCTHYMHA
[

r=m,,/\magm;, TaE ’”:o“"‘:‘fz (x,— %2, Mu"%Z(.Vr— P, am, %y
p=1 K=l

ONpefencHH B 3agaie 3. BenriHHA F KCTIOMEIYSTCH B KavecTBe KpPHTepRA
JARMCHMOCTH KOODPEHHAT HaGmoseMEN ABYMEePHAX Bemrani. Paccysgias TaK
3Ke, KaxX NP¥ AOKA3TSNBCTEe TeopeMul 3.3, MOXHIATE, YTO PR K=o Be/iUH-
H F acHMITIOTHYSCKH HOPMALHA,

6. PaccMoTpHM HOCNSZOBITILHOCTE HCRKTAaHMH bepHYINE ¢ BopOATHO-
CTHIO yorexa p B OTACHHOM MenmTaHAH. Ilycrs p, — 49MCI0 yemexon B
TIePBEIX HCNMTARNAX. BocHo/b30BSBUINCH CXEMOH HOKAIATENECTHA TEOPOMEE

3.3, moxasats, Y10 NPH R-beo BEDCIHHA 7,52 arcsin -El ACHMOTHISCEH
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HOPMANLHA ¢ napaveTpaMy (4, Bfn). Hattru A n B,

7. Ilo aufopke X,, .., X, e X, k=1, .., #, HesaEmcHMHE, Mx»~a,
Dx,~o} (o, masecTHR), HalitH HoCMEIMEHHYD, JHKCHNYID PTHOCHTNLHO X,
sy X, OLIEHKY 0° fIapaMETPa o ¢ MaMMensurell auctiepcHol.

8. Hyets %y, ...y %, (#=1, ..., § ~ HEIABHCHMEIC HOPMATERO DACTIDETS-
JCHHEE BNTHYIHHE © {a, o

% =‘i}}' 2..' Xy Sf= p.!"..!.'fz.‘(xu“ LA LS
ﬁ-} =1

Hoxasars, wro semrnnia X=Y, ¢,X, e ¢, =(1/s)/(1/3+...4+1/3}), anng-

orcs mecMenenoR oLeNKol g
9. IIyCTs X, ..y X, = HEIABUCHME HOPMANLEO PACTIPONENEHHLE CITy~
wafiHie RETHYHHE ¢ MapaMerpans (0, 1). Ilomoxing

L3 &
¥.=%-Zx,, S= % (x=%) k=1, 2, ., n
=l =1

Hoxasars, YT0 8) BDMHHE X~ X B X, HesaBHcHME; 6) BaurHa S,
HMoeT pacTpeeTiciHe 3 ¢ n—1 CTeneHIMH

¥Yxazanue, a) Halitu covix,,— X, %) 6) NpoBectH HOKASATE/LCTRO
HAAYKIgieH o &, BOCTINIEIOBABIIACEH PABEHCTROM

S =8, + Fll-'j(xal" z)%

10, Vicnonssys Merox RanGommero Npazonogotus, HaliTy no sCopKe

Xy sy X TS P{x,=m}=%¢-'. m=0, 1, ..., ONCHKY A* mapaMe1pa A. Bymer it
9Ta OUSHEA HecMemeHHoH B cocrogreenofi? Halkrs ML*, DA®.

11, TIyeTh Xy, £ . S X, = BAPHALGIOHHRIH PAN, MOCYPoCHHEIA RO BRG0P+
KB Xy Xy ey X, TlONOXCHE

ot=3 -El.t.’:%'_&.’ G;.ﬁu.';ﬁn. .

Harn Mo, DO? (=1, 2), eI 2) BADIMNHH X, PABHOMCPHO paciipene-
ner Ha otpeaxe [o, B]; 6) p, (x)y=oe-o*, x>0.

12, TIyCTh %) S oo $.3,, — BAPHAMHOHHLLE PAt, ROCTPOSHHEIS 1O BHGOP-
BB Xps oy Xy TRG X, HMCCT WIOTHOCTH PACHDEREUKHHA, PABHYI & NpH
%2 ©>0, Monoxuu ¢* =x,~- . Haitrt Mc*, Dc*.

13. TTo enGopke, DoNyEcHO! B 3a1aye 2, NOCTPOMTS MOECPAT/IEHEIS HH-
TOpRANLE MWL & ¢ AOBSPMTENEHON BepoATHOCTEIO 0,95 H M o C JOBEDH-
Tempkoit peposTHOCTEID 0,94,

14, Hcnionsaya kprrephil ¥, IpOBSPHUTEL THIOTEIY O TOM, YTO BRbopKa,
nonygeHHAR B 3ama4e 24 IL 5, COOTBLTCTRYET PABHOMEDHOMY pacTpemene-
$HID HA oTpeake [0, 1], Vposens samamoctd a=0,05.

15. HallTH cTaTHCTHRY HanGollee MOHOYO KDHTCPHR, PAVIHUANLISIC 10
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BEIGOPXKS X5 ..., X, THIIOTE3H

Hy P{x, =y=p9>0, =1, 2, ..., N;
H;: Pix,=iymplit>0, i=1, 2, ..., N;

N N
zﬁﬂlnzﬂl)-l‘
=1 =1

16. Ons semrmiisl o%, onperencxuolk 3-# dopmynoit u (7.3), Haitra
Ma*,
17. B ciyyae MPOHIBONMEHEIX &, &, ..., @, HallTH MQ, H MO, e @, 8 &,
onpezeneus HopuyaaMu (8.3).

18. ITyers y— SHaYeHRA QYHKIHN J{x)=ax3+ bx-+ ¢, KaMepeHHEe B T04-
Kax x,20,2+0,5(/~1), i=1, 2, ..., 10, Ilpy a=1, b=2, c=-—| maliTm
PEATHIADNY BEGOpKH ¥ =x3+2x,~1+8, i=1, 2, ..., 10, Ifte §, HesasncH-
ME H HOPMATIEHO pacpenencHs ¢ MS=0, D5=0,06. MerozoM HaMMEOHLUINX
KBAAPATOD NMAMYATH OCHKM g*, b*, c* mapametpos g, b, c. CpabHNTS STH
OIEeHKH ¢ M3EECTHHME MCTHHABIMHK 38adeHaMH. ITocTpoRTh rpadvitk SyH-
il y=xi+2x—1, y=a*x3+5*x+e% oTMETHTS TONXH (X, ).

19. 3aMeHMTD B 3afave 17 peaTH3aIMO §,, ., §,) HA PLAMEIANMIO ITHX
BC/IHYHE, COOTBETCTEYKINYIO pasHOMepPHOMY pacmpegenetinr M§=0,
D5=0,06, BHIIOMHHTS U HORol peaTu3alNy 330AHMe, YEI3aHHOS B 341A%e
i7.

20. TIyets X;, X, ...y X5 — BRCOPKA, I KOTOpOlt P{x, =l}=p,, I=1,2, 3.
Homyasre 10 peamusanuit stoit paGopkK ¢ p=p{i=1/3, =1, 2, 3, u 10
peamsaimit ¢ p,=p{"=0,40, p,=p{"=0,42, p,=p{!}=0,18. [lma xaxaoli ss:dop-
X, HCTIONE3YR KanGonee Monreri Xpirepuli, Halineranii B sazade 15, srat-
PATh ONEY H3 ABYX Iuxored. Jing ssrucneEns omnGox 1-10 ¥ 2-10 pojia o i
p HcHOME30BaTh HOPMXTEHCS HpRGDexekne. Babpam o=f. Halima sacrotss
omnGox 1-ro & 2-ro poaa.



THAABA 10
SNEMEHTH TEOPUHX CIVYAMHBIX ITPOIECCOB

§ 1. ITonarue 0 CAYIAHBMX DPORECCRX

Chyuaiinnie mpoLecch SBIMIOTCA MONSMIME MHOIMX pe-
anpHEX Tporeccos. Jpa npHMepa TaKHX PeaNbHLIX Npolec-
¢oB (pabora Tenedounolt craHMH M OPOYHOBCKOS HEBUXC-
Hue) obcyxpmanucy B § 1 m.l.

Cayualinem npoyeccom HasnBaeTcq ceMelcTBO cydalinnX
BeJIMIHH §= m},l 3afaHHEIX HA BEPOSTHOCTHOM IIPOCTPaH-
c1Be (Q, ¥, P). IlapameTp £ OOEMIO HMHTEPIIPETHPYETCH KAK
spemst. Ecm £ (0, 1, 2, ...), T0 rosopar, ro &, — nponecc ¢
ANCKPETHRM BpeMeHeM; ecin xe f € [0, 7], To £, ~ mpo-
nece ¢ HellPEPHBHLIM BpeMeHeM.

HeficTeuremuyio Gyuxunio £{w,) npr GUKCHPOBAHHOM
@, HAILIBAIOT pedsu3anueii WR mpa uel CAYaUn020 Hpo-~
yecca. Eciv GHKCHDOBaTh =), TO ga’c(m ABMACTCA OORMHOM
cnyuaitnolt Bemrninoit. PyRKUNA pacnpeaeneHua

F,()=P(E<)

3anaeT pacnpelencHHe 3HAYCHHI IMponecca B MOMEHT Bpe-
MeHH f. 3Hag Tonnko F,(x) mpu Beex /4 ME elle HHUYErO HeO
MOXeM CKa3aTh O 3ABMCHMOCTH 3Ha4eHMIl IpoHecca B Ka-
Kue-mbo GUKCHpOBAHENLS MOMSHTH BpeMeHH. Beuay sroro
Heo0X0ZMMO YKA3aTh BCSPOSMOXHEIE COBMECTHHE pacnpene-
neHus

Ft.r,...:,(xl.’ Koy eeey xﬂ)-—-P(&fl!(x],’ arey §¢’<x;)s (L.1)

e 0< £,<t<..<¢, n=1, 2, ... B r1. 5 MK TIOKA3ATH, 17O MOX-
HO NOCTPONTH BCPOSATHOCTHOS NMPOCTPAHCTBO M ONpEIeHTh
HA HeM CaydaiiHylo BeIMIMEY ¢ saxamHol ¢dynxnvcit pac-
npeseneEHA. AHATIOTHIHAA 3aJa%a TOCTPOeHNA TIOXXOAZINC
YO BEPOSTHOCTHOTO NIPOCTPAHCTBA IiaA ceMelicTea caydaii-
HEIX BenHumH &, ¢ SalaHHEIMK pacnpeaeneHasamy (1.1) apng-
€IcA FHAYMTENbHO Oonee cnoxHoM jamawel W BHIXOTUT 33
pamxu Hactosmelt xemrn (cM. A, H. KonMmoropos [8]).
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BEIGODKE X, .., X, THIIOTEIN

Hy: Plx,=ijm=pi1>0, =1, 2, ..., N}
H,;: Plx, =iy=pli>0, i=1, 2, ..., N;

N N
z P =Y pitt=1.
=1 =1

16. [ing pemuuHE o*2, onpemenciwoif 3-if opuynoit B (7.3), Haitra
Ma*¥,

17. B cnyuae MPOMABOTLHBIX 8,, &y, +.., 4, HaliTk MO, Kk MQ,, mie QN @,
onpenencHsl opuynastu (8.3).

18. Ilycrs y— sHaueHus GyHxss f{x)= ax+bx+ ¢, HIMepeHNER B TO4-
Kzx x=0,240,5(i—1), =1, 2, ..., 10. ipu a=1, b=2, c=—1 pailm
peamtattine BEGOPKK ¥,=x3+2x,—~1+8§, i=1, 2, ..., 10, 1me §, HeannmoH-
MH H HOPMUIEHO pacripeiesiensl ¢ BAG,=0, D§~0,06. MeTomoM HanMeEIRINX
HRaparos NONYIHEb OLGHKH ¢*, &%, ¢* napsmerpod g, b, ¢. CpanuuTs 9TH
ONEHKM C HIBSCTHEIMH HCTHHHLIMM 3HavermumMMK. Hoctpouss rpaduxyu yR-
i y=x2+2x-~1, y=a*xi+b*x+c% OTMEINTE TOUKH (X, ¥,).

19. 3amenuTs B 3anaye 17 peamsaarmo 3, .., 8, Ha peanuzaIEno ITHX
BEIKUMH, COOTBETCTBYIOIIYIO DABNMOMEpPHOMY pachpencneHuo MS=0,
D§~0,06. BEIoMHHTS 714 HOBOH peaM3ALAM Jafaife, YKAXAHI00 B 3aaye
17,

20. IycTs X, X, .., X, — BHGOPKa, mAg KoTOpPOft Px, =/}=p, I=1,2, 3.
Honydurs 10 peammaapit srolf pEGopxn ¢ pp/P=1/3, I=1, 2, 3, u 10
peanHaaniit ¢ p,=p{=0,40, p,=pi"=0,42, p,op{i}=0,18. [ kaxnoft sriop-
K, KCTIOUILayE Hanbonee MOITENG KpHTepHl, HalireHuEit B 3anade 15, 2216~
DPaTh ONHY H3 ABYX THNOTE3, JnA BEMMCTeHHE OMIMOOK 1-TO K 2-ropolit a H
B KCIOMB3OBATH HOPMATENOS MpHENIKeHNHe, BROparh oxfl. Halfra dacrortd
omnGoK 1-ro # 2-10 poxa.



ITHTABA 10
SIEMEHTH TEOPHH CIVIAHHRIX ITPOLIECCOB

§ 1, TTonzTRe 0 CAYIAHALIX NPOHECCAX

ChaydaiiHBe Npouecchl ARNMIOTCS MONEMAMH MHOTHX Pe-
aNbHMX nponeccos. JIBa NpHMeEpa TaKHX PeaNBHEIX MPOHEC-
coB (paGora TenedorHo cTaHOWE W GPOYHOBCKOES JBUNXE-
BHe) obcyxpamics B § 1 .1

Cayuaiinsis nporeccos HA3NBaeTCH ceMelicTro cydaitHLX
BSJINIHH ==s§m), JANAHHEIX HA BCPOSTHOCTHOM IIPOCTPAH-
cree (Q2, 8, P), JlapaMeTp f OOWNHO HMHTEPIPETHPYSTCA KRK
spema. Ecnu (0, 1, 2, ...), To roBopar, uro &, — npotiece ¢
AHCKPETHHIM BpeMeHeM; ecnu xe f € {0, 7], To &, — mpo-
nece ¢ HeNpPepHBHEIM BPEMCHEM.

Heiicreurensuyio ¢ynxmmo £(o,) npH dUKCHPOBAHHOM
0, HAIBLIBAIOT peatusayueii AN mpa uel cayuaiinozo npo-
yececa. Ecmu pHKCHpoBarh =1, 10 £ (0) sBaserca obsranoik
caysaiiHoill Bexmunoil, OyHKIMA pacnpeacneHua

F, ()=P(E<x)

3aXaeT pacHpeneNicHMe JHAYCHME MpoHecca B MOMSHT Bpe-
MeHH f. 3Hasa TomEko F,(x) mpH BeeX /4, ME emle HHYOTO He
MOXCM CKA3aTh O 3aBHCHMOCTH 3HaYeHMH NpoHecca B Ka-
xue-mbo puxcHpoBaHHEe MOMEHTEH BpeMeHHA. BBHay 31010
HeoOXxoZMMO YKa3aTh BCEBOIMOXHIE COBMECTHHEE pacTipesie-
Nenna

F,

ity

3, Fr Xgs oeny X)=PE,,<x,, ..oy § <x)),  (LD)

e 05 ¢4,<t<..<t, n=1, 2, ... B r1. 5 MBI nOKA3aNH, 91O MOX-
HO NOCTPOMTE BEPOSTHOCTHOS NMPOCTPAHCTBO B ONpPeelINT:
HA HeM chydaliEylo Be/nMMHY ¢ sanaHHoM dynxarpelf pac-
npeacncHud. AHATOTEYHAA 338444 NOCTPOCHNN MOAXOAIe
o BCPOSTHOCTHOIO NPOCTPAHCTBR JnA ceMedcTsa cnydali-
HEIX BENTHYME £, ¢ 3alaHHLIMH pacnpencnenuaMu (1.1) spna-
e1cd 3HaYMTENbHO Ooniee cnoxHO 3amayeit W BHXOAMT 34
paMxi nacrosuteit xuurn (cM. A. H. Komoropos [8]).
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B caeayronmx maparpadax M OTIHIIIEM HECKONBLKD THIIOB
NPOLECCOB M BITHCANM /ST HHX BEPOATHOCTH
omnebHNx coburrall. Tun npomecca OyaeT ompenenATICS
CBOMCTBAMM, KOTOPHIMK ROIKHM o0NanaTh BEMHIMHH &,
TIocTpOSHAA NOIXOAMIMX BSPOATHOCTHRIX IPOCTPAHCTD, Ha
KOTOPMX MOXKHO ONPEACHHTD £, ¢ IaNAHENIMH CBOHCTBAMH,
TIpHBERCHE He GymyT.

§ 2. Ilyaccononcxmii mponece

Cayqalintiit npouecc £, ¢ HENPEPHBHEIM BpcMeReM Hi-
SHIBACTCH NPONECCOM ¢ HEeIRGUCTUMSNMY NPUPAIYENILAMI, eCHH TIDA
MHK QS fl<f1<.u<f., 'l’ ey f.E[O, w), n =1, 2’ ey cnqu"
Hii¢ BCIITNHE

s Sp=typ w0 &5,

HAe3aBHCHMRL, JIYGCCONOECKUM BPORECCOM RAINBREMCR NPOYECC
&, YOoeremeopsouuik cAeQYIOUUM YCAOSUIM:

10, £ — mpouecc ¢ Ke3asUCUMBME NPUDTIERURMY,

20, ﬁjm moBoet 1,<t,, S npupauenus =5y & +,—§&+, odu-
naxoeo pacnpedesenst (0dnopodrocms no spamuu‘j.

3, E(0)=0, nEeQ.

4 Ipuh—>0

PE=0)=1—Mk+o(h), PE, = 2)=o(h),

PE,=1)=Mi+o(K), 0<A<wm,

Hucno A GyaeM HasHBaTh NMapaMeTpoM IIYRCCOHOBCKOIO
npouecca.

IyaccoHoscknit nmponecc & MOXMHO 3aaTh Ha BEPOATHOC-
THOM nipocTpancTee (1, H, P), rae MAOKeCTBO £ cOBIIAnAcT
€ MHOXECTBOM CTYNICHIATEIX (HyHKIMI, ¥ KOTOPRIX MMEKTCH
TONLKO eAMEMIHEES CEKAYKH, 4 MOMCHTEI BPCMCHM, COOTBET-
CTBYIOILIHE CKAYKAM, He HMEIOT TOMEK HAKDINeHUS,
TeopeMa 2.1. Ecau &, — nyaccoroeckuii npouecc, mo

PESK) e, k=0,1, 2, ..

Hoxrasareascreo. Ilyers ¢fx)=Mx*— nponssoasmas
dynxau £, o ceoitersy 1° pemranm &, ,—&, &, He3aBHCH-
M. CnenoBaTenmmpeo,

Py (x)= Mxsi+a=MxC1ra—2%0) “"'Q)‘( x) Mxtera=te,
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Tak xax 1o cuoiictey 2° pemmannn £, ,—&, # §~E=%, omn-
HAKOEO pacnpeneleHnl, TO

Mxserate=Mats
1 ripu A-»0 cornacko 4¢
Mxtsi=1—Ah+xrh+o(h), |x] < 1.
TaxiM o6paszoM, .
Pua(X)=0 (x)(1—Ab+xrh+o(h)).
Orciona
2ea D)0 (X) =\ (), (x) o 1)

Ilepexons K npeaeny npyu GURCHPORAHHOM X H h—0, nomyaim
2ol =—rx—1)e, ().

Pemenne 31010 ypaABHCHAA ¢ HAYANLHEIM YCIOBHEM ¢(X)=1
onpenensercs hopMynoit

9 f)=evn-D= Z OO o 2,

Tlonysennas nponssoamuad GyHKIMSA SRISCTCH MPOHIBOAA-

1eii dynxameii pacnpenencrna Iyaccona. TeopeMma noxasana.

Hcnonsaya AOKA3AHHYIO TEOpPeMY, MOXHO HailTH coBMec-

THHI¢ pacnpeAcacHuA I;,l, we & MPH JOOBRX £<..</, Ove-~
BHAHO, 9TO .
{§11=k19 §12=k33 sery gp,’:kg}"

={§;1=kp §:2"§r!=kz_ku oney §;¢~§|"_l=ku—k,_1},

(2.1)

e &, < &, < .. s k. Orciofa, YIHTHBa% HEI3BHCHMOCTS H

ONHOPOAHOCTh NPHPALICHHI, NONYyIHM

P(§,1=k1, vees &y, =K)=
=(i;i!xl—8““: . (Mtz—:n))*’_*' e Me—1)

LIRS

vee (A=, _ ) a1 e—Mby=ty_1), (2.2)

(R ST L
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Bauay ycnoena 4° cnydalinas BeMITHHE £, pR moboM dux-
CHPOBAHHOM f paBHA THCJTY CKAYKOB TPaeKTOpHH mpouecca £,
na orpeske [0, . PaccmorpnM Tenieph senuumns T, (k=0 1,

2, ...), paBHBIC MPOMEEYTKAM BPEMEHH MeXIY CKAMKAMH, T.C.
NONOXHEM T, =0,~8,_,, TAe 8, — MOMEeHT k-0 CKauKa TpacK-

TopuH mponecca (=1, 2, ...), 8,=0.
TeopeMa 2.2. Ilpu mobom n cayuaiifvie SEAUMURS T,y T,
v T, HEIAGUCUMS B KANCOGR U3 HUX UMESm NOKA3amessioe

pacnpedenerue ¢ napamMempon i.
HJoxasatensctTBo. Ilyerh 0=4<4<..<i M orpesxn

A=l 48, B >0 (K =1, .., 1) Be Nepecexalored. Tak xax
{0,€4,0,€4A,..,0,€A)=

= ,Q {(glg—gfg_.;=o)n Eir,—5,=D}

10
A = TY (e~ %%-1 by =
P Qle,ea,} Il ¢ A g ihy=
=g My Mg Mty L=

=f o 2o s (s s 1) 8 ooy O,

TAe A=A, X ... x A, — n-MepHEIf napawenemunes. Orciona
npu A, ..., -0 nomyanm

§ oo $Po, 0 (B oo L)l dt = 0me 0, b, (140(1)),
A L.
¥, CeAOBATCTLHO,
Py,.o, (fs ooy B)=€ MR, 03 £,<1<..<1,. (23)

Jng BHYMCNCHHS COBMSCTHOMN INMOTHOCTHM pacmpemencHM
seMauaH (T, ... T,) = (£,0,,...9,), ..., £,0,,.-,6,)), rae g,(0,,
wy 8,) = Bk—b,_,, BOCTIONB3YeMcs TeopeMoif 6.2 1. 5. -
OpaxeHue s.=g,(#;, ..., §,)=t,~¢t,_,, k=1, ..., », Biaum-
HO OZHO3HAYHO, ¥ SIKOOM2H 3Toro orobpaxeEHsz pabeH 1.
Kpome roro, £L=s+s,+..+s,. Orciona u u3 dopmyn (2.2) u
(5.6.5) momyunM

]
p‘tl...ts(sl’ sney s,,)=7h"e'“’1"""*’ﬂ’=kl:[l P:,_.(sk)'
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rae p, | (sp=Aet, 520 (k= 1, ..., n). TeopeMa forazana.

Ilocxmm:y TPAeKTOPHA MyacCOHOBCKOTO HMpoliecca onpe-
JENSSTCA MOMEHTAMH CKAYKOB, TO MOXHO NMONYYHTH SKBABa-
JICHTHOE OTpCASAcHHE 37010 Mpollecea, TIPHHAB He3ABHCH-
MEIC NIOKA3ATC/IHO PAcHPCACHICHHBIC BETHIHMHHE Ty, Ty s Ty

oss 32 IPOMEXYTKA BpeMeH MEXAY CKAIKAMH,
§ 3. Braeposckuit nponece

B § 2 6un paccMOTpeH npoliece, B KOTOPOM H3MeHEHHS
FIPOUCXOAAT CKAYKAMM, 3eCh MKl ONpEneTUM NIpoKiece, HMe-
ol HenpephBHEEC TPAeKTOPHM, Buneposckum npoyeccom
Hazvisaemcs cayuaiinvii npoyece &, y00asemeopatouis yeioei-
M

19, £ — mpoyecc ¢ He3ACUCUMOIMU RPUDGUEHUAMY,

20, Ilpu moboix 1,<t,, s npupawenus 5,5 g,m—g,m oduna-
xoso pacnpe@eaenu

(©)=0, @ €Q.
ipu h—0

Me,=akto(h), MIE.[*=o(h),
Me=bkto(f), —w <a<w, 0<b<
Teopema 3.1, Emug,— SUBEPOBCKUT npouece, mo
Pe<o=ghgs |

JokasaTenbecTRO, Ilonmuf,(s)—Me“‘! 3neck apry-
MEHT XapaKTepHcTHdeckol ¢yHxipm obosHazer Oyxmoi s.
IIyers s duxcupopano, Tax Xe, KaK HpH AOKA3ATCILCTRS TC-
opeMH 2.1, HalizeMm

S s (Y=L ()M Cra-t=F(s)Me s,
o dopmyne (7.2.11)
Mebta=1+isME,— 5 ME+O(ls> MIE,%).
Orciona ¥ m3 cuoifcTsa 4° creayeT
Meis=1+is(ak)— -&iiél'. +o(k).
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TaxuM obpazoM,
Fury=(1-+istak)— £2% +o(h)) ffs)

!m@fh;f&.-.( isa— £ ) (s)+o(1).

Ilepexoas B 3TOM paBeHCTBE K Npeacay npa i->0, nomyaum

YL ~(isa—52) £(9).

Orciona, yauTHBas HadanbHoe yeaosue fi(s)=1, naiizem

j;(s)g ﬁﬂ—‘%’i'

TlonyueHHas xapakrepucTHIeckas QyHRUNA BENMIHH £, cO-

OTBETCTBYET HOPMANMBHOMY DACIpEACNCHHIO ¢ NIapAMCTPaMH
(a1, bi). Teopema nokazana,
HaiineM coBMeCTHOS pacHpeaeNicHUe BeIMIMH ‘g',, s oy 5,“

B cuny teopeMnl 3.1 ¥ yenoBRA 1° cOBMECTHOE pacnpqnene-
H¥¢ TIpHpauIeHAH n,—g,m-g,k. k=12, .,n (§b—0), JIETKO
BrTHchIBaeTest. Torma, HCnoAb3yd paBeHCTBRa

g:i="lp g;z:ﬂl'h‘lzs sy %,;‘“ﬂ{*‘ﬂz"'---"'ﬂ,a
NoTyIIM

P(gfl(xli §:2<x1: I §¢’<x.)=
=P(n,<x;, N,+#,<%, o N+, <x,)=

l-—a( il
_I Inmﬁ' -Ld“l du,,

 vi (]
G={(u;y ..., ). ;<x,, U;Fru,<x,, ...

vey Bytut Lt <X ).
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§ 4. Bernsnmiics nponece

Berpmmiica mpoliece — 270 HPOLECC PAIMHOXCHHE M
npespanieHnd YacTuIl, B KOTOPOM YacTHIUE pPassRBalorca
He3aBHCHMO HpYT of npyTa. Kanum onpesenenne seTpaimero-
¢4 nporecea ¢ AMCKPETHEIM BpeMeReM. Ilycth

(D, k=1, 2, .., m, ...; =0, 1, 2, ...,
— HOJIABHMCHMHC OXHHAKOBO PACDPERCACHHNIC LEIOTHCICH-

nueﬁcnyqaimue BIMYEHE ¢ ob1nelt npowssoameit PyHK-
HAC,

‘P(x)=i xﬂpu'
=0

Bemwromia E(f) Gymer MHISPRPEerHpoBaTECA KAK UHCIO He-
YIOCPEACTBCHHEIX JIOTOMKOB YACTHIIN ¢ HOMepoM K, cymle-
cTBOBapuIsH B MoMeHT £, Cayuaiinii nponecc p, onpenead-
€M pabeHCTBAMA

{«’:".1(0"'6;%0"'---"'@.,(0, ecIH 1 >0,

Ko=L R ecna p=0,

HAABIBACTCH GEMEANIIMCA,
TIpH HccneROBAHAN BETBAIMXCS NPOLXECCOB 9acTO HCNONE~
ayiorcs nponseofspe dynxrmn. Ilosoxum

@ fx)=Mx.
OrMeTHM, TYO
B (x)=x, ©(x)=o(x).

Tak KaK y,,, ABARCTCT CYMMOMN CAYYAAHOTO YHCIIA HO3ABHCH~
MEIX CNIATa¢MEIX, TO, NOJOXMB B Teopeme 1.4 . 7

'P;v(x)=°¢+:(x)s tp,(x)=lb,(x), ‘P;i(x)=‘|’(x)’
IOy HM
D, (=D Lo(x)). «.1)
D710 PYHKUEOHATLHOS YPABHCHHE NO3BONACT HAMIH NPOH3=

pofaInylo dysxumo @ (x) npu yoboM £ Herpyauo npone-
puTh, Nonaras f =1, 2, ... B (4.1), w0

¢, (x)=¢(p(x)), O(x)=¢le(e(x))), ...
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Taxm obpazom, O (%) swmusercs it wreparmeit dynximm o(x):
@ L= (p{...9(x))...).

Hattnem A=M, Iponuddeperuuposas (4.1) no x, npu-
ZI6M K COOTHOMICHED

40,09 g.. b,

Tlocnennee paseHCTBO, nosiarast x=1 A ¢=4,=¢'(1), MoxHO
samucath B sune 4,,~Aa. Crepoparemsuo, A=a". Iosene-
HHe A, 1P #->20 KAICCTBCHHO PaszniIacTCa B CHCAYIOLINX TpeX
caysasx: a<l, a=1, a>1. Ecnm #, To npH a<l cpenuec
amcno gacrell cTpeMuTcea K 0, A=l npu a=1, m 4, 5= B
cnyaas a>1. Berpsnuecs nponeccH ¢ a<l, =1 H ¢>1 Hasn1-
BAlOT COOTBETICTBCHHO GOKPRMUNECKUMY, Kpumuseckumu (ecnu
P(x) = X) B nadxpumuseckumu, ACHMITOTHICCKHE CBOCTRA
BETRAIMXCA NPOUECCOB B 3THX TPeX CIydIadX CYICCTEBCHHO

Iﬂlocnen.yeu YCROBHS BHIPOXACHHS nponecca. O6ossagauM
C coburne, cocrofiice B TOM, 910 =0 mpu HeKOTOpOM 2.
QuesynHO, 970

1=0) < (=0, =1, 2, ... - (42)

CobriTne € MOXHO TIpeACTABATh B BHEe C =0 (x=0). Co-
rnacHo (1.3.11) =

A=P(C)=lim P(+=0).

Ecmu A=1, To mponecc HasHBaeTcH auipoxcdaioujimcs. Jox-
PHTHICCKHe YIpoleccH (o<1} ABNMIOTCA BEIPOXIAIONDIMUCS,
TAK KaK IPH F-3c0

1-P(u=0)=P(>0)=P(,> 7 ) < 2Mu=24' > 0.
ITokaxkeM, Y10 BEPOSTHOCTS A YAOBISTBOPAST YPARHSHIIO

Px)=x. 4.3)

Tak xax ®/(x) apnaerca f-it urepauueit o(x), 70 Hapiuay ¢
{4.1) mMeeT MeCTO PaBEHCTRO

D, (CO=p(® (). 4.4
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Oxesunuo, aro ©(0)=P(u= 0), lTonaras x=0 B (4.4), nony-
oM

P,y =0)=g(P(n,=0)). 4.5)
Orciona 1IpH -0 Halinem
A=p(n). (4.6)

TaxuM obpasoM, A sBIseTCS KOpHeM ypasHenus (4.3), B rex
cayuasx, xoraa (4.3) MMeeT CAMHECTBEHHLIA KOPeHb HA OT-
peske [0, 1], aToT KOpens cosnaznaer ¢ A. Ilyers @(x) # x.
IIpu x <0, 1] mmeeM ¢'(x)>0, ¢"(x)>0. CnegoraTemsro, ¢(x)
Ha otpeske [0, 1] BoapacTaer M O0pamieHA BRITYKIOCTLIO K
mm3y. [Tapaverp g = ¢'(1) ompeaenser yrmopod xoadduipi-
€HT KacaTenvaolH K rpaduky ¥ = ¢(x) B Touke x = 1. Cneno-
BaTCILHO, IPH a4 = 1 TpaduK y = ¢(x) KacaeTcd ¥ = X B TOUKD
x = 1; npm a<1 xacaTenpBEaq X ¥ = ¢(x) IPOXONHT BHIIC y =
=x, Taxum obpasoM, nipu a < 1 ypasrenne (4.3) umeer Ha
orpesxe [0, 1) eauncTReHHLIE KOopeHDb X = 1, H, CIe0OBaATE -
HO, BeTBAIOHiica mpolece BHPOXIAeTCH, ecnu a < 1.

Hpwu a >1 xacatensHas K rpadHKY ¥ = ¢(X) NIPOXOTHT HIEXES
¥ = x ¥ ypasHeRMe (4.3) aMeeT Ha orpeske [0, 1] aBa xopua
x,, %, (0 £ x,< x,= 1). Ioxzokem, 910 A= X,. [ina atoro xocra-
TOYHO 1oKa3aTh, 910 P, = 0) < x, npy mobom £. TTposeaeM
AOKA3aTeNLeTEO Mo muaykm, Ilpun =1

Pi,= 0) = pys ptppetppit...= olx) =x,
TAaK KaK X, — KopeHs ypaeneHms (4.3). IIpexnonox, wro
P(p=0) < x,. Toraa, BocnOAL30BABMIUCE (4.5), MONTyIHM
P(1,,,=0)=0(P(r,~0)) so(x)=x,.
TaxuM obpaszoM, npu maobom ¢

P(s=0) < x,.

Hepexoas x npegeny B 3TOM HCPABCHCTRE, MONYIHM A < X,.
Orciona cneayer, 910 A = Xx,, TaK KaK A K X, ~— KOPHH ypaBHC~
Hua (4.3) ¥ X, — RaHMeHLIIHI{ KOPeHb.

Taxum ofpasoM, B chydae HAAKPHTHYSCKHX NPOLSCCOB
A= K1, B, CHENOBATENLHO, HANKPHTHICCKHE IPOLCCCR
HS SEBIOTCR BRIPOXIAIOMIMMICA.
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AN BIpOXIAINNXCA NMPOLICCCOB MOXHO BBECTH CNIyHalt-
HYKO BANMIHHY t— BpeMd A0 BHPOXASHHAA nponscea. PyHK-
INA PacTIpeacNeHN T €CTh

P(<H=P(u~0).
Haiinem acummoroTHIecKyo dopMyay npH £ ~»w Jna
Q(nN=P(z 2 )=1—-P(p=0).
Vpasrenne (4.5) ang Q(f) samnmerca B BRAS
Q(t+1)=1—¢(1~Q(1)). @.7)

PaccMoTpEM CHAYAIA HoKpETdeckmit cmyqail. Jns nox-
pHTHYeCKHX, mpolieccoB a='(1)<1. llpeanonoxuyM ¢wme, 910
KoHeueH Bropoli daxropHaneHEIE MOMCHT

b=My (1, —1)=¢"(). 4.3)
Hcnomeaya dopuyny Telinopa, sammuem (4.7) B BaIe

O(r+1)=1—o(1)+¢'(1) 2(1)—
—-9.’2(52 ¢"(1—00(f), 0<8<l,
Orciona

o(r+1)=aQ(n— % 0x(1), @9
Ine
b=9"(1—0Q(2)), 0<6<1, (4.10)

s+1
Q(Q(,)—lga(l—-z—b;Q(s)), s=1, 2, ..
IlepeMHOXHB 5TH PABCHCTBA OT 5=, A0 s=f—] (0<4<r~1),
NONyIHM

0()=Ka",
me -1

=0y [ (1-g o) @
Tak xak ~

06)=P(n, z{,-) £ 2Mp=2a, 0<a<l, @.12)
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B b, =5 npH s~»0, TO NPH KOCTATOTHO SONMLIIOM §, COMHOXH-
Tenn B (4.11) nonoxwurennnl. K3 HepapeHcTsa (4.12) cneay-
€T CXORMMOCTE PAJA

i‘;’m(l- 22 0())=InK, 0<K<w,

H OIICHKA

g 1n(1—£3-c(s))=0(ao, t >0,
Orclona mpu f-0
=K(1+0(a)).

Taxem obpazoM, ecau 0<a<l u xonexer momenm (4.8), mo npu

$-»0
Q()=Ka\(1+0(a)).

PacceMoTpuM KpHTHYecKHi nponecc. B s1oM cnyuae a=1,
5>0 u ypasneHue (4.9) zanminercd B suae

Q(+1)=0()— S 31(0, @.13)

rae b>b npu ¢, OTcIONA

9&";})=1—-% O > 1, tow.  (4.14)

PaseHcTBO (4.13) 3armmnesM B BUze
Qt+1)y=0()—~ -3— (1) e(s), 4.15)
e
o(h="3 QO+ 1)— 2 .
HUcnomsaya (4.14), npu #-»0 nonyIHM

'Qif%(rﬁ“)"'% -5 -Q%%- -0. (4.16)

Orciona ¥ u3 (4.15) BEITeKaer, uT0

ST -

e o(s) > d npu s > w,
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CyMMupys noclegHce paBeHCTBO OT 5=1 g0 s=f~1, npu
1=yo0 BONYIHM

1 bt D bty 2 2%
mﬁli‘?-'. zl U(S)——I(l"'sf“ +E§ 0(3))‘=
s -
=3 (T+o(1).
TaxkuM o6pazoM, 018 KPUMUHECKUX BEMGRUXCE NPoyeccos ¢
Koneurnoin momermons (4.8) npu -0 HMeeM

()= 25 (1-+o(1)).

Mu paccMaTpHBANE BeTBAINMICA 1TPONECC, HAYHHAIOLIWE«
cq ¢ opHoli gacTHUB., O6iNee TACKO HacTHI K, B MPOLECCe,
HAYaBNIEMCH ¢ A YaCTHIl, MOXHO NPEACTABHTh B BHAS

H=“§i)+|,|,?)+...+l,|,'(l)’ n=n,

e cnydalinmie BefiwdHHEE p®, k=1, ..., n, HC3aBHCHMDLI H
HMEIOT TAKOS X¢ pacnpejiesieHHe, KaK PAaCCMOTPCHHAS BHIIDS
BeNMIHHA |, © j,=1. Beawmuay p{® Moxso nuTepuperHpo-
BATH KAK YHCIIO HOTOMKOR K-H HavanbHOl YacTHULI B MO-
meRT f. HetpynHo Haiite Mp,

My =Mp®+... Mu®=MypP=ng’,

IR
a=Muf" =¢’(1).
Co6urrie (i, >0) MOXHO NPEACTABHTS B BHAS

1>0)= g (1>0)= Q (P=0).

Orcioga, yaaTLmas H
HAXOANM

Po>0=1-1 I Pem=0=1-—00y,

pemyrauEH pu?, k=1, ..., n,

e
Q@H=PM>0).
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Taxnm ofpasoM, 3HAA TIOBEACHME u, ¢ u~1, mMerpynmso
HBCCTICAOBATD 1, C R=7.

-‘MIl paccMOTpPENH HekoTOpHe cBolicTBa Hambonee mpo-
CTOIO BeTRRIIEIOC NpoLiecca, CHCTEMATHICCKOS HATOKSHIE
TEOpHM BETBAIMXCA NPOlleccoB aaercad B Kumre b. A. Cepa-
CTEAHOB2 {15].

§ 5. Ilponeccnt rubens B PRIMBOXEERS

Cryqaiinnie nponeccs £, paccMoTpeHHNE B §§ 2—4, 06-
JIanaloT OgHHM OOIINM CBONMCTROM: NpH MOGOM 71 B MOGHX
5<t< LI, PABCHCTBO

PE,., € 8,1 & € B, .. & , € B_, §=x)=
=PE, . <€ B.lE= G-

BHINOHACTCS WA oG cobumuft i, & B, .,§, _, € B,
=x. D710 cBOUCTBO HASKEBAIT MapKoeckum; (5.1) sansercs
IeHueM cBoiicTsa (8.1.1), chopMynHPOBaHHOIO AN e~
JIOIHCACHHHX MOMEHTOB BPECMCHH K MOAMHOXECTB B, MHO~
WCCTBA HATYPANLHLIX YHce), JIpollecchl, YAORNETBOPMOINHE
(5.1), HasnBaIOT Maproeckumu, Maproscxuit npouecce &, Ha-
3HBaeTcR nponcccoM TEOeNM ¥ pasMHOXCHHA, €ClH NPy
A0 BEHTONHAIOTCA YCHOBKA
P, ,=k+1 | E=k)=nrh+o(h),
P(gnj-—-k'—l I §¢=k)=l-‘¢k+o(k)s (5.2)
PE=k | §,=K)=1—(A+p)h+o(h),
)y [
Ap 2 0 (£>0), n,=0 (k <0).

HNonyuuM Teneph, AHANIOTHIHO TOMY KaK 3TO senanoch B § 3
. 3, cncTeMy AHddepeHIMANLHEIX YPABHEHMI V1A BCPOAT~
Hocreil P(f) Toro, IT0 B MOMEHT / COCTOHHHCM Ipouccea
apnaerca k. Jing sroro samamieM BepOATHOCTh coblTHA
{£,.,=%} mo opMyne noaKoH BEPOITHOCTH, BHOHPad B Ka4e-
CTBE CHCTeMEI HCCOBMOGCTHEIX COOLITHIE cOCTOANES mponecca
B MOMEHT & B pesynyTare npu k = 1 nomyaaM

P(t+B)=P(H(1— (A, +p ) h)+
A, AP, (DF 1, kP, (D+0(h).
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Tepeneca P(f) B neBy1O 4acTh ITOIO PaBEeHCTER B NOASNHB
ofbe JacTH MONYYCHHOTO COOOTHOICHAA Ha Ak, npu A->0 Ha-
XOTHM

Puy=—(rtp) P(O*+h, P (Dtp,, Py, (D). (5.3)
AHanorNdHbE¢ BHKNANKH TIOKAIRBAIOT, YUTO
Py()=—2 Py ()+p, P, (0). 5.4

Ecnu 3amath HavansHoe pacnpenenenne {P(0)}, To Gecxo-
HeyHad cucreMa auddepe HIHANLHLX ypapaeHui (5.3) — (5.4)
HMEeT eRHHCTBCHHOE PEIICHHS JHIIS B Cly3ae, KOKAA A, B,
OrpaHHSCHE HH BO3PACTAIOT AOCTATOTHO MEANCHHO (cMm. (18],

. XVII, §8§ 4, 5). B sToM cnyqao% P(#)=1, a MapKOBCKuil

npouecc £,, YRORIETBOPsIouH yenonmaM (5.2) M HMeoutvit
3aJaHHOE¢ HAYANBHOO pacHIpeielieBHe BepoaTHOCTCH
P{t,=k}=P,(0), k=0, 1, 3, ..., HBAACTCA EAHHCTBCHHLIM,

Ieaccum'plm TeNeph HECKONLKO YACTHHIX BHAOB O0INETO
npovecca THbeNM B pasMHOXEHIA,

5.1. Iponecc ancroro pasmmoxennx. Hycts p,=0, k=0, 1,
2, ... [Ipx 3TOM YCIOBHM NEPeXOH B3 COCTOAHES K BOSMOX-
HBI TONHKO B cocToaame k+ 1. BepoaraocT Bbxona Ak+o(h)
(A —-0) w3 manyoro cocrogEMA Kk B mponecce TMCTONO pas-
MHOXEHHA 3aBHCAT B obIIeM CAyuae OT BOMEpa COCTOSAHNA.
Cucrema ypasseHmt (5.3) — (5.4) ans nponecca THCTOTO
PA3MHOXKCHAS MMEST BHA

P)=—hPo(),
PUOY==2 P +h, Py (D), K 2 1.

TIponecc YHCTOrO PASMHOKCHNS ¢ ORHHAKOBEIMH A, ABNISCT~
ca npoueccom Ilyaccona.

5.2, Cucrema Maccozoro oficayxupanus ¢ novepamm, [lycts
TpeboBaHHA, NOCTYNAIINHS Ha 12 00CAYXMBAIIMX YeTPOiicTs,
00pa3sylT nyacCOHOBCKHH HIPOIece ¢ NapaMeTpoM A. Bpema
obcnyxupanug moboro TpeGoBanuS modnM ycrpolicTBoM
EMEET NOKA3ATENLHOS PACTIPEAVIEHUS C NApAMETPOM U H He
3aBHCHT OT paloTH APYrux 0GCIYXHEBAIOIAX yeTpolicTB H Or
NOCTYRAIOINMX HOBRX TpeGonaHuil. Ecmm Bee yerpoiicTsa 3a-
HSITH, TO BHOBb ocTynajones TpeGosanne Tepaerca. Uncno
TpeGoBaumii B cHcTEMe £, B MOMCHT f MOXET IPHHUMATD TN~
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X0 3Ha%cHHa 0, 1, ..., 7. BepoarROCTS Nepexosa CACTEME! M3
COCTOSHMA K B cocTosHEe K 33 BpemA k- ormrtaerca Ha
o(h) o1 BEPOATHOCTH MPOKIBEHCHMS HE3ABMCHMEIX COBLITHIL
{3a BpeMa % He 3aKOHYRETCA 0OCIyXHMBAHWIE HH OJHOTO K3 K
TpeGopanmi} N {3a BpeMs h He nocrynm' HOBEIX TpeGoBa-
Hmjt}. Cneposarensuo, P{E, =k | &=k}=(1—uh+o(h)) (1~
—Aato(h))yto(h), wm P{§”.=k §.=k}-1—(ku+l)h+0(h).
0<k<n. Ana.nommo HaxoauM

P, ,=k+1 | E=k)=Ah+a(h),

P{E,.,~k—1 | £ =k}=kph+o(k), 0<k<n.

Tak Xe paccMATPHBAIOTCA TICPEXOMH M3 cocToAHRH k=0 n

=n. CpaBHNB BLMHCACHHES BSPOATHOCTH nepexoaa ¢ (5.2),
TIONTY4HM, YTO PACCMATPHBAEMHlil IIponece ANIASTCH npouec-
coM benu H pasMHOXCHIT ¢ A=A (K =0, 1, ..., n1), ¢
(kzn), p=kn(l Sksn), u=0 (k>n, k=0). Jlna 3T0TO npo-
Hecca cucrema (5.3) — (5.4) mmeet BURX

Py(ty=—AP()FuPy(1),
PO)=— (At kp)P (DN +AP,_ () +(k+1)uP, (1)

0<k<n,
P (=—(A+tap)P () +AP,_(1).

HenocpencTeeHHO NMPOBEPAETCS, ITO 3TA CHCTEMA HMEET Clie~
AYIOLIes CTAMOHAPHOS PEIICHHE:

&1 - 1
P=( z;o-,—,-e') Y Py 0P, 0sks<n, (5.5)

e 0=)\/p. QopMmyns: (5.5) nasusaor dopuyaamu IJpaanza.
Ilonaran B (5.5) k=n, nonyanmu GopMyny RIS BEPOATHOCTH
moTepH TpeGoBaHMA. DTa BEPOATHOCTS ABMACTCA BaxHoli xa-
paxTepucTuXolf cHCTeMH oOcayXMBAHNA.

5.3. Bereampuiica npouece, Onnn vacTHuk cnygail peTns-
IMEerocA MpoLecea ¢ HeNPEPLIBHEIM BpeMeHEM SRIeTCd TIpo-~
meccoM ruberm M pasMEOXeHERs. IIpennonozmM, 4T0 Kax-
Jaq 9acTHIIA He3aBUCHMO OT CBOSIO NPORLIOTO M OT ILIOBeHe-
HES APYTEX JaCTHI 33 BpeMa & ¢ BEPOSTHOCTEIO Ar+o(h) ac-
JETCA B2 ABE, C BEPOATHOCTRIO o(h)nomﬁac'rncnepo-
ATHOCTLIO 1—(x+ wh+o(h) ne namensaerca. Hyers £, — wmacho
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YUACTHII B MOMSHT BpeMeHH £, HenocpeacTBeHHO NPOBSPACT»
cq, 910 npu A0

P{E, ,=k+1 | E=Kk)=Akh+o(h),

P&, ,=k—1 | E=k}=pkh+o(h),

P{E,.,=k | &=k}=1—(A+wkh+o(h), k>0.
PaccmaTpuBacMEi BeTBIIEICS NPOHECe ABIAETCA NpoLecs
coM ruGesm M pasMHOXeHHUS ¢ A,=kA(k 2 0), p=kp (k 2 0),
Pemenue P,(t)==P{§ =k | &~1} cucTeMut ypamennii (5.3) —
ES 4) ¢ HadanbHEIME ycnosmamu P{E =1}=1, P{{ =k}=0
k = 1) onpenengerca popMynaMa

=] 0),
PO=1~ TSy 620)

PH=1—(1+2-t  (a=0),

1 [ Caiees ) I
B0 T enr ll—iteﬂ——x)r (a0 k=D,

ro=( (it @ k2,
ae r=A—u.

3azann x raase 19

1. Haifre cov(, £,,), €0 8) £, — NYACCOHOBCKHI MPOLECT © MAPAMET-
pou &; 6) &, ~— musepoRcIOtt nponecc ¢ g = O.

Vzasanue. BoCHOT3033TRCA HE3ABMCHMOCTRO H OMHOPOAHOCTHIO IIPH-
pamenmi.

2. Joxasars, €10 A2 WoGoT0 NPOMENYTKA BpeMeny ©,=6,—0, ,, 180 0,
-— MOMENT K-TC CKAYKR TIpOlRcea TIyaccoHs, BHNOMHAETCH PADCHCTHO

Ple,> t45] v > =P, > 1.
3. Oyers v, My, Ny o0 — HEJABHCHMEE CAYUARHLS POAMYHHE]
Piv=E)y=0.TYe>T/X]; semrapis 1, (71, 2, ...) PABHOMEPHO DACIPERENSHE

Ha orpeaxe [0, T). OSoama'mm £, WHCTO BEMWHE v, VIORKTBOPAIONINX He-
PABSHCTRY 1<, =1, 2, ..., v, ecsii v>0, B £=0 npn v=0, Hafite neposATHOCtS

P&,k 5,8, kb Gt mh—k).

4. Ilycts p, = Derngmuiicad APOHeCC ¢ AHCKPETHHM BRCMOHOM;
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p()=Myi=ps+1=p. Halita : a) a.-l't_a Ply,=0}, p>1/2; 6) B=Mp, (p—1) &
Dy, mpm p=1/2.

5, Ilycrs p, — peTmAnHitcR fipolece ¢ HONPepRIRHEIM BpeMeHeM, onpe-
HeneHeu®k 5 § 5. Haitrw a) mudrpepenimansnoe ypasHenne gna HY, x)=
Mixw | 4,=1); 6) apsce pupaxenne LM F (1, X); B) AD=M(y, | n,=1).

Yxasanne. Horonsiopath GopMyny NOAHOIO MATOMATHICCKOTO (XK~
NaMHg, PACCMOIPER DOIMONHES NPEBPAeHNHT HadamioH YACTHIM 34 NPoO-
MEEYTOK BpeMeHN {0, A).

6. Cryunlinpe semwasuul & (1 =1, 2, ...) Ho3aBHCHME K P{E=1)=p,
PiE=—1)=1—p = q. Homoxnm
..{ 0ty eoma =0,

a, e n=0,1=0,1,12, ...;
n~k Hafitm: 1) BepoATHOCTE TOIO, IO OPOLEC ¥, Korna-mubo NONajeT B
cocTognne 0, ecm g=); 2} cTauMOHapHO® pacmpefesienke BepoaTHocTelt
x=lim Pin,=]), ccmt a=1, ¢>p.

7. Ilyers §, — mponece ruGes B pasMHoxemus. Ilonoxud m=
=M(t | £=k), 0 S k £ », TAe T — BpeMa A0 NEPROTO JOCTHXCHKSA COCTONHHA
. Hafimu: 1) mareMaTuweckne OXMAAHAS BpeMcHM NpeSHBaHWT B COCTOE-
HuY Kk X0 WEpBOTO BEIXOMZ K3 HEro; 1) BepOSTHOCTE TOIO, YTO IepEHM Iepe-
XoaoM K3 K OyneT nepexost B R+1(k—1). CoCTaRHTE CHCTEMY YpanHeHil A
m,.

8. Maproncrit cryafiumit nponeco £, ¢ HENMPEPHBHEIM BpeMeHeM Ha-
SHBAKT Henbio Mapkosa, ¢0IH MHOXECTBO €10 COCTOAMMA KoReuHo ¥
cuerio, Myerp €, — nenk MapEonpa ¢ Asyma cocrogumany (1 & 2) M npu A-0

P(t,=2 | §,=1)=ak+o(h), P(5,=1 ] §,=2)=ph+o(h).

Haltru P (t)=P(E,=] | §,=0), , J=1, 2.

Vxaszauue. CoCTasnTs M P(¢) encremy auirepeRUMATEREX ypas-
Hennit,

9. Iiyers v (), k=1, 2, = cyMMapRag ATHTGTRHOCTS MpelLEauud B
COCTORHME Kk 3a spems # merte Mapxona, oltpezenciHoli » 3amate 8. Cocta-
BHTS AHddepeHIHANBHOS YPABHEHHS AR

Ji(t, S)=M(e - | g k),
YEajzaune. BocmonsiosaTica GopMyn0il MONHOTO MATCMATHYECKOTO

1
16. Ham’l';“m T W, (0 | &=k}, 1ae (/) ompaaensHo B 3azaue 9.

VYxasanue, Henomaonars Gopmyny <,() = | o, , du, e 0, =1, 0, ,~0.
0

Y1

11, Hzuxenno TOMKE N0 PpALOH YIpaRIRercs iebio Mapxona £, onpe-
Jemernofk b sanave 8. Ecad £=1, 70 TOUKA ARDKeTCA BIPABO ¢O CKOPOCTHEY
), & eci =2, TO RNERO CO CEOPOCTEIO T T1¥CTH 1, — KOODAHEATE TOYKH B
noxpemr.llmmm



234 DAEMEHTH TEOPUY CIYSAHHEIX NIPOLIECCOB (TJI. 10

M (1, x)""'["l:' n,=x, §,2k}, k=1, 2.
Hatirt Bim 3,00, 9.

Yrxazanuue. Coctanare pudrbepemmantaoe ypanrerse tna M), x); He-
TOTBIOERTL paBencYno M (f, xy=x+ M (s, 0},

12. Pemmtsp 3anauy 11, HCHOML3YA paneHcTBO N, ~vt {N—vn()+x, e
7,() onpeeneHn B 3aA2vYe 9, K pemenne staud 10.

13, Asirenne TOUKH H0 NpaModi yrparmaercs nemsio Mapxosa &, onpe-
AcneH#ol B samaue 8. Ecor =1, To ToOYKa MBEKKETCE BIPARO CO CXOPOCTRID
v, @ NpE E»2 TOUXA ABVXETCH BAEBO ¢ MOCTOXHHEM YCKOpeHWeM o (mpw
HAUANe ANIKOHNA ¢ YCKOPeRHeM HaYANEHAR CKODOCTS CUnTaeYcH papnod 0).
Ilycry , — KOOPAMHATA TOYKH B MOMEHT f. SARIGercs MU Npouecs: v, Map-~
¥oBcKHM? COCTABHTH HHTEIDANLHOS YPABHOHHE 1T

M, x) = Mn, [ ng=x §=8), =1, 2.
Haitrs im-$-M,01, 2.
¥kazanne. Honomsaonars paseHeTno M (f, x)=x+ M (2, 0).

14. Tlyets £, (1=...=2, =1, 0, 1, 2, ...} = DOCITEACRATCLHOCYD HEWBHOK~
MEX caydaiinsn semrmE ¢ ME=a, DEFod. TTonoxus

n=oh g Yok Gtote>1,

Haitru Mn, Dn, cov(n,, n, ). liposepurs, wro covin,, n, y=R(~54).
15. Tiyets n, — npoliece, cnpeseiedHuit b 3agage 14. TTonoxum
a={n,+u,¥..tn,) /1. Halitn M) n Do) Swisercs mi g, necMententol i
cocToRTebHOM oueHKON a?
16, Ilycrs v, — nponecc, onpenenexeiit b 3anade 14, Tlokasars, 4o

4
0 =%§l(n,—a:)(n.+,-a:>. k=0, 1,2,

ABNMCTCH ACHMHTOTHYCCKH RochelNeHEON onesHEDi R(X).

17, Tipu ¢ =1, 2, ..., 100 NOMYMHTE PESTHIAMKIO MPOLRSE 1), CIPEALNCH-
HOTO B 3agaue 14, i &, pACTIPEReeHE PABHOMEPHO HA OTpeake [—1, 1].
3HAYSHHA HOMYHMTE ¢ TOMHOCTEIO 110 0,01. 110 peari3aimn BENACINTS OLEHKH
&1 R(k), onpenexentsie B sanayax 15, 16, CpaBAHTS ¢ TEOPCTHUYCCKMMH,
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Pacnpedesenue Ilyaccona
a‘k
3naverns dynxumn pA)= Fre*
TaGaunua 1
8
x 0,1 0.2 03 0.4 08
0 0,9048¢ | 0,81873 | 0,74082 0,67032 0,60653
1 009048 | 0,16375 | 022225 0,26813 0,30327
2 0,00452 | 001638 | 0,03334 0,05363 0,07582
3 0,00015 | 000109 | 0,00333 0,00715 0,01264
4 0,00006 | ©0,00025 0,00072 | 0,00158
5 0,00002 | 0,00006 0,00016
6 0,00001
P 06 07 08 0

0 0,54881 0,49659 0,44933 0,40657

1 0,32929 0,34761 0,35946 0,36551

2 0,09879 0,12166 0,14379 0,16466

3 0,01976 0,02839 0,03834 0,04240

4 0,00296 0,00497 0,00767 0,01112

5 0,00036 0,00070 0,00123 0,00200

6 0,00004 0,00008 0,00016 0,00030

7 0,00001 0,00002 0,00004

f - 10 0 o 4.0 50

0 0,36788 | 0,13534 | 0,04979 0,01832 | 0,00674
1 0,36788 | 027067 | 0,14936 | 0,07326 | 0,03369
2 0,1839¢ | 027067 | 0,22404¢ | 0,14653 0,08422
3 006131 | o,18045s | 022904 | 029537 0,14037
4 0,01533 { 0,09022 | 0.16803 0,19537 0,17547
5 0,00307 | 0,03609 | 010082 0,15629 0,17547
6 0,00051 | 001203 | 0,05041 0,10419 0,14622
7 0,00007 | 0,0034¢ | 0,02160 0,05954 0,10445
8 0,00001 | 000086 | 0,00810 0,02977 0,06528
9 0,00019 | 0,00270 0,01323 0,03627
10 1 0,00081 0,00529 0,01813
11 0,00001 | ©,00022 0,00193 0,00824
12 X 0,00064 0,00343
13 0,00001 0,00020 0,00132
14 0,00006 0,00047
15 0,00002 0,00016
16 0,00005
17 0,00001
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Pacnpedesenne Cmurodenma

3uavcans Qyusunm £,

Q@yaxua 4, , onpeneaaercsa papercrpoM P(lt I<s, )=1=2a,
The CAyualiHAT BOIFIHHA T, HMCET pacupefenerme CTHIOASHTA € 7
CTeneHAM cBOGOILL. l‘nwmom pacipelieNieHud t, paBHa

n+l 'T
P 0)= %ﬁ% (1+—'
2

TaGauna 4
i
. 0,10 008 002 0,01
5 12015 | 2571 | 3365 | 4032
6 1,943 | 2,447 | 3,143 | 3,707
7 1,895 | 2,365 | 2998 | 3499
8 1,860 | 2,306 | 2,86 | 3,355
9 1,833 | 2262 | 2821 | 3,250

10 1,812 2,228 2,764 3,169
12 1,782 2,179 2,681 3,055
14 1,761 2,145 2,624 2,977
16 1,746 2,120 2,583 2,921
18 1,734 2,101 2,552 2,878
20 1,725 2,086 2,528 2,845
22 1,717 2,074 2,508 2,819
30 1,697 2,042 2,457 2,750
« 1,643 1,960 2,326 2,576
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x2-pacnpedesense

3easenns dynsaun 12,

Dyrxuua 2, onpegenserca paseHcreoM P>y )=a,
e chyuaiian BEAHYHHR y3 MMeeT yl-pacTipeiclieHMe C M
creneRAMA ceoGonm. InoTHOCTE pacnipenencHuA )2, paBHa

1 g -
P TRt ¢ 20

Ta6auua 5

&%

099 0,10 9,05 0,02 001 0,005
1 0,00016 2,7 3,8 54 66 {1 79
2 0,020 4,6 6,0 7.8 9,2 11,6
3 0,115 6,3 1,8 9,8 i3 12,8
4 0,30 7,8 9,5 11,7 13,3 14,9
5 0,55 9,2 11,1 13,4 15,1 16,3
6 0,87 10,6 12,6 15,0 16,8 18,6
7 1,24 12,0 14,1 16,6 18,5 | 20,3
3 1,65 13,4 15,5 18,2 20,1 21,9
9 2,09 14,7 16,9 19,7 21,7 | 2136
10 2,56 16,0 18,3 21,2 232 | 252
1n 3,1 12,3 19,7 22,6 M7 | 258
12 3.6 18,5 21,0 24,1 262 | 283
13 4,1 19,8 24 | 255 21,7 | 298
14 4,7 21,1 23,7 26,9 29,1 31
15 52 22,3 25,0 28,3 306 | 325
16 58 23,5 26,3 29,6 320 | 34
17 6,4 24,8 27,6 31,0 334 | 355
18 7,0 26,0 289 32,3 M8 | 37
19 7.6 7.2 30,1 33,7 36,2 | 385
20 8,3 28,4 314 35,0 376 | 40
n 8,9 296 32,7 35,3 389 | 4.5
2 9,5 30,8 33,9 37,7 20,3 | 425
23 (10,2 320 352 39,0 41,6 440
24 |109 33,2 36,4 40,3 43,0 | 455
25 |11,5 .4 Ny 41,6 43 | 47




TABRIHER
F-pacnpedesenue

3naveuns qysxoem F,

=a, Tie mmah'ﬁm F, mﬂ:@ﬂ” 5"

#, CTenoRMME chobomet. TnomHocTh pacmpegencHit Fuo passa

r("""') {—n;) 27 D x>0
F n
o TR ()
o=0,05
Tabaunua 6
e 2 % © % 100 N
10 [297 | 277 270 | 2,67 | 2,64 | 2,59 | 2,54
15 |25 | 2,33 225 { 221 238 | 202 | 2,07
20 [2,35 | 2,12 204 | 1991 1,9 | 1,9 | 1,84
30 |26 | 19 1.8 { 1,79 | 1,76 | 1,6 | 182
« |20 | 1,3 1,74 | 16 | 166 | 1,59 | 151
so |202 | 1,78 1,69 | 1,63 | 1,60 | 1,52 | 1,44
100 11,92 | 168 1,57 | 1,51 | 148 | 1,39 | 1,28
1,83 | 1,57 146 | 140 | 1,35 | 1,24 | 1,00
Cayuaiinsie wucaa

PanuoMepHO PACEPCACACHNLIC CIYSAAELIS TRCIA

Ilpupexenusie B Talimumne mUdPH MOXHO PUCCMAaTPHBATH KaK
PEANHMSALAY HE3ABMCHMEIX ¥ OJMHAKOBO PACNpPEACICHHEIX cmyyait-
HEX BEeIVYHEH, NMPHEMMAKIINX 3HaveHus 0, 1, ..., 9 ¢ onxoli 1 Toilk

3¢ BepOATHOCTHI, panEoil 0,1,

Ta6auna 7

10 09 73 25 33
37 54 20 48 05
08 42 26 89 53
99 01 950 25 29
12 80 79 99 70

76 52 01 35 86
64 89 47 42 96
19 64 50 53 03
09 37 67 07 15
80 15 73 61 47

34 67 3548 76
24 BQ 52 40 37
23 20 90 25 60
38 31 1311 65
64 03 23 66 53
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Tpodoasicewue matis. 7

80 95 90 91 17
20 63 61 04 02
15 95 33 47 64
88 67 67 43 97
98 95 11 63 77

34 07 27 68 30
45 57 18 24 06
02 05 16 56 92
035 32 54 70 48
0352964778

11 1992 91 70
23 40 30 97 32
1862 383 85 79
83 49 12 56 24
35 27 38 84 38

22 10 94 05 58
50 72 56 82 48
13 74 67 00 78
36 76 66 79 51
91 82 60 89 28

6548 11 76 T4
80 12 43 56 35
74 35 09 98 17
69 91 61 68 03
09 89 32 05 05

73 03 95 71 86
21 11 57 82 §3
45 52 16 42 37
76 62 11 39 90
96 29 77 88 22

68 47 92 76 86
26 94 03 68 58
851574 79 54
11 10 00 20 40
16 50 53 44 84

37 08 92 00 48
42 0508 23 41
22 22 20 64 13
28 70 72 58 13
07 20 73 17 90

39 29 27 49 45
00 82 29 16 65
35 08 03 36 06
04 43 62 76 59
12 17 17 68 33

3669736170
35 30 34 26 14
68 66 57 48 18
90 55 35 73 48
35 80 83 42 82

98 52 01 77 67
11 80 50 54 31
83 45 29 96 34
88 68 54 02 00
99 59 46 73 48

60 97 09 34 33
29 40 52 42 01
18 47 54 06 10
90 36 47 64 93
93 78 56 13 68

17 46 85 09 50
17 72 70 80 15
77 40 27 72 14
66 25 22 91 48
14 22 56 85 14

40 21 81 65 44
14 38 55 37 63
96 28 60 26 55
94 40 05 64 18
54 35 21 45 98

46 16 28 35 54
70 29 73 41 35
3297926575
12 86 07 46 97
40 21 95 25 63

61 19 69 04 46
15 47 44 51 66
94 55 72 85 73
42 48 11 62 13
23 52 37 83 17

66 06 57 47 17
31 06 01 08 05
85 26 97 76 02
63 57 33 21 35
73 79 64 57 53

65 81 33 98 85
86 79 90 74 39
73 05 38 52 47
28 46 82 87 09
60 93 52 03 44

14 90 56 86 07
39 80 82 77 32
06 28 89 80 83
86 50 75 84 01
87 51 76 4% 69

50 50 07 39 98
52 77 56 78 51
68 71 17 78 17
29 60 91 10 62
23 47 83 41 13

53 04 77 69 74
45 31 82 23 74
43 23 60 02 10
36 93 6872 03
46 42 75 67 88

91 49 91 45 23
80 33 69 45 98
44 10 48 19 49
12 55 97 37 42
63 60 64 93 29

94 75 08 99 23
53 14 03 33 40
37 60 04 08 31
96 64 48 94 39
43 65 17 70 82

26 45 74 717 74
95 27 07 99 53
67 89 75 43 87
97 34 40 87 21
73 20 38 98 37
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Ilpodarncerae maky, 7

5192433729
59 36 78 38 48
54 62 24 44 31
16 86 84 87 67
68 93 59 14 16

04 49 35 24 94
a0 54 99 76 54
35 96 31 53 07
59 80 80 33 9%
46 05 38 52 36

61 96 27 93 35
54 69 28 23 91
77 97 45 00 24
13 02 12 48 92
93 91 08 36 47

87 37 92 52 41
20 11 74 52 04
0175875379
19 47 60 72 46
36 16 81 08 51

85 39 41 18 38
97 11 89 63 38
84 96 23 52 07
20 82 66 95 41
0501451176

44 99 90 88 96
80 43 54 85 81
20 15 12 33 87
69 86 10 25 91
310102 46 74

74 02 94 39 02
54 17 84 56 11
11 66 44 98 83
48 3247 79 18
69 07 49 41 38

52 52 75 80 21
56 12 71 92 55
09 97 33 34 40
323075175 46
10 51 82 16 15

63 39 45 95 92
82 39 61 01 18
91 19 04 25 92
03 07 11 20 59
26 25 22 96 63

75 24 63 138 24
64 05 18 81 59
26 89 80 93 84
45 42 72 68 42
01 39 09 22 86

6533712472
23287295 29
90 10 33 93 33
78 56 52 01 06
70 61 74 29 41

05 56 70 70 07
15 95 66 00 00
40 41 92 15 85
43 66 79 45 43
34 38881358

98 08 62 48 26
33 18 51 62 32
80 95 10 04 06
79 75 24 91 40
18 63 33 25 37

39 09 47 34 07
89 69 54 19 94
25 01 62 52 98
74 85 22 05 39
05 45 56 14 27

77557322 710
80 99 33 71 43
52 07 98 48 27
31 24 96 47 10
8763791976

80 81 45 17 48
36 04 09 03 24
88 46 12 33 36
15 02 00 99 94
01 34 37 69 38

42 58 26 05 27
33211594 66
92 92 74 59 73
2570 1466 70
05 52 28 25 62

45 86 25 10 25
96 11 96 38 96
33 35 13 54 62
83 60 94 97 00
77 28 14 40 77

3217 90 05 97
69 23 46 14 06
19 56 54 14 30
45 15 51 49 38
94 86 43 19 94

86 74 31 71 57
18 74 39 24 23
66 67 43 68 06
59 04 79 00 33
01 54 03 54 56

45 24 02 84 04
41 94 15 09 49
96 38 27 07 74
71 56 12 82 96
93 14 50 65 71

35 44 13 18 80
37 54 87 30 43
94 62 46 11 71
00 38 75 95 79
77 93 89 19 36

97 790171 19
05 33 51 29 69
5938171539
02 29 536870
35 58 40 44 01

09 18 82 00 97
920 04 58 34 97
73 18 95 02 07
75 76 87 64 90
54 01 64 40 56
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HopMasmao PACEpENEICHRLS CAYTAlEue eI
TIpuseAcHAEES B Tal/vme 9MeIA MOXHO PECCMATPHBATE KAK pe-

Tab6nunza 8

0,464

1,394

0,906
1,179
—1,501
==0,690
1,372

-0,482
-1,376
—1,010
=0,005

1,393

-1,787
=0,105
—'l. 3”
1,041
0,279

-1,803
-1,186

0,658
—0,439
“"1. 399

0,199
0,159
2,273
0,041
-l, ln

0,768
0,375
=0,513

1,026

0,137
—2,256

=0,35¢ =0,6)4

0,472
—0,555

-0,513
~1,055
-0,438
0,756
0,225

1,678
-0,150
0,598
—0,899
~1,163 -0

~0,261
-0,357
1,827
0,535
-=2,056

-2,008
1,180
~1,141
0,358
-0,230

0,208
0,272
0,606
-0 307
-2,098

0,079
-—1,656
-0,344

292 —0,321

2,990

0,717

-1,633
1114
1,151

-19939
0,385

-1,083
=0,313
0,606
0 121
,921

-1,473
4,851
0,210

1,266
-0,574

1,231

0,296
~1,558
1,375
-1,851
1,974

~0,934
0,712
0,303
-2,051
-0,736

0,356
~0,212
0,415
=0,121

¥

-0,288 1,298
0,187 —1,190
0,785 --0,963
0,194 1,192

=0,258 0,412

1,579 40,161
1,090 —0,63%
0,448 0,748
0,457 —0,218
0,960 —1,530

-0,491 —1,983
0,219 0,779
=0,169 0,313
1 095 0 131
l 239 -2,5‘?4

=0,146 —0,392
-l’m -2’832
—1,041 0,362
1,620 —~1,040
1,047 0,089

0,032 0,079
0,151 ~-0,376
0,290 —0,502
0,873 -0,437
«{0,289 0,513

;1,119 0,004
—0,792 -1.275
0,63 —1,793
0,43¢ 0,986
1’045 -1’363

0,084 —0,880
~0,086 —0,158
0,427 ~0,831
—0,528 —0,813
1,433 —1,345
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Tpodasaweruie mabia, 8

-1,33¢ 1,278 0,58 -0,109 0,515 =0,566 2,923 0,500
~0,287 —=0,144 —0,25¢ 0,574 —~0,451 —-l 181 -—1,190 —0,318
0,161 —0886 =0,921 —0,50% 1,410 -0518 0,192 —0,432
-1,346 0 193 =1,202 90,394 —1,045 0,843 0942 1,045
1,250 —0 199 ~0,288 1,810 1,378 0,584 1216 0,733

0,630 -0,537 0,782 0,060 0499 —-0,431 1,705 1,164
0,375 ~1,941 0,247 —0,491 0,665 —0,135 —0,145 —0,498
-1,420 0,489 -1,711 =1,186 0,754 —=0,732 —0,066 1,006
—0151 ,243 -0430 —0762 0,298 1,049 1810 2885
—0,309 0,531 0,416 —1,541 1,456 2,040 —0,124 0,196

0,424 —0,444 0,593 0,993 —0,106 0,116 0434 —=1,272
0,593 0658 =-1,127 ~-1,407 -1,579 =1,616 1458 1262
0,362 —0885 «~0,142 -0,504 0,532 1,381 0,022 -0,281
0235 —0628 =0,023 —0,463 —0,899 —0,394 —0,538 1,707
-0853 0402 0,717 0,833 0410 —0,349 -1,094 0,580

0,241 —0,957 —1,885 0,371 -2,830 -—0,238 —0,627 0,561
0,022 0,525 =0,25§ =0,702 0953 0,869 —1,108 —2,357
=0,853 =1,865 =0,423 —~0,432 -0,913 ~1,016 —1,726 1,956
=0,501 -—0273 0,857 =0,465 —=1,691 0,417 0,524 -0,281
0,439 —0,035 -0,260 0,120 -0,558 0,056 -0,573 0,932

0,471 —1,029 -2,015 -4,594 -0,579 0,551 0,359 0,326
=0,310 0,479 —0,623 —1,047 -0,120 0,418 —0,094 1,114
0,610 2,709 —0,699 —1,347 0 191 0,074 1,501 1,063
—0220 -0,057 0,481 0,996 0071 0,524 0,031 0,772
0738 =0,300 —0,586 —1,023 —=3,001 0,479 0402 0,226

0,834 —0,298 1066 1,097 —-1,752 ~0,329 1,256 0,318
0,457 1064 0,736 -0,916 -0,291 0,085 1,701 —1,087
=0,798 0,162 —0,342 1,222 -0,933 0,130 0674 0,399
-0,768 ~0,129 —0,188 =1,153 0,450 —0,244 0,072 1,028 .
0,023 1,204 1,395 1,298 0512 -0,882 0,490 —1,304

1,531 0,349 —=0,958 =0,059 0415 -1,084 -.0,856 —0,063
=0,443 =-0,292 0,248 -0,539 -1,382 0,318 -0,276 —1,110
1,400 —0,583 0,095 0229 0,129 0,367 0,379 —0,940
1,730 0,056 —1,488 —=0,078 —2,361 —0,992 1468 0,131
0,266 0757 -0,361 0,i34 —1,078 0,529 ~1,805 =0,772
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Faasa 1

2. 1), 4) -~ 6) uepepHH; 2), 3), 5) BePHH.L

3. 1) 4;2) 4; 3) O; 4) AB.

4. 4={a), B={x a S x < b}.
ms. 1) {TIT, I'PT, ITP, TPP}; 2) {ITP, I'PT, PIT}; 3) (PFP, TPP, PIP,

| e o
6. 1) ABC; 2) ABC: 3) ABC: 4) A+B+C 5) ABC+ABCHABC: 6) ABC:
7 L+B+T.

Faagea 2

1. 1/6, 5/6, 11/36. 2, 2/n. 3, 1/6.

4, 0,01; 0,72; 0,27.

5. 1/2; €C(2/5)=(3/5)* €] ;(2/Sy™2 (3/5)—=2,

6. P{A)y=1—~(5/6)'=0,5177..>P(B)=1—(35/36)"=0,4914...

7. a) 22Cx/CE; 6) n2-2C3/CE,

8. a) 0,4080; 6) 0,3305. 9. 0,09.

10. 1) P(4)=1/28985=0,0000345..., P(F)y=224/28985=0,0077281...; 2)
P{A)=8/15=0,5333..., P(B)=7/15=0,4666...

11. »/4=0,7853981... 12, 121/1222=0,0000537.

13. 1} 1—=(nl/m"); 2) nIC2 /1",

14. 61705/6991908=0,0088252...

15. F(x)=1 (0 sxs1).

16. F()=x (0 sx51), F(x)=2—x({1sx52).

17. 1/4. 18. 1) (1~{2r/2))%; 2) 1=(413/c").

19, 1—(1—l/T)?._

20. a) 3/4; 6) ¥3/2=0,8660254...; ») 2/3.

21. P(4)=M/N, W(By=(M/Ny, P(C)y=CYM/Ny(1—-M/N)y*".

22. P(AYy=MIN, P{B)y=M{M—1)/N(N-1),
P(C)= CyGry/Cimcy, MON=D0s

23. a) 1/10; 6) 1/100.

Teaea 3

1. 1/12. 2, 0,61477...

3. 1/3. 4. 1) 1/4; 2) 3/5. 6. P(AB)=P(AYP(B) Tomko mpu r 5 0,
re=2/3ar=1/3.
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7. €, G, C, He awAKTCH B3HMHO HedBHCHMEDAL C,C B C, 3am0H-

9. 1) p{1=pJpg 2) p¥pa—pPy 3) (PO tP =P D)
10, (1-p)(1-pp).

11. P4 )y=B(4)=3/7, P(4,4)=3/28.

12. 1) aa; 2) B, +8,—B,8,. 13, 11/18,

M, 1) m—la.x:;wa—mw

2} HI~BHI=~B)*(1~Prags; -
15, 20/21. 16. 9/16. 17. ™

18. x5 a,‘l-c,’i'ﬁ'“‘ m") q_::ﬁ'o'
19. x=1~6, x,=(1-0)0* k2 1.

IT'aagea 4

1.3/5.

2. P(A)=44/105=0,4190476..., P{4,)=26/105=0,247619..., P(B)=1/3.
wM{N~M)/N{(N—1).

4. CH,(5/72)%(1—5/72)¢=0,00317,..

$. a) 0,95099...; 6) 0,0480298...; B) 0,0009802...

6, a) 12; 6) 22,

7. 8) 5, Q(5)=0,67232...; 6) 11, (11)=0,9141008...; ») 21,
Q(21)=0,9907768...

8. 1) O(5)=0,73626..., O(11)=0,9912088..., (21)=1; 2) Q(5)m0,6804374...,
(11)=0,9381106..., (X21)=0,9980502...

Q)= 1—((430"'!(5”)“')-

11, D)(1—p,)% 6) Chp(1—piys—t; B) (1=2-3CL)/2.

12. 0,0588. 13, 393,75 (1/%)(1—2/x)%=0,0093063...

14. 1) Crpm(l—p )=,

R=-M1 ! Dy "z
ml..md ( —P ( 1"‘"?1
15. 8} mpr-¥(n~1)p p,+p.2,.). 16, 0,32332,
17. 1) 0,6651..., 0,6321; 2) 0,40187..., 0,3679...; 3) 0,2009..., 0,1839...
18, 5. 19. 0,95957, 20. 0,99, 21, 547. 22. 0, 0228.
23, 0,39347. 24, {1/4)n1 3/4. 25. 1) 7/8; 2)2/3. 2%. 9/10.

Faacals

L C=3; p.(Xy=3e% (x = 0); P{0,5 <1 < 0,75)=e" 15— 235=0),117731...

2,28)1/2 &({1, 3]); 6) e* (x>0).

3. a) 2axe-*"' (x>0); 6) ae-=F/2VX (x>0); B) ate-ste™ =0
(—o<x<x); D t (xe[0, 1]).
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4 Y= e (0%, 6) e g,

5, 2,(9=—In x (0<x<1),

6. p.(9=1 (0sxs1).

7. 8) 1—) x—1{ (0sx52); 6) 1| x | (| ¢ [£1); ®) 1/2 (O<x<1);
1/2x (x 2 1); 0 (x<0).

8. atxe-er (x30).

9. 2) p, (=1 ¢ 2 (x>0); 6) p (0)=d {Ecx<X); 3y p .
(x, "z)"!’::(xg) 3,,2(15,). 2 ® ( 2 2) L

10. Py (%, x,)==2£ -4z,

1L, a) P(E,=—1)=P(§,=1)=1/2; P(§,=—1)=1/3, P(§,=0)=
=1/4; P(§,=1)=5/12; 6) P(n,=2)=P(n,==2)=1/8; P(n,=~1)=
®1/12, P(n,=0)=1/2; P(n,=1)=1/6; B) P(n,;=0)=1/4, P(n,=1)=
=3/4; ) 1/2.

12. p; . (X)=1/2 (0 s x < 2).

13. Pactipepenerne Ilyaccona ¢ mapaMeTpoM A=i ),

14, P(a=k)=(1—p)t-1p (k 2 1).

15, P(t=], cDmfym(fap)b=t (1—pyi-1 p2 (K 21, I 21).

16, P(c, =k)y=G=;t prg-m (k=m, m+1, ...).

17. P(a=], ven)=(1/3)* 1/6 (I=1, 2, 3, 4; n=1, 2, ,..); Beim-
YHHH v # 0 HSIABNCHMEL

:g. a))ane-'" {(x>0); 6) an{l-~e-=)r-1 g-s= (x>0), o

» 1) n(1--F(x)y*'p(x}; 2) n{F(x})}*" p(x); 3)W x

% (F(x))e=1(1~F(x})*-» p(x); 4) (—1)! (k—m—~1) (r—3
W F(x,)) U F(x,) = F(x,1)* "Y1~ F(x,))*-* p(x) p(x;}) (%,5x;
m<k).

20. A= p, tap trp,od; 1—e-3(1+1)=0,59399...
21, 2/%=0,6366197...; BeIIRAN E,, &, JARHCHMEL,
22, P(E, =1, £.=/) =0,01; i, j=0, 1, ..., 9. Bemnrunss £, &, He3aBMCUMEL

Faaea 6

1. 1/p. 2. (rH1)/2.

L )

4, m/p. 5. Miv=1/3, D=1/33, 6. 9; 16,5.

7. ME=npg, DE=npg(p’+q*}+2p3¢*.

8. Mn,=9, Mn,=20,25, Dn,=16,5, Bn,=402,1875.

9. ML, =0, ME,=1/12, DE,=1, DE,=107/144, cov(E,, E,)=—1/4,

10, ME =ME,=cov(E,, §,)=0, D%, ~D§,=0,5. Cnysathmo peymor-
HEX HOIABRCHMYEY.

11. a) 0; 6) 1/3.
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12, M, =np,, DL, =ap(1-p,), cov(§,, §)=~np,p, (kwl},
13. P(r=0)= & (1) G {1-%)".

13" 21\n
14. Mp=N{1=37) ~Ne—*, Du=Mpu,+N(N=1) (1_-3,-) -
—(Mpy)i~Ne-s(1—(i+a)es), N-ow 2 a.
15. 0.,08675<p<009 N

16. % (--l)*'“n--bl—-e"'—o 63212..

17, ME=DE=1. 18, My=N E'E

19. a) 0,00269...; 6) O, 01831 .3 B) 0; ) 1/9=0,111...;
x) 0,08606...

20. 1) P{| 5i<ao}=0, 90, a) Pfl S(5) [<u 0}=0,7805...;
6) Pl A8 I<n u}=0,9014 3 2) PUl S(B) [<u 0} a P{| E |<u o)+
l' | E+ <u¢cr

21 5 (1-—{3 "‘).

22. “*“n"'m p‘az‘(cz"u""n)

23. 0,25; 0,0455... 24, JIa.

25, Tpx o<l MpEMCHEM; NPK ¢ 2 1 HC TPHMCHMM.

27.3) CUAJA D™ (1—(A /A D)™ A=At 44 6) AA /A,

28, v paACTIPERENCHO HOPMANTLEO ¢ BapaMerpamu (0, 1),

30. Mg-‘—‘—ﬁ s Pag; My=k(n—k), p=¢=1/2,

31.0,08145... 32, [1a.
33. 2) n pacmpencReHO HOPMAMEHO, §) HeT.

Faaea 7

1. 4 2004); 6) (1—~en)/(1=0; 1) 9/ (12l 1) o B ot =02
2. pe/(1—g; Me=1/p, Deng/p, g=t=2; (T5g) s Memmip, De,=
“wg/p.

11 fo-51

6. 8) (pettg)®; 6) e'-1;3) 1/(1—=(it/a)); 1) sin #/1.

7. a) P(t=1)=P({=—1)=1/2; G) P(i=2)=P(t=~2)=1/4,
P(E=0)=1/2; 3) P(i=Kk)=P(E==k)=2-F-1, k=i 2, ..

8. I(n*. 9. a) 0,5; 6) 0,6826.

11, 0,75 - 10—=2,

13. Hopsamnkos pacnpeaenesie ¢ mapaderpass (0, 1).

1. -5'«-* 15, x (0<x<1).

— }4. 61, 5, gD,
— x
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16. 3) Clp~(1—p)*=; a%‘«-a
20, o=1,71828,.., Pa*=x(),00242036..., A=0,1267203...

FTageal

1. 1) (0,385; 0,336; 0,279); 2) 0,0336; 3) (16/47, 17/47, 14/47).

2. P(gs'g“ " ...Z.:I,_, G2y, -+ Pyt PG B SN
=B(E, )

(&,=%) Lo, Pa,

4. 2) Her, ecmt p # g Ta, ecnn p=g=1/2. 6) Ha, P(n,,=1 | n=1)=p,
P(n, =1 | n=—1)=1—p. ) I, §,,=2ss=Py/"Pis™1=Ps P Pst"Prs™Pus"™P-

s. (37 47 }

/11 10/11

6. Pl 1=k | my=Ry=fy s Plort k=1 | lm=ky=

7. Sinmercs. 8. %6. "

10.2) (1, 2} 6)%-1,42263...; 2) pjo= -;—?;m.ssso..., Pt 4?-0,4123...,
PP=1=p®, j = 1, 3; 1) £=n,=0, my™ —oi-m0),3161..., £, 557=0,1580...,
1 291 91

a,=a‘=ﬁ-0,2628...
11, {B/(c+B), o/ (e+B)).

Taasa)d

3. Mm,=zR1cov(x,, y,). 6. 4=2 aresin V3, B=1.
A »

e 3 o, mo c.-(l/c’)f(‘gllfo}).

{b—a)?
11. a) Mey=Mey= 232, poy= -Ler,?L. POy~ Ta+Tynt2)

6) Moy =1/c, DO, =1/c?n, Mo3= {1+ -1+ ... + -(;1_-1-)— +2),

(1] P'l—l‘.

1 1.1 1 4
D0 zoalt 5t + o+
12, Mc*=¢, De*=1/m,

B.n= gwﬁ-,mg,-wmmonmmmﬁm

< HoMepOM k.
n—2
16.—,'-0’.
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17. MQ=(r—L)ot+n] g 2% -( g o !,';-)'], MO, =(n=ne?,

Faaaall

1. 8) A 6) Bt
3, Cu. (10.2.2) ¢ 5=3, #y=T.
4. 3) A=(1—p)/p; 6) Dp=Bt, Mp=L.

5.2) Z2p—(A+p) AR
0 K, 9=1— p—oid=2) Ow), F(t, )=
W(Ml){l-—x)i-l

-l 1% =n): =pli=pt
1 M-(l_.—;)-‘i:i(l n); B) A(f)y=et-rr,

w IP . = Fo,
ka:.. 1) 1, ecmt g 2 7 (g/p), eom @ < 5 2) mi Tl WS o/9
7. 1) 10,40 2) A/ 000, /(i) Gorrdmy=14pugn,_th My,
O<k<er; mg=m, +3gt, m.=0.
el ( o — )
-p Br

sirmi=Zz(p 2)+ 55

9. Lie(a—insfirafy, obri— @Y 1O, =0, H=1.

10, B(a+p).

1, By Biearsrass, ZotnShms Mp s,

%=-—am,+ am,+v,, m(f)=M(t, 0},
%Bpm.-ﬂﬂh—vgt m |(0)‘m2(o)-0 H

tim FA(1, 2)=(0,=0:8)/(o+B).
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M, deevetont | arerg(y, stoun,
1]
e I e

[+

1 N
rom AR A5 =g B -
14. My,=a, Dn,=(ci+ci+cl)etmR(0), R(L)=c,(c,tc,)0?,
R(2)y=c,c,a3, R(k)=0, k2 3.

15, Maj=g, Da= %’r{cz-l-cﬁc;) +2(t=1)e,(c, o) +2(t=2)c,0,];
OLICHKA a7 SINITETCR HecMeltentoRl X cocromresaoll omenxolt 4.
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